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In the present investigation conductivity coefficients for _ 
99.8 per cent pure lithium were measured over the range — 


420 to 1002 F. Lithium showed a value of 26 and 18 Btu/ f 
hr sq ft deg F/ft at 420 F and 1002 F, respectively. Meas- | 
urements based on an absolute heat input proved unreli- | 


able. The results were based on a temperature gradient 
measured in an Armco iron heat sink, the thermal con- 
ductivity of which appears in the published literature. 
The estimated error of the results was +10 per cent. 


INTRODUCTION 


HE properties of metals in the molten state must be known 
before heat-transfer relations can be computed in design- | 


ing pumps, heat exchangers, valves, meters, and other 
equipment employing liquid metals. The objective of the 
present study was to design a reliable thermal-conductivity ap- 
paratus for molten metals at elevated temperatures and to meas- 
ure values of the thermal conductivity of liquid lithium. The 
method used by the authors was the longitudinal heat-flow 
method with guard-ring compensation. An experimental deter- 
mination of the thermal conductivity of liquid lithium was made 
by Yaggee and Untermeyer (1)‘ prior to the present study. 
They determined the relative thermal conductivities of lithium, 
sodium, and eutectic NaK at about 500 F. In their work no 
compensation was made for lateral heat losses, and the results 
were reported relative to the thermal conductivity of sodium. 


APPARATUS 


Apparatus based on the use of a tall column of liquid for 
measuring thermal conductivities of liquid metals was used. 
The major details of the apparatus are shown in Fig. 1. Details 
of the charging furnace are shown in Fig. 2. 

The sample was contained in an Armco iron specimen bar 
which had a 1.999-in. ID and a 2.126-in. OD. All Armco iron parts 
in contact with the air were nickel-plated to prevent atmospheric 
corrosion. The final outside diameter of the specimen bar, after 
nickel-plating, was 2.135 in., and the entire length of the bar was 
approximately 22 in. 

The sample heater which supplied the heat that was conducted 
down the column was 1°/,-in. diam and was flanged at the top 
so that it could be set on the specimen-bar flange. Two '/,-in- 
ips tapped holes were located in the sample-heater flange to ac- 
commodate the inlet and outlet helium lines, through which 
flowed a slow stream of helium which was used as the inert 
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atmosphere for the molten lithium. The sample heater element 
consisted of a '/:-in-diam mandrel threaded on one end, making 
the element easily removable from the heater chamber. The 
mandrel! was coated with No. 78 Sauereisen cement over a length 
of 1'/; in. above the threaded end, and 28-gage nichrome V wire 
wrs wound around this length of the mandrel. Another coating 
of cement was then applied on the heater wire. 

Three thermocouples were equally spaced in four horizontal 
planes, 1 in. from each other, to measure temperature differen- 
tials in the molten sample. Temperature readings in the heat 
sink were made by means of three thermocouples located in each 
of two planes. Thermocouples in planes 1 and 2 were used with 
the guard- ring aaa, in —— 1 and 2.to prevent radial 
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heat loss above the iets petal’ All the thermocouples were 
20-gage chromel-alumel and were peened into slots on the side 
of the sample container and heat sink. 

When the apparatus was assembled, several of the thermo- 
couples pulled out of the peened area in the specimen bar due to 
the weakening of the couple wire during the peening operation. 
The number of thermocouples in each plane which remained 
on the specimen bar was as follows: One thermocouple each in 
planes 1, 2, 3, and 4; two thermocouples each in planes 5, 6, and 
7; and three thermocouples in plane 8. 

The mild-steel guard ring was 4'/, in. ID X 4*/, in. OD and 
extended to '/, in. below the flange of the specimen bar. The 
guard ring was coated with No. 78 Sauereisen cement. Strips 
of mica were placed on the coating, and the mica was coated with 
additional cement. Eight separate 28-gage nichrome V wire 
heaters were wound around the guard ring, each heater being a 
1/,-in-diam helical coil. Three equally spaced */3:-in. holes were 
drilled between the heaters to accommodate the 20-gage chromel- 
alumel thermocouples which were peened into these holes. The 
holes were located just opposite the thermocouple locations on the 
specimen bar. The insulation packing used for the apparatus was 
Sil-O-Cel. 

The sample heater and guard-ring heaters were d-c heaters 
with the power supplied from a shunt-wound, 130-volt, 38-amp, 
d-c generator. The furnace heater and quick heater were powered 
from a 115-volt a-c source. Current control was obtained in the 
sample and guard-ring heaters with 0 to 210-ohm slide-wire rheo- 
stats. Current through the quick, furnace, and sink heaters was 
controlled with 0 to 14-ohm slide-wire rheostats. The sample and 
guard-ring heaters were 28-gage nichrome V wire and the quick, 
furnace, and sink heaters were 20-gage nichrome V wire. 

The approximate temperature of the furnace was measured by 
means of a thermocouple located in the base of the furnace. 
For the measurement of temperatures on the specimen bar, the 
stability of the chromel-alumel thermocouples was such that it 
would cause a maximum error of about 1 per cent in the tempera- 
ture readings. However, in the measurement of temperature 
differentials it was assumed that the thermocouples would change 
their characteristics at about the same rate because of the small 
temperature differences between successive planes. Therefore, a 
negligible error should be produced in the measurement of tem- 
perature differences between two successive planes. 

All thermocouples were twisted for a length of !/, in. and butt- 
welded, and the wires were insulated with No. 78 Sauereisen 
cement for a distance of 1 ft above the twist. The rest of the 
lead wire was insulated with silicone-impregnated asbestos and 
glass-fiber braid. All of the thermocouple leads were taken to the 
junction block in switch box xyz, except for the furnace-thermo- 
couple leads which were taken to the junction block in switch 
box S, see Fig. 3. The thermocouple voltages were measured 
with a K-2 potentiometer in conjunction with a No. 2430 A, 
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type E, Leeds and Northrup galvanometer. Power input to the 
sample heater was measured by noting the voltage drop across 
the heater and that across a standard shunt in series with the 
heater. A volt box was used in conjunction with the poten- 
tiometer for reading large voltages. The potentiometer, galva- 
nometer, volt box, and shunt were mounted on a heavy metal 
plate, and the whole was supported by polythene blocks. Switches 
A and B permitted the system to be brought to earth potential 
periodically. Effective shielding was tested by taking readings 
with switch B open and closed. As no difference in readings oc- 
curred, it was assumed that there were no effects from potential 
build-up on the specimen bar. In actual operation all readings 
were made with switches A and B open. 

The switch boxes also contained the junction blocks. Switch 
box xyz contained three 16-point rotary switches; switch box S 
had one 10-point rotary switch. Leads from switches Sx, Sy, and 
S. were connected to the junction block in box §, so that each one 
of these switches could be put into the circuit by manipulating 
switch S,. Switch 8, also could put the furnace thermocouple, 
the volt box, and the shunt into the potentiometer circuit. 

The switch boxes wefe constructed of wood and lined on the 
inside with copper screening to eliminate any extraneous thermo- 
electric forces from temperature gradients within the box. The 
junction blocks inside the box were covered with sawdust to 
provide thermal insulation. Interposed between the switch 
boxes and the heated measuring system was a transite enclosure 
to reduce the heating of the boxes. An ice bath was used as the 
cold junction for the thermocouples in the measuring system. 

The specimen-bar thermocouples were calibrated against a 
standard 16-gage chromel-alumel thermocouple which had been 
standardized against the freezing points of seven materials: ice, 
tin, lead, zinc, aluminum, copper-silver eutectic alloy, and copper. 
Straight-line relationships were derived for the purpose of con- 
verting potentiometer readings to temperatures. An average 
relationship was used for the guard-ring thermocouples. 


PROCEDURE 


The lithium tested was obtained from the Maywood Chemical 
Works, Maywood, N. J., and had the following analysis in per- 


centages (as given by the manufacturer ): jad iY 
Silicon... . ; 


Before charging the sample container it was necessary to re- 
move a small film of rust which had formed on the inside of the 
sample container. A pickling solution of 5 per cent hydrochloric 
acid was used for this purpose. The pickling time was about 15 
min. There was no change in the inside diameter of the con- 


tainer after pickling. 


A block of the lithium samples weighing 140 grams was washed 
with benzene to remove the protective oil coating. Thesample was 
broken up, the pieces were coated with benzene, and then placed 
in the furnace. The furnace was flushed out with a stream of 
helium to prevent atmospheric contamination of the sample. 
The furnace heater then was turned on to melt the sample and to 
vaporize and remove the benzene and any remaining oil. 

The furnace was then pressurized at a temperature of 800 F, 
thus forcing the molten lithium through the gooseneck and down 
through the supply tube. The apparatus was allowed to cool 


from the rest of the apparatus and the sample heater was in- 
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stalled in the apparatus. It was noted that a small amount of 
lithium nitride and oxide remained in the furnace. The supply 
tube acted as a filter, skimming most of the impurities from the 
specimen. The specimen bar and lithium were then brought 
to the operating temperature by the quick heater. After the 
bar had reached its operating temperature, the sample heater 
was turned on and the quick heater was turned off. 

To measure the thermal conductivity it was necessary to es- 
tablish steady-state conditions through the sample container 
and heat sink. It was also important to match the temperature 
of each guard-ring thermocouple to that of the corresponding 
thermocouple on the specimen bar. The d-c heaters were given 
periodic manual adjustments until a steady state was reached, 
at which the temperatures at corresponding levels on the guard 
ring and specimen bar were matched within acceptable limits. 
The energy input to the sink heater was controlled to prevent 
excessive temperature gradients through the specimen bar. A 
negligible change in reading of temperature differentials over a 
period of 12 hr was considered steady-state heat flow. The nor- 


mal gradient for each run varied from 13 F, at the lowest operating __ 
Run 
No. 


temperature, to 22 F, at the highest operating temperature, as 
measured in the heat sink (between planes 7 and 8). 


THEORY 


_ With the proper radial guarding it was assumed that the heat 
flow through the sample container equaled the heat flow through 
the heat sink. Therefore 


(kA + (KAAt/Ar)re + (KA At/Az)nil, 
= + (KAAt/Az)wily 


where 
k = thermal conductivity, Btu/hr sq ft deg F/ft 
A = cross-sectional area, sq ft Liles 
a At = temperature differential, deg F wal sabe 
Az = distance between thermocouples, ft 
ap 
Subscripts: 
Li = molten-lithium sample 
Fe = Armco iron 
Ni = nickel-plating 
_ § = specimen-bar test section 
= heat sink 


Jet 


The values for the thermal conductivity of Armco iron, kre, 
were interpolated from data found in the literature (2, 3). The 
average of the values from both sources was used. Values of the 
thermal conductivity of nickel, kni, were interpolated from data 
appearing in the ““Metals Handbook” (4). 

To check the apparatus for heat loss through the top, the 
thermal conductivity of the Armco-iron heat sink was determined 
experimentally by measuring the heat input to the sample heater 
and comparing the values obtained with those found in the litera- 
ture. This check was made to determine whether the heat input 
could be used in calculating the thermal conductivity of the 
lithium. 

The following equation was used 


q = EIC = ((kAAt/Ax)re + (KAAt/Az)wily 
\ 


where 
q = heat flow, Btu/hr hadi: 
E = measured emf across sample heater, volts 
_ | = measured current through sample heater, amp 
- @ = conversion factor = 3.413 Btu/hr-watt 


“wit 


To check the experimental and computational methods used, 
another specimen bar was made. This bar was similar to the one 


CALIBRATION 


used previously, except that the sample section was solid Armco 
iron. The bar was bored to a depth of 5 in. to allow the bottom 
of the sample heater to set directly on the solid section. In this 
case the solid Armco iron was substituted for the molten liquid. 

The calibration bar had no nickel plating. The final OD of this 
bar, however, was 2.138 in., which was about the same diameter 
as the previous bar including the nickel plating. 

The equation used for the calculations follows 


(kKAAt/Ar)s = (kKAAt/Az)y 
where 
ks = average unknown thermal conductivity in upper Armco- 
iron-sample section 
ky = average known thermal conductivity of Armco-iron 
heat sink as determined from the literature (2, 3). 


A comparison of the experimental results with the average 
results found in the literature is given in Table 1. Thus an error 


EXPERIMENTAL CALIBRATION RESULTS 


Per cent devia- 
Temp. & (literature), k (experimental), tion from lit- 
deg F Btu/hr sq ft deg F/ft Btu/hr sq ft deg F/ft erature value 


34.7 31.4 —9.5 
24.9 22.8 —8.4 


of close to minus 10 per cent occurred at the upper and lower 
limits of the test temperatures. This deviation gives an indica- 
tion of the effectiveness of the guarding used in the experimental 
apparatus. 

RESULTS 


Thermal-conductivity coefficients for molten lithium have been 
measured by the authors over the range 420 to 1002 F. The re- 
ported values are based on the thermal conductivity of the heat 
sink, as shown in Equation [1]. 

A second method of computation also was used, in which the 
power input to the sample heater was measured and the thermal 
conductivity of the Armco iron in the heat sink was checked. 
Equation [2] was used for this computation. Using this method 
the values of conductivity for the iron were found to be as much as 
100 per cent higher than in the data of the literature. Therefore 
it was assumed that a large portion of the heat input from the 
sample heater was lost through the top of the apparatus. Con- 
sequently, no correlation could be determined between the ther- 
mal conductivity of lithium and the heat input. 

In calculating the conductivities the temperature readings 
taken for plane 6 were eliminated, since the temperature differ- 
ence calculated between planes 5 and 6 differed greatly in each 
run from the temperature differences found between planes 3 and 4 
and between planes 4 and 5. The latter two temperature dif- 
ferentials agreed closely for each run. Where more than one 
thermocouple reading was taken in each plane, the average of the 
temperatures was used for that specific plane in calculating the 
At. 

The A,t used for Equation [1] was the average At for planes 
3 and 4 and for planes 4 and 5. The temperature at which the 
conductivity coefficient was determined was the average tem- 
perature between planes 3 and 5. The results are given in Table 
2. 


CONDUCTIVITY OF 


TABLE 2 EXPERIMENTAL THERMAL 
LITHIUM 


Temp, deg F 
(216)¢ 


Thermal conductivity, 
Btu/hr sq ft deg F/ft “4 


(0.089) 
(539)¢ 17.6 (0.073)% 

@ Figures in parentheses represent average temperature in deg C. 

Figures in parentheses represent thermal conductivity in g-cal/sec 


sq cm deg C/em. 
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Bach reported value represents an equilibrium run with con- 
stant settings over a period of 12 to 20 hr. Each run required an 
adjustment period of about 5 days. 

The experimental results are plotted in Fig. 4. The curve was 
extrapolated to the melting point as shown. It should be noted 
that the measured values show an increase in the slope with in- 
creasing temperature. Table 3 shows values of thermal con- 
ductivity of two significant figures interpolated from the curve in 
Fig. 4. 

Yaggee and Untermeyer (1) have determined the relative con- 
ductivities of molten Li, Na, and eutectic NaK at 480 F and 
found that the conductivity of lithium is roughly '/, that of 
sodium. Sodium was found to have a value of about 45 Btu/ 
hr sq ft deg F/ft at 480 F (5). Based on Yaggee and Unter- 
meyer’s results, lithium should have a value of about 23 at 480 F. 
The present results show a value of 26 at 480 F. 

Powell (6) estimated that the thermal conductivity of lithium 
at the melting point lies between 21 and 27. These values are 
based on the Lorenz number, which is a function of the Stefan- 
Boltzmann constant and the electronic charge. The extrapo- 
lated experimental value at the melting point of lithium was 27. 

A leak in the sample container developed after run No. 4, 
while heating to 1200 F, preventing further runs. The container 
had been in contact with the molten lithium for about 20 days 
before the leak occurred. After the container was cleaned out, 
grain-boundary corrosion was detected throughout the con- 
tainer. 


TABLE 3 INTERPOLATED THERMAL CONDUCTIVITY OF 
LITHIUM 


Thermal conductivity, 
Btu/hr aq ft deg F/ft 
...27 (by extrapolation) 
27 (by extrapolation) 

.2 


Temperature, deg F 


The errors presented in the following are "e maximum errors 
which occur at the higher temperatures, since these represent the 
worst conditions of measurement. Errors in determinations at 
lower temperatures will be correspondingly lower as a result of 
lower heat exchange and a higher accuracy in thermocouple cali- 
bration and dimension measurement. The conductivity values 
determined from run No. 1 and run No. 2 have a larger error due 
to the smaller gradients in the liquid, but this is offset by the 
factors just mentioned. 

The calculated radial flow of heat for the length between planes 
3 and 8 varied from 0.4 per cent to 0.9 per cent of the heat flow- 
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ing through the sample section (from plane 3) and the heat sink 
(to plane 8). The estimated error in the measurement from 
this source would be less than +1 per cent. 

Because of the positioning of the sample heater, the radial 
temperature gradient in planes 1 and 2 was much greater than in 
planes 3 to 8. As the heat lost radially in planes 1 and 2 repre- 
sents a maximum of 3 per cent of the total heat input from the 
sample heater, this radial heat loss cannot account for the total 
heat loss above plane 3, which varied from 20 per cent to 60 per 
cent of the total heat input. However, any loss in heat above 
plane 3 cannot cause an error in the method of computation 
used. 

The values of conductivity have been reported on the basis of 
direct temperature readings. During an equilibrium run each 
temperature reading varied by as much as 9 F. No voltage 
regulator was used in conjunction with the d-c generator and, 
therefore, the voltage across the sample heater varied by as much 
as 2 volts during an equilibrium run. Consequently, the rate of 
change of temperature varied slightly for each thermocouple. 
However, the temperature differentials measured never varied by 
more than 0.5 F for each equilibrium run. The maximum 
error produced by the unequal changes in At was estimated to be 
about +2 per cent. 

Errors in thermocouple readings may arise from several sources, 
such as calibration of thermocouples, procedures for con- 
verting potential differences to temperature differences, poten- 
tiometer readings, and extraneous electromotive forces in the 
circuit and in the potentiometer. 

The calibration of the thermocouples relative to a standard 
thermocouple and the subsequent calibration of the standard 
thermocouple should produce an error of not more than +1 
per cent. Conversion of potential readings to temperatures is 
also included in this estimate of error. 

No noticeable extraneous electromotive force was observed. 
The accuracy of the Leeds and Northrup K-2 potentiometer 
would introduce an error of only +0.2 per cent in At. 

The net error resulting from measurement of temperature 
differences is, therefore, not greater than +2 per cent. This 
estimate was calculated as the square root of the sum of the 
squares of the individual errors in order to compensate for off- 
setting effects of the various errors. 

Conduction of heat along the 20-gage thermocouple leads 
could not cause an error greater than +0.5 per cent. The leads 
did not extend horizontally from the specimen bar, but ex- 
tended from the top of the apparatus. Had they extended hori- 
zontally there would have been a negligible temperature dif- 
ferential in the leads between the specimen bar and the guard 
ring, thus producing a negligible error due to heat conduction 
along the leads. 

The diameters of the sample container and heat sink were 
measured to +0.05 per cent. After the thermocouples were 
peened into the tube wall and heat sink, it was difficult to deter- 
mine at what points the temperatures were being read. It was 
estimated that the uncertainty of the distance between ther- 
mocouples would cause a maximum error of +3 per cent. Errors 
resulting from thermal expansion were assumed to be negligible. 
Although the cross-sectional area of the test section and heat 
sink increased somewhat at higher temperatures, these changes 
will cancel out in the method of computation used. 

It was assumed that the values used for the thermal conduc- 
tivity of Armco iron are in error by +1 per cent. The thermal 
conductivity of nickel used in the calculations should produce a 
negligible error. 

The estimated maximum error from the sources outlined in the 
foregoing was +10 per cent. This estimate is | based upon the 


sum of the absolute errors discussed previously. 
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1scussion 

a H. M. Bracx.' The writer maintained contact with this 
project on thermal conductivity of molten lithium from the earli- 
est stages until the container failed. In his opinion, the results 
are reliable within the limits of accuracy expressed in the paper. 

The project was somewhat hurried in order to secure results as 
early as possible. Facilities for fabrication of equipment were 
limited. Consequently, parts of the apparatus were not as well 
constructed as ultimately might be done. Better methods of 
installing the thermocouples should be used. 

A redesign of the apparatus should provide a method of pre- 
venting heat flow in any direction except through the sample. 
The calcined Sil-O-Cel which was used as insulation should be 
graded into uniform sizes, or a more uniform material obtained. 


J. F. Downre Smiru.* The authors of this paper have left 
out a discussion of many of the difficulties involved in the de- 
termination of thermal conductivity of liquid lithium. The most 
surprising difficulties were encountered. Perhaps the two 
most important were the difficulty of keeping lithium from con- 
taminating the thermocouples, and the difficulty in preventing 
corrosion of metals by the liquid lithium. 

A study of the literature had indicated that Armco metal might 
be satisfactory, particularly if it did not have residual stresses. 
The forging from which the cylinder was made was annealed 
and shot-blasted before shipment to the college. After machining 
no additional heat-treatment was performed. Yet a compara- 
tively few days of operation caused complete corrosion through 
the cylinder. This, of course, caused contamination of the lith- 
ium and spoiled the accuracy of the results. The investigators 
had hoped to carry the determinations of thermal conductivi- 
ties of liquid lithium and some other liquid metals to tempera- 
. tures approaching the boiling point. However, within the time 
which was allowed for the experiment, this was not feasible. 


* Head, Mechanical Engineering Department, Iowa State College. 
Ames, Iowa. Mem. ASME. 
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The equipment would have to be rebuilt to take the some- 
what higher temperatures than were measured, and there is still 
the difficulty of finding a metal completely resistant to lithium. 
The investigators also had hoped to tackle sodium and some of 
the other metals which are considered for certain heat-transfer 
apparatus today. Perhaps at some time in the future this work 
may be continued. 

It may be mentioned that the authors carried through this par- 
ticular experiment overcoming difficulties not ordinarily encoun- 
tered in experimental work, and they are to be commended for 
their efforts. 

While there is no absolute check of the thermal-conductivity 
data from other sources, and there is no good check on the heat 
balance obtained with this one apparatus, the data obtained 
should be of some help to those engineers and scientists inter- 
ested in developing equipment utilizing liquid lithium at tem- 
peratures within the range of those measured. Moerz accurate 
data at higher temperatures would involve a very considerable 
amount of work. 


Victor Pascukis.? With interest in heat-flow computation 
increasing, the lack of adequate data on thermal conductivity 
becomes apparent; all research in this field is therefore most wel- 
come, if it leads to reliable data. The authors are to be com- 
mended for the inclusion of the “Discussion of Errors,’’ but the 
writer feels that, in order to accept the conclusion that results 
are good to +10 per cent, this section should be still greatly ex- 
panded. In Table 1, experimentally obtained conductivity values 
of Armco iron are compared with data from literature. The 
per cent deviation is almost as large as the expected error and is 
not much different for low and for high temperatures, while the 
authors claim that errors decrease sharply with the temperature 
range. 

A few comments should be made regarding specific errors: 


1 The fundamental question seems not to be discussed in the 
section on errors: Is Equation [1] correct? ‘Proper radial 
guarding”’ at best can prevent heat flow from the container to the 
outside. This does not preclude radial flow between molten 
metal and container wall, unless there is zero contact resistance 
between the following: 


(a) Molten metal and the sample container. 

(6) The sample container and the heat sink. 

(c) The heat sink and the ambient (on the plane surface 
of the former). 


This can be ascertained by drawing temperature gradients 
for sample, container, and molten metal. At equal distance 
from the heat source two different temperatures would prevail at 
immediately adjacent points, resulting in radial flow. (A similar 
case was treated by the writer.®) 

The influence of these contact resistances, which obviously are 
not zero, becomes more significant because radial guarding is, 
necessarily, not ideal. 

2 Therefore (calculated) radial heat flow of 0.4 to 0.9 per 
cent is in itself no proof that the error in conductivity is less than 
1 per cent. 

3 In the last paragraph of the section on “Procedure,” it is 
said that ‘‘A negligible change in reading. .. was considered steady 
state... .’’ Unless the changes are in opposite directions, so 
that the readings lie on both sides of a mean value, the assump- 
tion would be wrong. 


? Technical Director, Heat and Mass Flow Analyzer Laboratory, 
Columbia University, New York, N. Y. Mem. ASME. 

8 ‘‘Influence of Through-Metal on the Heat Loss From Insulated 
Walls,” by V. Paschkis and M. P. Heisler, Trans. ASME, vol. 66, 
1944, pp. 653-663. 
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4 Temperatures, measured in the sample container, are not 
necessarily the same as those in the molten metal, if the contact 
resistances are not negligible.’ 

5 No estimate is shown for the error due to a possible thermal 
resistance between the container and the couple. 


SamuEL Untermyer.’ The results obtained by the authors 
seem reliable since they are consistent with other sources of in- 
formation. It has been thought that errors due to radial heat 
flow may be larger than ordinarily calculated, since variations 
in radial temperatures may cause convection currents within the 
liquid sample. 

The authors are to be commended for their success in minimiz- 
ing this source of error 


AutHors’ CLOSURE 

One of the major difficulties encountered in this work was 
finding a suitable means of thermocouple installation. As 
measurements had been originally planned up to 1000 C, no 
solder was found which would have the desirable properties at this 
high temperature. At lower temperatures a solder connection 
would be advantageous from the point of view of good-thermo- 
couple to tube-wall contact. However, an erroneous calculation 
for heat flow down the tube wall might be obtained in using 
solder connections. No attempt was made to electric-arc-weld 
the couple onto the wall due to the thinness of the wall itself. 


* Laboratory Director’s Office, Argonne National Laboratory, 
Lemont, Ill. Mem. ASME. 
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During the experimental work, there was no evidence of the 
thermocouples’ being attacked by lithium vapors, as complete 
failure of the couples would probably have occurred. No such 
failure was detected in the potentiometer readings. Also, the 
vapor pressure of lithium over the experimental temperature 
range is extremely low, thus minimizing the possibility of escaping 
lithium vapor from the sample container. 

In the section, Discussion of Errors, no mention is made 
that the “errors decrease sharply with the temperature range”’ 
as pointed out by Mr. Paschkis. It was merely stated that the 
measured temperature gradients in the lower-temperature runs 
were smaller than the measured gradients in the higher-tempera- 
ture runs due to the decreased thermal conductivity at the 
higher temperatures. Hence a greater error in the measured 
temperature gradient is to be expected at the lower temperatures. 
However, errors due to heat exchange, accuracy of thermocouple 
calibration, and dimension measurement are correspondingly 
smaller at the low temperatures. This led the authors to assume 
that perhaps errors over the whole temperature range of measure- 
ments are essentially the same. This assumption is substantiated 
by the calculated per cent deviation in the calibration results. 

Mr. Paschkis’ remarks on errors due to contact resistances 
are very well taken. The authors feel, however, that determining 
contact resistances in a molten-metal system involves greater 
experimental difficulties than in a solid-metal system. Future 
work involving measurement of contact resistances between a 
molten metal and a solid metal would be of invaluable aid in 
increasing the accuracy of conductivity data. 
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rilling of Metals 


By C. J. OXFORD, JR..,' 


The cutting action of a twist drill is very complex. This 
paper describes an investigation of this complex phe- 
nomenon through use of a quick-stop technique to freeze 
the action. The formation of chips, both along the cutting 
edges and under the chisel edge, is considered. Chip-flow 
angles, measured experimentally, are related to effective 
rake angle along the cutting edges, using a new derivation 
of the normal rake angle for a twist drill. The effects of 
point angle, drill design, and workpiece material are con- 
sidered. The split (crankshaft) point for heavy web drills 
is investigated and its operation described. 


INTRODUCTION 


HE drill, the basic hole-producing tool, is of ancient origin. 
[tne need for such a tool has been so great that we find 

drills of one type or another in nearly all civilizations for 
which there is any recorded history. Nevertheless, the first 
machine-made twist drills were not produced until about 1860, 
less than 100 years ago, and truly modern twist-drill develop- 
ment begins with the invention of high-speed steel around the 
year 1900 (1).? 

Because of their importance in nearly al] production operations, 
twist drills have been the subject of numerous investiga- 
tions. The most notable are the works of Bird and Fairfield (2), 
Smith and Poliakoff (3), Benedict, Lukens, and Hershey (4, 5), 
Boston, Oxford, and Gilbert (6, 7, 8), Opitz and Jansen (9), 
and the recent work of Galloway and Morton (10).* All of these 
investigations have been concerned principally with important 
external effects of drilling which can be measured by drilling tests 
on machines equipped with various types of dynamometric 
equipment, i.e., torque, thrust, and drill life as influenced by drill 
geometry, speeds, feeds, workpiece material, and coolants. 
Such data have been of great assistance to industry for setting up 
production-drilling operations. 

This paper is concerned with an investigation into the me- 
‘hanics of the actual cutting operation which takes place along the 
cutting edges and under the chisel edge of the twist drill. It is 
the first progress report of a continuing fundamental research on 
drilling which has been established in the research department of 
the author’s company. 


EXPERIMENTAL APPARATUS AND TECHNIQUE 


In order to explore the cutting action of the twist drill it was 
necessary to devise an experimental] technique which would per- 


' Research Engineer, National Twist Drill & Tool Company. 
Mem. ASME. 

2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

8 Reference (10) contains an excellent brief summary of references 
(2) to (9) and other previous investigations. 

Contributed by the Research Committee on Metal Processing and 
presented at the Annual Meeting, New York, N. Y., November 29— 
December 4, 1953, of THe American Society or MeEcHANICAL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, July 20, 
1953. Paper No. 53-——A-167. 


ROCHESTER, MICH. 


mit examination of drill chips in the process of formation. Be- 
cause the operating drill is rotating and buried in an opaque work- 
piece, direct photographic, stroboscopic, or high-speed motion- 
picture approaches could not be used. Hence, it was decided to 
attempt to “freeze” the action through a rapid stop of the rela- 
tive motion between the drill and the workpiece. According to 
Ernst (11), an extremely rapid deceleration is required to trap 
the actual operating conditions in the chips. Therefore, a shear- 
pin deceleration apparatus, as shown diagrammatically in Fig. 1, 
was designed and constructed. It will be noted that because of 
mass considerations, the heavy drill and machine-spindle assem- 
bly is not stopped but the rel: _ ly fies workpiece and spin- 


dle are accelerated to drill 
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The apparatus consists of a spring-plunger-carrying rotor 
which is clamped to the drill, and a base assembly which carries 
the workpiece mounted in a spindle which is held in position by a 
notched hardened high-speed-steel shear pin. The alignment be- 
tween the drill spindle and the workpiece spindle is always 
maintained within better than 0.002 in. total indicator reading. 
A compressed-air cushion is maintained under the workpiece 
spindle to relieve part of the drill-thrust load from the shear pin 
and to maintain the workpiece in contact with the drill during the 
axial feed motion after the shear pin is broken. In operation, 
the drilled hole is started in the normal manner until the pre- 
determined depth is reached. Then the trigger on the side of 
the rotor is struck lightly with a stee] bar causing the spring- 
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loaded plunger to be released so thai it strikes the protruding 
ear on the workpiece spindle during the next revolution of the 
drill. This breaks the shear pin and virtually instantaneously 
accelerates the workpiece spindle to the drill speed. As soon as 
the shear pin is broken, the drill-press motor is stopped and 
the spindle quickly coasts toa stop. After this stop, the feed and 
spindle drive gears are disengaged and the drill is carefully screwed 
out of the hole, leaving the chips attached to the bottom of the 
hole. Fig. 2 shows the apparatus mounted on a large gear-feed 
drill press fitted with new spindle bearings for these tests to in- 
sure necessary rigidity and alignment. Fig. 3 is a close-up of the 
actual quick-stop apparatus, showing the rotor plunger extended. 

When it is desired to investigate the effect of coolants, a pre- 
liminary hole, about !/; to */1; in. deep, is drilled in the specimen 
and this hole is filled with the coolant. The rotating drill is then 
brought into the hole and quick-stopped within the first 5 to 10 
revolutions after contacting the bottom of the hole. 

All investigations to date have been made using */,-in-diam 
taper-shank twist drills. The */;-in. size was chosen because it is 
large enough to permit some direct visual observation of results 
and because it is sufficiently large and rigid to permit mounting of 
the quick-stop rotor. 

Preparation of the specimens for observation varies, depending 
upon the measurements to be made. This technique will be 
noted briefly under each of the topics discussed. 


ForMATION ALONG THE CuTTING EDGES 


To observe chip formation along the cutting edges it was neces- 
sary to section the specimens along planes crossing the chips in 
the desired direction. In doing this it is necessary that the chips 
be given a protective hard coating to prevent excessive rounding 
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Fic. or AcTuaL Quick-Stop APPARATUS 


(Rotor plunger is shown in extended position above ear on workpiece 
spindle. Valve in foreground controls compressed-air cushion. ) 


of the edges during metallographic polishing. Electroplated 
nickel was found to be ideal for this purpose but it was found to 
be extremely difficult to deposit much more than 0.002 in. on the 
chips at the bottom of the hole. Because of the many differently 
oriented sections to be taken it was not desirable to cut the speci- 
mens open before plating. Toward the end of the work described, 
the Electroless nickel-plating process of Brenner and Riddell 
(12) was tried with excellent results. This is a catalytic chemical 
reduction process using no electric current, and uniform plating 
of unlimited thickness can be obtained. After plating, the holes 
in the specimens were molded full of a transparent thermoplastic 
which permitted a visual check of the orientation of the sections 
to be taken. The sections were prepared by careful grinding and 
metallographic polishing followed by an etch in 4 per cent picral 
to permit observation of structure and flow patterns under the 
microscope. The exact radius to the section was determined 
with a toolmaker’s microscope using the opposite side of the hole 
as a reference point. 

As was to be expected, the chip-formation mechanism along the 
cutting edges (lips) of a twist drill appear to be basically the same 
as for any other metal-cutting operation. Figs. 4 and 5 show two 
chip photomicrographs taken at a radius of 0.335 in. on a */,-in. 
drill. Both the shear zone, the more elevated direction of crys- 
tal elongation, and a small built-up edge can be seen readily. 
The similarity to the planing and milling chips shown by Ernst 
(11) and Merchant and Zlatin (13) is obvious. Fig. 4 is a con- 
ventional photomicrograph of an AISI 1020 steel specimen, while 
Fig. 5 is a polarized-light photomicrograph of an AISI 3245 speci- 
men. The use of polarized light on the AISI 3245 specimen was 
necessary to show clearly the shear zone and the direction of 
crystal elongation. AISI 3245 steel has a fine-grained structure 
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Fic. 4 or Drititinec 1n AISI 1020 STEEL; 


0.335-In. Raptus, */-In. X40 


(The protective nickel plating described in text has been blocked out of 
picture.) 
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au 
so that conventional photomicrographs do not sharply delineate 


the crystal elongation pattern and it is difficult to locate the shear 
zone. Apparently there is some sort of a selective etching of the 
deformed metal which results in the clearer polarized-light pat- 
tern. 

The chip sections are taken norma] to the plane containing the 
cutting edge which is parallel to the drill axis (plane B-B in Fig. 
6), and at such an angle as to be approximately in line with the 
direction of chip flow (angle my, in Fig. 6). Such plane chip 
sections of drilling chips can be misleading because of the rotary 
action of the drill. Thus the two ends of the shear zone shown 
in the photomicrographs are actually at different radii. How- 
ever, it is felt that Figs. 4 and 5 give a good qualitative picture 
of what is happening. Chip sections taken at smaller radii are 
similar except for the obvious variations due to changing drill 
geometry and the lower speeds near the center of the drill. 

When coolants were used, chips generally were thinner and the 
character of the built-up edge was changed. A study of the ef- 
fect of coolants and their effect on drill-chip formation is planned 
as a future phase of this investigation; any significant findings will 


PoLa Light PHoToMICROGRAPH OF DRILLING CHIP IN 
AISI 3245 0.335-In. Raprus, 40 


(Polarized light used to bring out Stemalion pattern in this fine-grained 
steel.) 


Fig. 5 


All of the steel specimens were drilled at a speed of 250 rpm 
(50 sfm peripheral speed) and at a feed of 0.013 ipr (inches per 
revolution), using drills so accurately sharpened that variations in 
angle and height of the two cutting edges did not exceed 0.0005 
in. 


Recion UNpER EpGe 
The action which occurs under the chisel edge of the twist drill 
has correctly been assumed to be quite complex. Figs. 7 and 8 
show two plane sections through an AISI 1020 steel workpiece 
normal to the chisel edge. Fig. 7 shows the plane intersecting 
the chisel edge at a radius of 0.037 in. If the wide variation in 
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radius across the photomicrograph is disregarded, the picture re- 
sembles the cutting action of a tool with a very high negative rake 
angle of about minus 56 deg. There is a severe built-up edge 
acting to make the effective cutting rake angle more positive 
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plete picture of the action under the chisel edge, direct visual stud- 
ies were made using a high-power (up to 80 X ) stereomicroscope. 
In so far as can be determined, there is an actual chip formed by 
the chisel edge. It appears that when this chip fills the space be- 
tween the drill clearance surface and the bottom of the hole it is 


and a segmental chip sliding up over the built-up edge. A 
portion of the built-up edge can be seen sloughing off under the 
chisel edge. This is certainly an oversimplification but it is 
believed to tell a significant part of the story. Part of the 
deformation in the so-called segmental chip is probably due to 
the wiping of the cutting edge in the direction normal to the plane 
of the picture. 

Fig. 8 is a photomicrograph of a section normal to the chisel 
edge under the exact center of the drill. At the very center of the 
drill the only tool velocity is that of the feed in the axial direction. 
The deformation of the metal at the center thus resembles that 
caused by an indenting punch. Toward the sides of the picture 
the deformation becomes more complex and more severe because 
of the combination of the rotational and feed velocities. 

Since plane sections through the workpiece do not give a com- 


wiped or extruded toward the cutting edges of the drill. When 
the chip is forced into the flute space of the drill it is usually (in 
the case of steels) plastered about the apex of the generally conical! 
chips produced by the flute-cutting edges and is carried off with 
these chips. Sometimes, part or all of the chisel-edge chip ac- 
tually turns over the edge of the flute and is ejected in the form 
of a separate highly deformed ribbonlike chip. Fig. 9 shows the 
bottom of a drilled hole where this is starting to happen as in- 
dicated by the arrow. In some other metals this effect is even 
more pronounced. Fig. 10 shows the bottom of a hole drilled in 
Ti-150A titanium alloy. Here, the chisel-edge chip is forced out 
normal to the chisel edge and shows almost no interaction with 
the main cutting-edge chip. 

In both Figs. 9 and 10 the two chisel-edge chips overlap as 
would be expected from the symmetry of the section of Fig. 8. 
For both steel and titanium alloy drilled at 0.013 ipr feed with a 
3/,-in. drill, this overlap is approximately 0.020 in. long. At a 
radius of 0.010 in., the end of the overlap, the lead angle of the 
feed helix is only 11'/. deg, indicating that the feed velocity has 
been reduced to about 20 per cent of the total drill velocity at this 
point. Hence, it is thought that this overlap is due to the in- 
denting action of the chisel edge in the region where the axial 
feed velocity is a significant component of the total drill velocity. 
Some of it also is probably due to simple lateral flow because of 
lack of restraint on the one side of the chisel-edge chip and 
appreciable restraint in all other directions. 


In connection with the study of chip formation, previously re- 
ported, it became necessary to determine the direction of chip 
flow so that the chip sections could be oriented properly. It was 
found that the chip-flow angle varied widely along the cutting 
edge, so an additional study was undertaken to see if chip-flow 
angle could be related to drill geometry. 

To measure chip-flow angle, the specimens prepared on the 
quick-stop apparatus were sectioned on a plane parallel to the cut- 
ting edge and parallel to the drill axis. This plane is parallel to 
plane B-B in Fig. 6. The section plane was ground carefully to 
center or slightly beyond so that the print of the cutting edge 
could be seen when viewed normal to the section plane as is shown 
in Fig. 11. It will be noted that the chip flow, as shown by the 
lines on the chip, is appreciably inclined to the normal to the 
cutting edge near the center of the hole but that this inclination 
reduces with increasing radius. 

Nomenclature. The following nomenclature will be used in 
the remainder of the paper: 
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(Arrow indicates start of a ribbonlike chip from chisel edge. Note overlap 
of two chisel-edge chips.) 
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In order to measure the actual chip-flow angles the sectioned 
specimen is placed on the stage of a toolmaker’s microscope with 
the print of the cutting edge lying in a plane normal to the 
optical axis of the microscope. It is then possible to read directly 
the projected chip-flow angle np, Fig. 6, at any point along the 
cutting edge. Since the web thickness of the drill and the di- 
ameter of the hole are known, it is easy to convert the co-ordinate 
readings of the toolmaker’s microscope into the actual radius 
of the point where the measurements are taken. The angular 
measurements are made right at the print of the cutting edge 
and are accurate and repeatable within better than 2 deg unless 
there is an excessively large built-up edge on the face of the chip. 
The chip shown in Fig. 11, and most of the other specimens used 
were relatively free of built-up edge or the built-up edge was suf- 
ficiently discontinuous so that readings could be made at points 
all along the cutting edge. 
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Face or a Dritiinc 
(Note lines on chip indicating chip-flow direction. ) 


Fig. 12 is a plot of the projected chip-flow angle versus radius 
for three specimens which were identical except for variation of 
the point angle of the drill. These specimens were run with 


carbon tetrachloride as a coolant in an effort to reduce the built- 
up edge but at the 250-rpm speed its effect was slight and the 
data are substantially identical to other specimens run dry. 

The plot of projected chip-flow angle 7, in itself is of no direct 
value and it must be converted to true chip-flow angle » along the 
face of the flute before it can be used in analysis. 
complished by the simple conversion 
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(This graph shows data for CCl cutting fluid. Dry cutting valves are sub- 
stantially identical.) 


The face rake angle is illustrated in Fig. 6, and may be defined as 
the angle, measured in a plane normal to the cutting edge, be- 
tween the cutting face (plane) and a plane parallel to both the 
cutting edge and the axis of the drill. Its value is given by the 
expression 

tan @ cos B 


sin p L cosp 


which is developed in the Appendix. 

Since any element of the twist-drill cutting edge can be re- 
duced to an equivalent simple inclined cutting tool, it is of inter- 
est to examine the relationship between the chip-flow angle 
and the inclination angle (or obliquity) 7. According to Stabler 
(14) the chip-flow angle for simple tools has been observed ex- oo 
perimentally to be equal to the inclination angle but Shaw and 
his associates (15), (16) found that this is merely a first approxi- __ 
mation to a more complex relationship. ae 

The inclination angle is defined as the angle between the tool ° @ 
velocity vector and a normal to the cutting edge lying in a plane 
containing the cutting edge and the tool velocity vector. This 
definition is more genera] than that usually given but it is neces- 
sary in the case of the drill because of its varying geometry at dif- 
ferent radii. For the drill the inclination angle 7 is given by 


sini = sin Bsinp....... [3}* 


which is developed in the Appendix. 

In Fig. 13 are plotted the relationships for chip-flow angle ver- 
sus inclination angle for five different drilling specimens. When 
drilling steel] with a regular-design twist drill there appears to be 
an approximately linear relationship between 7 and 7 for values of 
i up to about 33 deg but the slope of the line is considerably 
greater than 1.0 as predicted by Stabler. Above about 33 deg 
the points depart from the line but can be well approximated by 
another line joining the first at about 33 deg but having a slope of 
approximately 1.0. When using a heavy-web heavy-duty drill 
and soluble oil coolant the initia] slope of the line is slightly less 
but there is still] a bend in the line at about i = 33 deg. With 
titanium alloy Ti-150A there is excellent agreement with Sta- 
bler’s law and the points fall almost exactly on the 7 = 7 line. 

With the regular-design twist drill it is interesting to note that 


4In references (15) and (16), Professor Shaw and his associates 
make an analysis of drill-point geometry using an incorrect expression 
for inclination angle t. However, in a recent private communication 
Professor Shaw has acknowledged that this error exists and states that 
he is revising his publications to include expressions equivalent to 
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most of the points for the 98-deg-pointed drill fall slightly to the 
left of the line drawn through the points for the 118-deg point. 
This is probably because the cutting edge with the 98-deg point was 
approximately 0.012 in. convex giving the effect of a variable 
heavier web so that the true inclination angle is slightly higher 


than the plotted values which assume a straight cutting edge. 
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(Note correspondence of data for titanium alloy with Stabler’s law.) 


The problem of chip-flow angle for twist drills is further com- 
plicated by the fact that the chips are continuous across the 
cutting edge and are much longer at the periphery than at the 
center of the drill. In most cases, this must give some constraint 
to the chip and the chip from the chisel edge may have some ef- 
fect on the flow direction at small radii. Therefore, no attempt 
will be made to develop further a theory of drill-chip flow until 
these effects can be isolated and measured. 


EFFEcTIVE RAKE ANGLE IN DRILLING 


With all inclined tools, the effective rake angle is appreciably 
increased as the inclination angle increases. Thus it is interest- 
ing to examine the relation between radius and effective rake 
angle for the twist drill. Effective rake angle can be defined 
as the angle between the drill velocity vector Vp and the 
chip-flow velocity vector V¢, less 90 deg. Stabler (14) has given 
correctly the relationship between chip-flow angle 7, inclination 
angle i, and normal rake angle @,, and effective rake angle @,, as 


sin a, = sin 7 sin? + cos 7 cos 7 ain a, 


In order to use this expression, the normal rake angle a, must 
be defined. For the drill, this is a somewhat complex concep- 
tion, since normal rake here is not a simple function of drill ge- 
ometry. Normal rake angle is usually defined with reference to 
the finished surface produced. With the drill point, the surface 
produced is a hyperboloid of revolution so it is convenient to de- 
fine normal rake in terms of an elemental plane tangent to the 
generated surface. Thus normal rake a, may be defined as 
the angle, measured in a plane normal to the cutting edge, be- 
tween the cutting face (plane) and a normal to the plane contain- 
ing both the cutting edge and the drill velocity vector. In sec- 
tion A-A, Fig. 6, it can be seen that the plane of the cutting edge 
and the drill velocity vector is elevated above the reference plane 
for face rake angle by some elevation angle @ so that 
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and in the Appendix it will be shown that ¢ is defined by 
tan @ = tan 8 cos p 


It is possible to define a, without reference to a, and @ but 
since a, is required to derive values for chip-flow angle 7, this 
two-step solution was found easier to use than the rather complex 


direct expression for 


__Using the data noted in the discussion of chip-flow angle for n, 
the effective rake angle has been computed for several different 
- operating conditions and drill designs. Fig. 14 shows the effect 
| | 
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Fic. 15 Inriuence or Dritt on Rake ANGLES AT VARIOUS 
Rapti 


of different point angles upon effective rake angle. For the 
standard 118-deg-point angle, the effective rake angle is about 
24 deg just outside the chisel edge, decreasing to about 11 deg at 
about 0.120-in radius, then increasing to about 33 deg at the 
periphery of the drill. For the 98-deg point the effective rake 
angle is appreciably reduced at small radii but slightly increased 
at the periphery. With the flatter 133-deg point the effect is 
opposite, a considerable increase near the chisel edge and a very 
slight reduction at the periphery. Thus, changing the point 
angle over normal ranges has a relatively slight effect on effective 
rake angle except in the region near the center of the drill. 
Hence it is probable that the advantage of the long point (98 
deg or less) for abrasive materials is due to the longer cutting 
edge, and the flat point is useful on tough materials because the 
chips are thicker resulting in higher cutting efficiency. 

Fig. 15 shows the effect of increasing the drill-web thickness. 
Here, the effective rake angle is higher and more uniform at 
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every point with the heavy-web drill although the normal rake is 
lower (or more negative) than that of the regular-design drill. 
The heavy-web drill shows a slightly higher normal rake angle at 
the periphery since this drill has a slightly higher helix angle than 
the regular-design twist drill. Ordinary drill-flute helix angles do 
not have an appreciable influence on the effective rake angle at 
diameters less than '/, the basic drill diameter. The heavy-web 
drill does have the disadvantage of a longer chisel edge and an in- 
creased region involving the resulting rather inefficient cutting 
process. One method of minimizing this disadvantage will be 
discussed later in the paper. 

As would be expected from Fig. 13 and Equation [4], different 
materials having different values of chip-flow angle 7 have some 
effect on the effective rake of a drill. Fig. 16 compares AISI 
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Fic. 16 Errecr or Two Workprece MATeRIALs ON EFFECTIVE 
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3245 steel with titanium alloy Ti-150A. The titanium alloy has 
lower values of 7 and hence the effective rake angle is only 10 deg 
just outside the chisel edge as against 24 deg for steel at the same 


point. The two curves converge with increasing radius so that 
at the half-diameter point the values of effective rake are sub- 
stantially the same. Also plotted on this graph are the values of 
normal rake angle @, and face rake angle a,. The titanium 
alloy closely approximates Stabler’s 7 = 7 law so it can be seen 
that this is a fairly good assumption for calculating effective rake 
on drills of standard proportions. With heavy-web drills the 
error would be more serious. 

No conclusive data regarding the influence of effective rake 
angle on drill torque are available. The fact that the cutting 
edges of twist drills always have a positive effective rake angle 
suggests the drill is a much more efficient tool than commonly 
has been supposed. Additional experimental work is planned to 
see if this effect can be isolated and evaluated. 


Spurr (CRANKSHAFT) ror HEAvy-WeEB DRILLs 


The heavy-web drill has been found to have higher effective 
rake angles than regular-design drills but it does have the dis- 
advantage of longer chisel edge which requires higher thrust 
forces and somewhat increased torque. The heavy web is also 
desirable in that it increases rigidity which is particularly helpful 
in drilling deep holes and tough materials. To improve this 
condition the crankshaft or split point has been developed. It is 
called a crankshaft point because it was first applied to the small- 
diameter heavy-web long drills used for drilling oilholes in auto- 
motive crankshafts. It has since been applied widely to other 
operations. Such a point is illustrated in Fig. 17. The drill is 
first sharpened in the norma] manner, yielding a long chisel edge. 
Then a second grinding cut is made on the heel-side of the point 


Fig. 17 Spurr Point ror Heavy-Wes 


1c. 18 CuHtps Propucep By a Sp.iit-Porntep Druitt 
(Note separate chip produced by secondary cutting edge.) 


parallel to the chisel edge but inclined at 30 to 45 deg to the drill 
axis. These cuts are carried right along the chisel edge and 
ground very close to center so that the web thickness is reduced 
to nearly zero. This provides two additional cutting edges which 
can produce fairly conventional chips. Since these cutting 
edges are on center and cannot be undercut much, their normal 
rake is usually between 0 and 5 deg. The inclination of these 
cutting edges is approximately zero so the chips they produce tend 
to flow normal to the cutting edge but are deflected outward by 
the angular side of the grinding cut. Fig. 18 shows the chips 
produced by a heavy-web drill with a split point. The separate 
chip produced by the auxiliary cutting edges is clearly evident. 
Careful examination of Fig. 18 will show a fairly large built-up 
edge at the base of the secondary chip, possibly due to the very 
low cutting speed near the center of the drill. 

The chisel edge of a drill is nearly flat and, as its length in- 
creases, the drill becomes difficult to start unless guided by a 
bushing to eliminate wandering tendencies. If split-pointed 
drills must be started without a bushing, it may be helpful to 
rotate the secondary cutting edges slightly toward the regular 
cutting edges. Because of point geometry this produces a higher 
center point which easily can be indented into the work material 
providing a guide for starting the drill. 


CONCLUSION 


The author hopes that the foregoing will stimulate interest in 
and appreciation of the complex action involved in drilling, 
particularly at the point of the twist drill. Since this paper is a 
progress report on a anys study and since much more im- 
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portant work remains to be done, no firm conclusions are drawn 
here. It is hoped that this can be done in future papers reporting 
on further developments of this project. 
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Appendix 


DerIVATION OF EXPRESSIONS FOR INCLINATION ANGLE, FAcE 
RakE ANGLE, AND NorMAL RAKE ANGLE 


The nomenclature used is the same as in the body of the paper. 
In Fig. 19 the X-Z-plane is equivalent to plane B-B in Fig. 6, 
axis O-Z is parallel to the drill axis, and the Y-Z-plane is normal to 
the drill axis 
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Fic. 19 Isometric SketcH oF ELEMENTS INVOLVED IN DriLi-Pornt 
GEOMETRY 


Inclination Angle. In the upper part of Fig. 19, set length 
OH along the drill velocity vector Vp, equal to unity; then 
KH = sin 6, and MH = sin mi p 
MH 
OH 


sin i 


Since sini= 


Face Rake Angle. 
OA along the cutting edge equal to unity; 


In the lower part of Fig. 19, set length 


then 


also 


= sin p, and BC = sin p tan 


li ail vie tan ay = BD 


cos p 


In triangle HOB 


=O = 
pe EB B tan 0, and OB = cos p 


EB = cos p tan 


thus 
EF = EB cos B = cos p tan 6 cos 8 


and 

0 gp = EB sin B = cos p tan 6 sin B 

AF = AB—FB 
od 
AF = sinp—cosp tan B 
and substitution of foregoing values gives 


cos p tan 6 cos 


where AB = sin p 


so 


but 
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OB = cos p, and BD = cos p sin 
(0B - p 08 p sin p 
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Substituting Equation for tan in Equation [7] yields 
tan 6 cos B 
sin p — cos p tan @ sin 8 


definition 


tan a, = 


tan = and sing = io. ag 


tan sin B = 


—Sultitatng Equation [10] in Equation [9] yields 
tan @ cos B 


tana; = 


sin p — 


Note that the denominator is a constant for any given value of 
point angle. 
Normal Rake Angle. In Fig. 19, plane ODAGMH contains 
both the cutting edge, OA, and the drill velocity vector, Vp. 
This plane is inclined to OY by the angle @. If KH is set equal to 
unity 
re! 
di tad 
ti atdewlay 


@ = tan B cos p 


«KM = cosp, 


Since 
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Fic. 20 Vrew Atonc Line OA—rne Cutrinc Epce or 19, 
Towarp Ortern, SHow1nG Vartous Dritt Rake ANGLES 


Fig. 20 is a view looking down the cutting edge, OA, toward the 

origin. It is equivalent to section A-A in Fig. 6. Here it is 

obvious that ata: 

te 


O. W. Boston.’ The author is to be commended on the ex- 
cellent job he has done in presenting his investigation into the 
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mechanics of the cutting action of the point of a drill. Much of 
this has been done in the past by various authors at widely spaced 
times, but this modern analysis, complete by itself, is very much 
needed for the literature and reference. 

A two-ribbed twist drill having a chisel edge makes a compli- 
cated tool for metal removal. It is of interest to note the author’s 
conclusion that the rake adjacent to the chisel edge is positive. 
It also is shown in the illustration of chip formation. 

The writer has found many times in experiments that the unit 
horsepower at the cutter, that is, the horsepower per cubic inch 
removed per minute, is not much greater in drilling than for turn- 
ing. This was shown in a previous paper. The unit powers 
given for milling in this paper should be divided by 3. These 
data are given in tabular form and have been published.? Cut- 
ting speeds for practical work in drilling do not differ materially 
from those used in other metal-cutting operations—this in spite of | 
the tremendous handicap under which the drill point is operating. 

It is encouraging to note that the author proposes to continue 
this study and his results are looked forward to with interest. 


L. V. Cotwetu.® The author is to be congratulated on the 
preparation and effective presentation of this paper. Drill 
geometry is unusually complex and its analysis is an intriguing 
challenge. The author calls attention to some surprising and 
highly significant properties such as the large effective rake angles 
near the web. Of particular interest are the chip-flow data and 
their relationship to the angle of inclination as defined by Stabler. 

The angle of inclination is defined as the angle between the 
drill velocity vector and a normal to the cutting edge as measured 
in a plane containing both the cutting edge and the velocity 
vector. When only the rotational velocity is considered this 


leads to Equation [3] of the paper as follows 


sin? = sin sin p 


where 7 is the angle of inclination. 

It isn’t obvious that the feed component of drill velocity can 
be neglected, particularly near the axis of rotation. If the feed 
component is considered, Equation [3] of the paper becomes 


sin 7 = sin Bsin pcos [arctan (f/2mr)] + cospsin [arctan (f{/27r)] 


where f = feed, in. per revolution (ipr); 
to any point on drill cutting edge. 

Substitution of the test conditions used for the regular */,- 
in. twist drill added only 1 deg and 21 min to the angle 7, cal- 
culated from Equation [3] for a radius of 0.065 in. which is close to 
the end of the chisel edge. This would be the maximum deviation 
from the approximate calculation thus confirming the high degree 
of precision given by the approximate equation. 

The author gives some interesting data on effective rake angle 
in Figs. 14, 15, and 16. Apparently these data were calculated 
using Equations [4], [5], [6]. Equation [4] includes the chip-flow 
angle n, and the angle of inclination 7, as variables. It is not 
clear whether the effective angles shown in Figs. 14 and 15 
were calculated with observed values of chip-flow angle or with 
values predicted from Stabler’s law. Further, it is not clear 
whether the changed angle of inclination arising from curved 
cutting edges in the 98-deg and the 133-deg-point angle drills 
was included in the calculations. Both of these factors affect 
the interpretation of the data in Figs. 14 and 15. They also 


and r = radius, in. 


6 ‘‘Methods of Test for Determining the Machinability of Metals 
in General, With Results,” by O. W. Boston, Trans. ASST, vol. 16, 
1929, p. 659. 

7 ‘Metal Processing,’’ by O. W. Boston, second edition, John Wiley 
and Sons, Inc., New York, N. Y., 1953, p. 167. 

8 Professor, Department of Production Engineering, 
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affect the comparison of effective rake angles for different point 
angles as discussed in the paper. 

Fig. 13 shows that most of the observed fiow angles are larger 
than those predicted from Stabler’s law. Consequently, the meas- 
ured values would result in larger values of effective rake angle. 
Similarly, the increased inclination arising from curvature of the 
cutting edge near the web of a 133-deg-point drill could increase 
further the effective rake angle even though the increased inclina- 
tion is accompanied by a decrease in the normal rake angle. 

The chip-flow angles shown in Fig. 13 of the paper are particu- 
larly interesting since they deviate considerably from Stabler’s 
law. It will be recalled that Stabler’s law is presumed to be 
independent of strain rate or cutting speed. Yet it is well known 
that thinner chips are obtained at higher cutting speeds for a given 
size of cut. Consequently, chips could be thicker near the web 
in spite of large effective rake angles. This factor along with the 
inability of the chip to change width would impose larger flow 
angles near the web as shown in Fig. 13. However, the same 
reasoning gives rise to smaller flow angles near the outside. Thus 
it is possible that the flute of the drill imposes some further con- 
straint, resulting in increase in flow angles at all points along the 
cutting edge. 

The high degree of conformance between the titanium flow 
angles and Stabler’s law supports the foregoing observations. 
It is well known that cutting ratio or chip thickness is relatively 
insensitive to changes in cutting speed and rake angle when cutting 
titanium. 

Again the author is to be congratulated on this paper and to 
be encouraged to continue the investigation. Further investi- 
gations of this type will clarify the performance of twist drills 
and will contribute substantially to the knowledge of metal 
cutting in general. 


J. R. Moore.® This investigation is a commendable enter- 
prise and represents a great deal of effort. It is an excellent 
starting point for further investigation. 

Continued investigation may point the way toward a reconcilia- 
tion of many of the apparent contradictions encountered in var- 
ious drilling applications, such as cases where a certain drill de- 
sign appears satisfactory for a certain application in one plant, 
but fails in another, or cases where entirely different types of fail- 
ure occur on the same application. Anything which may lead 
to a higher degree of predictability of drill performance on specific 
jobs will be most helpful. 

It is strongly suspected that great differences in the perform- 
ance of drills frequently are caused by differences in drill fea- 
tures not ordinarily measured, in fact, very difficult to measure. 

For example, the author’s computations of chip-flow angles 
and effective rake angles presumably are based on the assump- 
tion that the cutting lip should be a straight line. It will be 
noted in the paper that the 90-deg point is slightly convex. This 
is the probable reason why the chip-flow angle for the 98-deg 
point, Fig. 13, does not agree with computed values. 

It is ordinarily thought that the shape of the drill flute should 
be such that the cutting lip will be a straight line. Torque and 
life tests made in the laboratory of the writer’s company defi- 
nitely confirm this. More torque and, therefore, more power are 
required when the lip is either concave or convex than if straight. 

The reasons for this may be conjectured. It is thought that 
if the lip is concave, a compression force is set up within the chip, 
and, conversely, if convex, a tensile force is set up, in addition 
to a force outward between the chip and the wall of the hole. 
These forces increase the friction between the chip and the cut- 
ting lip, increase the force required to separate the chip from the 
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work, and impede the flow of the chip up the flute. Anything 
which constrains the chip, either during or after formation, 
increases the power required, in turn increasing the heat to be 
dissipated, and impairing the performance of the drill. 

The straightness of the lip is only one of the many features 
which contribute to the complexity of the problem of analyzing 
the action of a drill. Many of the other features are concerned 
with developments which occur after the chip is separated from 
the work. All of these provide fertile fields for investigation and 
education. If we could always consider the chip to be only 
1/1. in. long, or thereabouts, and that no other chips were in the 
way, designing a drill would be a simple matter. 

Unfortunately, this is not so. The size and shape of flute, for 
example, to promote best cutting action at the lip, may not be 
the best size or shape for chip disposal. A low flute-to-land ratio 
and heavy web, necessary to give the drill good rigidity, are not 
conducive either to good cutting action or good chip disposal. 
More specific information regarding these features would be help- 
ful. 

Another point which merits consideration is the type of web 
thinning, because of its effect upon the straightness of the lip. 
The conventional type of thinning is a semicircular notch into 
each side of the web. Unless this notch is extended all the way 
out to the margin, an obtuse angle is formed at the juncture of the 
notch and the lip. If the notch is extended all the way to the 
margin, then the rake angle is reduced. These conditions proba- 
bly could be improved by thinning the web at the time the flute 
ie milled. This, of course, would pose a problem to the user in 
resharpening when the web thickens up. The crankshaft point 
has been a valuable improvement, but users are not universally 
equipped to resharpen this type, either. 

Another question open to investigation is that of which type 
of chip is most efficient, a long, slightly curled chip, or a series of 
short pieces. It is commonly thought that chips should be made 
to break up, but there is some question whether this is univer- 
sally correct. Most drills actually produce long chips until they 
are some distance into the hole. During this period the drill is 
most free-cutting, and the best access is had by the cutting fluid. 
A great many small chips present a real barrier to the cutting 
fluid, especially if they become packed close together. 

It is fully recognized that the mathematical work in the paper 
is necessary to analyze the formation of the chip and the action 
of the chisel edge, since this is the point where all drilling starts, 
and is an excellent foundation on which to base investigation into 
other interrelated complexities of drill action. The results of 
the author’s future studies will be looked forward to with great 
interest. 


Mitton C. Saaw.” The author is to be commended on the 
interesting analysis of the drilling process presented in this paper. 
The drill is geometrically the most complex tool to be found in the 
workshop and offers a real challenge to anyone attempting to 
visualize the effective rake angle or other quantities of fundamen- 
tal importance. 

In presenting a picture of three-dimensional cutting tools to 
students we have found it advantageous first to consider the sim- 
plest three-dimensional tool which consists of a planing tool 
with inclined cutting edge. There are three angles of interest for 
such a tool. 

1 The normal rake angle a, (measured in a plane perpen- 
dicular to the cutting edge). 

2 The effective rake angle a, (measured in a plane containing 
the relative cutting-velocity direction and the chip-flow direction ). 

3 The inclination angle i (the angle between the cutting edge 
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and a line perpendicular to the relative cutting-velocity direction). 
The next tool that is considered is the lathe tool and the three 

quantities of fundamental interest mentioned herein are derived 

in terms of ordinary lathe-tool angles to give 

wt tani = tan a, cos C, — tan a, sin C; 


tan a, = (tan a, cos C, + tan a sin C,) cos7.... 
sin a, = sin? i + cos*i sin a, 


where a, is the back-rake angle, a, is the side-rake angle, and 
C, is the side cutting-edge angle. Equation [13] incorporates 
Stabler’s rule. 

More complex tools such as milling cutters and the drill are 
treated by determining the angles on these tools that correspond 
to a, @,, and C, for the lathe tool. Equations [11] to [13] may 
then be used for any tool as soon as the equivalent lathe angles 
have been established. This approach has the advantage that 
complex tools can be visualized readily by the student in terms 
of equivalent lathe-tool angles with which they are familiar. 

For the drill, the important angles are as follows: 

Point angle = 2p; helix angle = 0; web thickness = w; 
radius to any point on cutting edge = r 

From the geometry of the drill point we have 


a, (lathe) = 0 


C, (lathe) = cos = 
of the: cos 
where 


i= sin ( = ) 
2r/sin p 
tan 0 


tan C, 


By use of these equations the basic lathe angles a,, C,, and a, 
may be obtained from the angles of the drill and then by use of 
Equations[11] to [13] the important angles 7, a,, and a, may 
be computed. 

The method just outlined may be illustrated by an example. 
Consider the author’s drill point having the following dimen- 
sions: 

Diameter = 0.750in. = D 

Helix angle = 32 deg = 0 

Point angle = 118 deg = 2p 

Web thickness = 0.110in. = w 
When these values are substituted into Equations [11] through 
[17], the values of Table 1, herewith, are obtained. 
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a, (lathe) = tan [ sin C, 


ANALYSIS OF REPRESENTATIVE DRILL POINT 


TABLE 1 
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The “side cutting-edge angle’’ for the drill is seen to be large, 
being approximately equal all across the cutting edge to one 
half the point angle. The back and side-rake angles are seen 
to decrease as the center of the drill is approached, the side 
rake going to large negative values. The effective rake angle of 
the drill is seen to decrease as the drill point is approached, but 
to remain positive. 

It is hoped that this alternative approach to the complex 
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geometry of the drill will supplement the author’s presentation. 

It should be acknowledged that the drill geometry previously 
presented'! by the writer and his associates contained an over- 
simplification that leads to poor results at the point of the drill 
as the author mentions in a footnote. Ce 
af 
at 

The author appreciates the generous remarks and pertinent 
discussion by Messrs. Boston, Colwell, Moore, and Shaw. Their 
contributions represent a considerable amount of thought and 
analysis. 

Professor Boston’s experimental data support the hypothesis 
of the paper that the drill is a reasonably efficient cutting tool, 
and although his data have been widely quoted and confirmed, 
we still hear frequent reference to the inefficiency of twist drills. 
Possibly this stems from confusion of forces with horsepower be- 
cause the drill chisel edge does require quite large thrust forces. 
Fortunately, these forces are in a region of low cutting speed 
which represents not more than 3 to 4 per cent of the metal 
removed from the drilled hole; relatively low efficiency here 
would not have much effect on the over-all specific power consump- 
tion. This can readily be confirmed by a simple drill dynamom- 
eter test. 

Professor Colwell correctly notes that the analysis of the drill 
point is an approximation in that the lead angle of the feed helix 
is assumed to be zero. This was done in the interest of simplicity 
since the author’s preliminary analysis led him to the same con- 
clusion reached by Professor Colwell—that the error is negligible 
at any point along the drill cutting edge at any feasible drill-feed 
rate. The elevation angle @ is also a function of the drill- 
feed helix so in the interest of completeness, the exact expres- — 
sions for i and @ are noted here: Mor 
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Let A = 


where f = feed, in. per rev 
then 
sin? = sin B sin pcos + sin cos p....... 
tan @ = tan B cos p — 


and 


It is obvious that these expressions reduce to Equations [3] and 
[6], respectively, as \ (and f) approach zero. If the exact expres- 
sions are used for the examples in the paper, the effective rake 
angle is increased only 1.6 deg from 24.0 deg to 25.6 deg at the 
0.069 in. radius point just outside the chisel edge. Since the ex- 
perimentally determined chip flow angles are not reliable to closer 
than 2 deg, the approximate formulas are quite adequate for any 
ordinary analysis. 

All of the curves of effective rake angle were based upon ex- 
perimentally determined chip-flow data as noted in the paper but 
no correction was made for the curved cutting edges with the 98- 
deg and 133-deg drill points. If this is done, account should also 
be taken of the change in drill-point angle caused by the curvature 
of the cutting edges. Both of these effects can be measured only 
by a tedious point-to-point measurement on a toolmaker’s micro- 
scope but the small amount of correction sought did not make this 
technique attractive. Actually, such measurements were made 
on one of the 98-deg pointed drills and the resulting data showed 
better but not perfect agreement with the dotted line of Fig. 13. 
Examination of the magnitudes of the angles involved and in- 
spection of the formulas used will show that these corrections 
would not affect the general conclusions drawn in the paper. 


11 Author’s bibliography, reference (15). 
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0.375 31.8 32.3 
0.35 29.8 30.5 
£ 0.30 25.3 26.0 a 
0:25 19.7 21.0 ; 
7 0.20 13.7 16.2 2 
0.15 4.8 10.0 
0.10 —10.2 5.5 
0.08 —19.0 8.0 
eq 


In connection with Professor Colwell’s comments on the rela- 
tion of speed to chip thickness, it should be noted that the drilling 
chip thickness was found to be greater near the center than at 
larger radii. 

Mr. Moore is certainly correct in noting that many variations 
in twist-drili performance in the field have defied rational analysis. 
It is hoped that extended research programs such as that pro- 
jected by the author’s company may shed some light on the 
nature of elusive variables involved. 

Earlier remarks in this closure cover Mr. Moore’s question 
about slightly curved drill lips. However, in the case of severely 
curved lips, drill chips do not obey the flow rules outlined in the 
paper. In recent tests on severely curved drill lips it was found 
that at light feeds the thin chips produced tended to follow the 
rules and broke up, but with heavy feeds there was sufficient in- 
ternal restraint that the chip tended to flow in an averaged direc- 
tion. In these tests the drill torque was not greatly increased 
but the chips produced were long, thick, continuous, and wd 


t 
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As pointed out by Mr. Moore, the chip-conveying action of the 
flutes behind the drill lips must be considered as well as the cutting 
action. However, the author does not feel that a compatible 
combination is too difficult to attain. 

The question of broken versus continuous chips is usually set- 
tled by the operating conditions without too much regard for 
cutting-fluid access to the cutting edges. The use of drill bush- 
ings spaced away from the workpiece and the nuisance (and per- 
haps danger ) of continuous chips revolving at high speeds usually 
require a serious effort to secure broken chips on production opera- 
tions. 

Professor Shaw has made a valuable contribution in correctly 
pointing out the exact equivalent angles between the lathe tool 
and the drill point. Such equivalents can be of assistance in 
tying together the various types of tools in a general study of 
three-dimensional cutting tools. However, the expressions in- 
volved are somewhat unnatural when applied to the drill point. 
For this reason the author prefers to use the more common 
directly measurable elements of drill-point geometry. = 
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i The Shéat Stress 1 


When metal cutting stress-strain data are compared 
with data from other materials tests, poor agreement is 
observed. The several factors that could influence the 
flow stress in cutting are considered and it is found that 
the presence of a normal stress on the shear plane, the 
temperature on the shear plane, and the higher rates of 
strain in cutting are of negligible importance. The inter- 
relationship bet ween temperature and strain rate is treated 
theoretically and the two effects are found to tend to can- 
cel. It is shown experimentally that a material cut does 
not behave as an ideal plastic, but that the modulus of 
strain hardening is essentially the same at the high rates 
of strain encountered in cutting as in other materials tests 
carried out at low rates of strain. The principal discrep- 
ancy between cutting and torsion test data is seen to be 
due to the smallness of specimen size in cutting. The 
size effect that is observed in materials tests (tension and 
torsion) is shown to be in good quantitative agreement 
with the size effect observed when metals are cut at dif- 
ferent feed rates. The presence of flow ahead of the con- 
ventional shear plane near the free surface is demon- 
strated and the importance of this preflow discussed. 
Part of the discrepancy between cutting and torsion test 
data is found to be due to use of chip-length measurements 
in obtaining the shear area rather than measuring this 
value directly from photomicrographs. This flow ahead 
of the shear plane also is found to account for part of the 
discrepancy between computed and measured values of 
The following nomenclature is used in the paper: 

= shear-flow stress, psi ° 
power (horizontal) force on tool, Ib_ 
nonpower (vertical) force on tool, Ib 
shear angle, deg 
width of cut, in. 
depth of cut, in. 
shear strain 
rake angle, deg 
modified temperature, deg F abs HSK 
temperature, deg F abs 
rate of normal strain, sec~! ye 
normal stress, psi set 
thermal energy per unit volume, psi 
shear modulus of elasticity, psi ‘ 
theoretical shear stress, psi teint 
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= stress-concentration factor 

= probability 

— = volume 

= Boltzmann’s constant 

Y = rate of shear strain, sec 

C, Ci, C2, Cs; = constants 

= yield-shear stress, psi 

= bulk yield-shear stress, psi 
constant 
thickness of layer of metal deformed, in. 
modulus of strain-hardening, psi 
yield stress in torsion, psi 
yield stress in tension, psi 

= diameter of specimen, in. 

= friction angle in metal cutting, deg 
resultant force on tool face, Ib 


ib, 


INTRODUCTION oe 


The conditions leading to the flow and fracture of of widths are 
conventionally studied by tension, torsion, and compression tests 
While all of these tests have inherent difficulties they nevertheless 
have been correlated to one another with fair success and have 
been used to obtain considerable information on the behavior of 
metals. Further investigations of flow and fracture have been 
hindered by the experimental difficulties in performing these 
tests at varying temperatures, large strain rates, and for small 
specimen sizes. 

A potential materials test which has attractive possibilities for 
investigating the effects of strain rate and specimen size is that of 
metal cutting. Unfortunately, the shear stress-shear strain re- 
lation as conventionally calculated from metal-cutting data is of 
very different form than that obtained from a tension test. For 
this reason the cutting process rarely has been used as a materials 
test. 

The conventional idealized picture of the two-dimensional con- 
tinuous cutting process is as shown in Fig. 1. From this picture 
it can be shown that the average shear stress on the shear plane is 


Tt = (F, cos — Fesin ine 
while the shear strain is 


= cot d + tan(d—a) 


where @ is the shear angle, F, and Fg are the power (horizontal) 
and nonpower (vertical) components of the cutting force, re- 
spectively, a the rake angle, b width of cut, and ¢ depth of cut. 
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In view of the very uve! change of stress with strain that 
occurs in the region of large plastic strains the assumption of uni- 
form stress along the shear plane appears to be satisfactory while 
that of uniform strain may be a poorer approximation. When 
shear stress-shear strain data for metal cutting, as computed by 
Equations [1] and [2], are compared with conventional torsion 
test data, for the same material, a considerable difference is ob- 
served. Typical results are shown in Figs. 2 and 3 for very 
sharp tools. To explain this unusual behavior of metal-cutting 
data we shall examine the several factors that could influence the 
flow and fracture stresses pertaining in the material at a given 
strain: (a) Normal stress on the shear plane; (6) temperature; 
(c) rate of str: ain; @) size (volume) of material deformed at any 
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(Material, leaded free machining steel cut at low speed using several rake 
angles and fluids.) 
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one time. Finally, the validity of Equatioas {1] and [2] will be 
discussed. 


NorMAL StrREss ON SHEAR PLANE 


It is generally accepted that although hydrostatic pressure 
greatly affects fracture stress it has no significant influence on 
plastic-flow stress. This has been discussed in a recent survey of 
theories for predicting the shear angle in continuous cutting 
(1)? and also by Lee and Shaffer (2) in their closure to a recent 
paper. 

While no significant influence of normal stress on subfracture- 
flow stress is observed in other materials tests it was pointed out 
by Orowan‘ that small undetected shear fractures in the chip 
might possibly lead to an influence of normal stress on the shear 
stress in metal cutting. No cracks are evident in photomicro- 
graphs of partially formed chips in continuous cutting, but to 
investigate this possibility further comparative tensile tests were 
run on chip and workpiece materials. If important cracks 
were present in the chip metal it should be expected that the 
uncut metal would be much stronger than the chip metal. 

ter 
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‘1c. 4 Tenstte Tests on Specimens TAKEN From anv Un- 
DEFORMED WORKPIECE, RESPECTIVELY 


(Material, 2S aluminum; de angle, 45 deg; cutting 
carbon tetrachloride. 


Fig. 4 shows the result of tensile tests on similar 28 aluminum 
specimens. The chip specimen was machined carefully from a 
chip of 0.250 in. depth of cut. The fact that the chip supported 
loads in excess of the undeformed workpiece lends support to the 
idea that important cracks are not present in chips produced dur- 
ing continuous cutting. 

The influence of the normal stress on the fracture occurring in 
cutting has been discussed in a previous paper (3) concerned 
primarily with discontinuous cutting. Here it was shown that 
the normal stress on the shear plane was the principal factor 
governing the appearance of fracture in cutting. When the ratio 
(normal stress/shear stress) of shear-plane stresses was plotted as 
a function of the strain at fracture in materials tests and for the 
cutting process, Fig. 5 was obtained. The heavy line is drawn 
through the points at which fracture first occurs and separates 
the conditions for plastic flow from those giving rise to fracture. 


3’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

‘4“Symposium on Metal Cutting, 
Technology, June, 1952. 
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5 CoRRELATION OF FRACTURE CONDITIONS IN 
Wits THose From Materiats Tests 


(X represents discontinuous cutting.) eatin’ 


TEMPERATURE AND STRAIN RATE 


MacGregor and Fisher (4) combined the effects of temperature 
and strain rate in the tension-testing of metals by use of a veloc- 
ity-modified temperature 


é 
Tn = — k loge £)... wad [3] 


where 7’ is the absolute test temperature, € is the constant true 
strain rate of the test, and €) and k are constants. While velocity- 
modified temperature had been used previously in studies of 
secondary creep, MacGregor and Fisher found this concept quite 
satisfactory for correlation of tensile tests run at different tem- 
peratures and strain rates. For tension tests run at constant 
true-strain rates it was found that the stress could be written 


where ¢ is the tension stress and € the true strain. The results of 
many tests are shown in another paper by MacGregor and Fisher, 
and again a velocity-modified temperature was found to express 
satisfactorily the combined influence of temperature and strain 
rate. It also is seen from these tests that the modulus of 
strain hardening is influenced very little by strain rate at 
moderate temperatures, and experimental verification of this 
from metal cutting data will be presented later. 

We will now attempt to justify the use of a velocity-modified 
test temperature. To do this the mechanism of plastic flow must 
be considered. 

All metals are composed of ions that are closely packed and 
strongly held together by forces of electrical origin. (Ions are 
metal atoms with the outer orbit of electrons removed.) Plastic 
deformation, beyond the yield point in metals takes place by a 
process of shear with one layer of ions sliding over another. 
Calculations for resistance to sliding of two perfect rows of ions, 
as in Fig. 6, predict extremely large stresses. The flow stress for 


This theoretical flow stress is —~. found to be too high by a 
factor of 30 or more and to explain this discrepancy the existence 
of ionic arrangements as in Fig. 7, have been proposed. Here 
slip may occur at a much lower stress level since the forces in 
region A will balance the forces in region B. The configuration, 
shown in Fig. 7, is known as a “dislocation,’’ and when the center 
of such an ionic imperfection moves across a crystal a slip of 1 
atom spacing results. 


« 
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The existence of dislocations is supported by the fact that shear 
flow is observed to be confined to only certain shear planes that 
are many atomic layers apart. For the large strains observed in 
the plastic region of deformation it would appear that many more 
dislocations are required than could be present originally in the 
metal. However, inhomogeneities such as microcracks, vacant 
lattice sites, grain boundaries, or impurities will give rise to stress 
concentrations which in turn may be postulated as the sources of 
dislocations. Mott (7) has used the vacant lattice site to explain 
local softening and hence the cluster of slip planes which usually 
are observed. 

If one assumes a number of randomly oriented microcracks 
some will be oriented with their major axis perpendicular to the 
maximum normal stress. A stress concentration will exist at the 
tip of such cracks and a steep stress gradient will result as shown 
in Fig. 8. The stress gradient can pull the hitherto perfectly 
oriented ions into the necessary position to constitute a disloca- 
tion which then can be moved upon application of a relatively 
low shear stress. 

Becker (8) has suggested that the thermal energy of a material 


is available to assist the applied stress 7, in forming dislocations, 


SLIP. PLANE 
‘ 


of 


the arrangement in Fig. 6 has been estimated (6) as G/2r, where 


G is the modulus of rigidity of the metal. 
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- (@ Ion centers before stress applied. © Ion centers after stress applied.) 
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while Orowan (9) has indicated that although the thermal energy 
is insufficient to close the gap between observed 7, and calculated 
To values of flow stress, a stress-concentration factor c, may exist 
at the tip of a microcrack and thus augment thermal energy to 
bridge the gap between c7 and 7». 

In Fig. 9 the stress-strain curve for a perfectly homogeneous 
material is shown. The energy required to raise a unit volume 
of material to the stress level 7) is represented by the area aetatee 
the curve up to a stress To. Shed 
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The portion of this energy of thermal origin is represented by 
the black area and is 
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Hence a dislocation will be formed whenever the thermal energy 
per unit volume ug, in the vicinity of a stress concentration reaches 
the value required by Equation [7]. 

Boltzmann (10) has shown that the probability P, of finding a 
thermal energy ugV, in a volume V is 


where T' is the absolute temperature and k is a constant known as 
Boltzmann’s constant. 

Since a dislocation will travel across a crystal at a velocity ap- 
proaching that of the speed of sound, the rate of strain 7, will be 
proportional to the rate of dislocation formation. This in turn 
will be proportional to the probability of there being sufficient 
thermal energy to form a dislocation. Hence we may write 

where A is a proportionality constant. With the value of ug 
given by Equation [7], Equation [9] becomes 

—V(r0 — cr)? 
y = Ae 2GkT 


For a given material 7), C, G, k, V, and A will be constants and we 
may write 
r= — OV In 
where C;, C2, and C; are constants. 
Table 1 gives same tensile data obtained by MacGregor (11) 
for the ultimate stress of annealed SAE B1112 steel at different 
temperatures and strain rates. 


TENSILE DATA FOR ANNEALED SAE Bi112 STEEL 

True ultimate Equivalent 
stress, shear stress, 
(¢), psi (7), psi 


77100 38550 
530 928006 46400 
160 119400 59700 


@ Calculated according to maximum shear theo 
> Value corrected for difference in hardness of high and low-speed test 


specimens. 


TABLE 1 


Absolute 
temperature, 
(T), deg F 
530 


Strain rate, 
(7), 


With the values of Table 1, the constants in Equation [12] may 
be evaluated and thus 


r = 85,500 -—— 311 [7 (36.2 — In y)]'”2 


Equation [13] will be referred to later in connection with the 
cutting process. It should be noted that the effect of tempera- 
ture is greatly reduced at high strain rates as is the effect of strain 
rate at low temperatures. 

It is of interest to calculate the stress-concentration factor C 
and the volume occupied by a dislocation as implied by the pre- 
vious calculation. From Equations [11] and [12] the stress- 
concentration factor C is 


—., 

Taking the value of 7) to be G/2z as given previously and the 
values of C; and G for SAE B1112 steel as 85,500 and 11.5 X 


10° psi we have 
11.5 X 108 


which appears to be a reasonable value for the stress concentra- 
tion at the tip of a microcrack. 
The volume V, occupied by a dislocation can be found from the 
fact that 


¢ 
In the case of SAE B1112 steel this becomes 


2(11.5 X 10®)(6.73 
(311 X 21.5)? 


2Gk 2Gk 
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C; = or 


V= 


= 3.47 X cu. in. 

With a lattice constant (spacing of ions as determined by x-ray 

diffraction) of 1.128  10~* in. and 2 ions per unit cell as is nor- 

mally the case tor body centered cubic iron the mean volume as- 
sociated with 1 ion is 


1.128 


_ and hence the number of ions per dislocation is a age oe 


3.47 X 


4) 
0.715 X 


which lies in the to be 
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The foregoing analytical picture of the influence of strain rate 
and temperature on flow stress, although undoubtedly somewhat 
oversimplified, provides a convenient working model and is seen 
to be compatible with the concept of a velocity-modified tempera- 
ture. 

Taylor (12) has explained strain hardening in terms of disloca- 
tions that became stuck at points such as microcracks, grain 
boundaries, inclusions, and so on, thereby setting up back stress. 
As dislocations pile up at these points the electrostatic field 
makes it more difficult to form subsequent dislocations. The 
principal objection to this theory is that once the load is removed 
strain hardening should disappear. Mott (7) has rather pro- 
posed that slip in inclined planes results in an interlocking of dis- 
locations which renders them immobile. Another explanation in 
terms of the existence of microcracks and other inhomogeneities 
can be offered. If a dislocation formed at one stress concentra- 
tion should run into another imperfection it will be destroyed, but 
in the meantime part of the crystal will have moved with respect 
to the remainder. This will set up a back stress which will ex- 
tend from the point where the dislocation is destroyed to its point 
of origin. Such a back stress would neutralize some of the stress 
at the inhomogeneity due to the external load. Hence, for de- 
formation to continue, the load must be increased and dislocations 
may be formed by overcoming the back stress at the originally 
active inhomogeneities or by reaching the necessary stress at 
other less favorably oriented inhomogeneities. The result in 
either case would be an apparent decrease of the stress con- 
centration factor C in Equations [7], [10], and [11] with increased 
strain 


TEMPERATURE AND STRAIN RATE IN CUTTING sme 


When cutting tests are performed at very low speeds, the 
temperature stresses on the shear plane will approximate the 
bulk workpiece temperature which is normally room temperature. 
Therefore, in such slow-speed tests, a correction for tempera- 
ture on the flow properties of the material need not be made. Since 
the data in Figs. 2 and 3 were obtained at very low cutting speeds 
the observed difference between cutting and torsion data cannot 
be explained on the basis of a difference in effective test tempera- 
tures. 

In the cutting process strain rates are unusually high. Strain 
does not occur simultaneously on a large number of shear planes as 
in a tension or torsion test but merely on the few shear planes 
extending from the tool point to the work surface at a given in- 
stant. Drucker (13) estimated from photomicrographs that the 
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shear-strain rate was of the order of 4000 sec~! when cutting at 
200 fpm. Hence, even at the very low cutting speeds of several 
inches per minute, frequently used in experimental studies, the 
strain rate would be of the order 1 to 10 sec~', which is many 
times greater than that obtained in an ordinary tension test 
(about 10~ see ~'). 

Several authors have proposed that on the basis of these high 
strain rates in cutting, the metal behaves as an ideally plastic 
material; i.e., it does not tend to strain-harden. However, 
these observations were based on engineering stress-strain data 
for rectangular test specimens rather than upon true stress- 
strain tests. The most reliable data concerning the effect 
of strain rate on strain hardening, that of MacGregor and Fisher 
(5), do not show that materials tend to behave as ideal plastics 
at high strain rates. It was rather found that at moderate tem- 
peratures the influence of strain rate on the modulus of strain 
hardening was very slight. However, the small effect that was 
observed was found to be in the direction of an increase in strain- 
hardening modulus rather than decrease with increased 
strain rate. 

To investigate the modulus of strain hardening which actually 
exists during cutting, tests were performed in which the chip was 
loaded in tension while being formed. The additional strain 
based on the length of unloaded chips was measured for each 
load and the additional stress computed by dividing the ten- 
sile load applied to the chip by its cross-sectional area. When the 
resulting stress-strain curve for the additional tension is plotted 
and compared with the plastic portion of a conventional tension 
test for the same material, as in Fig. 10, very little difference is 
seen to exist in the slopes of the curves. 

From this we would conclude that strain hardening is present 
in the cutting process to about the same degree as in ordinary 
materials tests, and that the concept of an ideal plastic solid 
may be made only with some reservation. While the assumption 
of a perfectly plastic solid enables one to resolve the ‘“‘paradox’’ 
present with the conventional picture of continuous cutting, 
namely, that the zone of shear is very narrow and yet the stresses 
vary greatly (13). This does not constitute a proof that the 
material actually behaves in this manner, for the paradox may 
be resolved equally well on the basis of the tendency for the 
material to strain-harden, combined with the fact that metals do 
not strain homogeneously, but strain occurs only on certain 
specific planes that happen to pass through points of stress con 
centration. 

It would thus appear that the difference between cutting and 
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torsion data cannot be accounted for on the basis of either a dif- 
ference of effective test temperature or the higher rates of strain 
that obtain in cutting. ; 

It has been observed in many materials tests that when the 
specimen size is made very small, higher yield and flow stresses 
are obtained. We will now attempt to correlate the increased 
stress observed in metal cutting at small depths of cut with data 
from tension and torsion tests. 

The probability of finding inhomogeneities at which dislocations 
can be formed will decrease as the specimen size (area) is 
made smaller. The corresponding stress to reach the yield strain 
will thus increase and we may write the stress rT, to bring a layer 
of metal of thickness ¢ to the yield strain as 

tp cult 


S1ze oF SPECIMEN 


where 7! is the bulk yield stress and B is a constant. In this 
case a constant area is visualized and hence ¢ is a measure of the 
change in volume of the specimen. The flow stress at a given 
strain will be increased beyond the yield stress due to strain 
hardening. The variation in the modulus of strain hardening 
with specimen size is not known and for want of a better ap- 
proximation it will be assumed independent of specimen size. 
We can then write for the flow stress of small specimens 
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where D is the modulus of strain hardening which may be ob- 
tained from a tension test. 

In the cutting process we will take the length of the shear 
plane (¢/sin @) as a measure of the deformed area rather than 
t. This assumes the thickness of the shear zone to remain con- 
stant. To check the validity of Equation [16] a plot was made of 
tT — tT! — Dy against sin ¢/t for two materials as shown in Figs. 
11 and 12. The values of r were obtained from cutting tests, 
using Equation [1], while r' and D were obtained from torsion 
and tension tests of the same material. 

The points in each case plot fairly well on a straight line, the 
slope of which gives the value of B. This value of B was found 
to be 21 Ib/in. for leaded free-machining steel and 23 lb/in. for 
copper. The similarity of the two figures suggest that B may 
be fairly constant for different metals. 

It will be shown later that the value of 7 calculated in the con- 
ventional way from Equation [1] gives values which may be 
about 25 per cent too high. This would imply values of B about 
half of that given by Figs. 11 and 12. 

Shaw (14), using an expression for the yield stress similar to 
Equation [15], showed that the ratio of the yield shear stress in 
torsion q to the yield stress in tension f could be written 


od 

where d is the specimen diameter. He found that with an as- 
sumed value of B this fitted very well the data of Morrison (15) 
for the yield stress in tension and torsion of different sizes of 
specimens made from the same steel bar. Morrison’s experimen- 
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7 [Experimental points due to Morrison, reference (15). 
tal points are shown in Fig. 13. The upper curve is drawn from 
Equation [17] using Morrison’s experimental value of r' and the 
value of B of 21 Ib/in. (from Fig. 11). The lower curve 
is drawn for a value of B of 10.5 lb/in., this being estimated as 
the maximum error which might occur in B due to error in 
calculating 7 from Equation [1]. 

The true value of B probably lies somewhere between these 
two extremes but in any case the general agreement between the 
size-effect data obtained from metal cutting and that obtained 
from tension and torsion tests is satisfactory. 


ANALYSIS OF SHEAR STRESS IN CUTTING 


When a typical photomicrograph, such as Fig. 14, is examined 
carefully an error in using Equation [1] to calculate the shear 
stresses becomes evident. If the “shear plane’’ is drawn at the 
angle calculated by chip-length measurement it is seen that the 
actual length of the shear plane is greater than that predicted by 
the idealized picture with a sharp corner at the junction of the 
back of the chip and the free surface, Fig. 1. Thus distance 
OB in Fig. 15 should be used in calculating the shear stress on 
the shear plane 7, instead of the distance OA that is used con- 
ventionally. The shear stresses plotted in Figs. 2 and 3, there- 
fore, should be recalculated using the area of the shear plane as 
measured from photomicrographs rather than as determined 
analytically from chip-length measurements. 
lated values are shown in Figs. 16 and 17, and within the accuracy 
of our measurements they appear to be on a curve parallel to but 
above the torsion line. 

The deformation preceding the shear plane is not only responsi- 
ble for the stresses in metalcutting being lower than convention- 
ally calculated but also provides an additional reason for the 
comparative failure of theories which have been proposed for 
predicting the shear angle (see reference 1 for a review and 
discussion of such theories). To see this, consider a stress-strain 
curve such as the upper curve in Figs. 16 and 17 as correctly ob- 
tained from metaleutting or alternatively from a torsion test 


Curves drawn from equation of Shaw (14), with experimental 
constant B from cutting data and value of r! = 11.35 British tons/in.? from Morrison, reference (15).] 
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shear stress has been used by several authors to obtain the ex- 
pression 


for predicting the shear angle @. This expression was obtained 
by differentiating the expression for the shear stress 7 on any 
plane. 


= [R cos (¢ + B — a)] [=] 


partially with respect to @ and equating the result to zero. In 
Equation [19] F is the resultant force on the tool or shear plane, 
B is the friction angle on the tool-chip interface, and ¢ and 6 are 
the depth and width of cut, respectively. Physically, the ex- 
pression in the first bracket corresponds to the component of the 
resultant force along the shear plane while the second bracket is 


the reciprocal] area of the shear plane. The curve of 7 versus } 
corresponding to Equation [19] is shown as OD in Fig. 18, point 
D being the maximum value corresponding to Equation [18]. 
According to the maximum-shear theory the shear plane should 
be such that curves AB and OD intersect at point D. However, 
when measured values of force are used in Equation [19], we ob- 
tain some curve such as OZ. The stresses corresponding to curve 
OE are too high and the value predicted for @ (i.e., point Z) is also 
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with due allowance made for a change in specimen size in cutting. 
Instead of showing the usual flow-stress curve with 7 plotted 
against y we can plot 7 against the shear angle @ for a constant 
value of rake angle a, as obtained from Equation [2]. Such a 
plot is shown as curve AB in Fig. 18. Similar curves could be 
obtained for other values of a. The lowest flow stress in each 
case should be expected to occur at the lowest strain, this cor- 
responding to @ = 45 + a/2 as may be seen by differentiating 
Equation [2] partially with respect to @ and setting the result 
equal to zero. The minimum point in the 7 versus @ curve 
is shown at point C in Fig. 18. The shear plane would 
lie at an angle of (45 + a/2) if it were free to seek the position of 
minimum strain and hence minimum stress. Actually, it is not 
free to take such a position due to restraints imposed by tool-face 
friction and chip geometry, and the observed value of @ will 
always be less than (45 + a@/2). 

The picture of idealized continuous cutting, Fig. 1, and the as- 
sumption that the shear plane should be a plane of maximum 


too high. 

From our study of photomicrographs it was seen that near the 
free surface deformation begins on some planes ahead of the main 
shear plane and causes the area upon which the shear force acts to 
decrease less rapidly with increasing @ than predicted by the 
second quantity in brackets in Equation [19]. This will cause 
the actual curve of r versus @ to lie below curve OE and some 
curve such as OF will obtain. The observed value of @ will be 
less than that predicted by Equation [18]. Thus the strain that 
is evident in photomicrographs ahead of the conventional shear 
plane near the free surface can account at least in part for the ob- 
served @ (point F in Fig. 18), being less than that predicted by 
Equation [18] (point D in Fig. 18). 

There is still another important reason why the observed @ is 
less than that given by Equation [18]. When Equation [19] was 
differentiated with respect to ¢, all quantities on the right were 
considered independent of @ except @ itself. While this is 
justified with regard to a, 6, and ¢, the quantities R and 8 are 
known to be functions of @. Thus in arriving at Equation [18] 
we have ignored some restraint imposed by tool friction 8 and 
the variation of, the resultant foree R with @. Just as the re- 
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straint imposed by chip geometry caused the value of @ to shift 
from point 


= 45 + £) to point (6 = 45 + 


in Fig. 18, an additional shift to the left is to be expected due to 
the fact that part of the tool friction and cutting-force restraints 
have been ignored in deriving Equation [18]. 


CONCLUSION 


In this paper an attempt has been made to consider all quanti- 
ties that influence the shear stress in metal cutting. Of the quan- 
tities considered, normal! stress on the shear plane, shear-plane 
temperature, and high rates of strain are concluded to influence 
the flow stress an insignificant amount, while the size of the 
material deformed at any one time and the strain itself are 
the major items influencing flow stress. 

Reasons for expecting the modulus of strain hardening to be 
the same in cutting as in conventional materials tests carried out 
at much lower strain rate have been presented. The flow that 
occurs ahead of the conventional shear plane near the free sur- 
face is seen to be partly responsible for the higher stresses ob- 
served in cutting than in torsion, the remaining excess in cutting 
stress being due to the smallness of specimen size. This pre- 
flow also is seen to be an important consideration in the shear- 
angle problem and accounts in part for the fact that the observed 
¢ is less than that predicted by Equation [18]. It is expected 
that if all the restraint imposed by tool friction and resultant 
force could be introduced into the derivation of Equation [18], 
and the length of the shear plane were to be determined from 
photomicrographs rather than from chip-thickness measurements, 
excellent agreement would be obtained between predicted and ob- 
served values of @ and the maximum shear concept applied to 
metal cutting would be substantiated. 
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Discussion 


B. T. Cuao® anv K. J. Triccer.* This paper, like many others 
published by the senior author, contributes greatly to the science 
of metal cutting. The authors are to be commended heartily on 
the fine piece of work reported. The conclusion that the normal 
stress on a shear plane has negligible influence upon subgupture 
flow stress is in complete accord with our thoughts on the mat- 
ter. While the writers will also support the authors’ conten- 
tion that the temperature rise at the shear zone is of negligible 
importance in so far as its effect on the flow stress during metal 
cutting is concerned, they wish to reiterate their prior interpreta- 
tion.? The dynamic flow stress of the metal in high-speed 
machining operations is unaffected by the temperature rise which 
is the result of shearing deformation, since the latter does not 
occur until after the shear energy has been imparted to cause 
such deformation. In the immediate vicinity of the deformed- 
nondeformed boundary, the uncut chip, i.e., the work material, 
may be heated owing to the existence of a finite temperature 
gradient. However, calculation shows that such a tempera- 
ture gradient is very steep, and in addition, the time for heating is 
extremely short prior to its entry into the shear zone. It is due 
to these facts that temperature rise at the shear zone has prac- 
tically no influence on the dynamic flow stress of the metal. 

The effect of temperature and rate of deformation on the me- 
chanical behavior of metals has been subject of study for many 
years. Discussions on the subject can be found in early treatises 
on metals. Quantitative equivalence between the rate of strain- 
ing and temperature upon the subfracture flow stress has been 
proposed by several investigators. 

In a paper presented before the 25th Annual Convention of the 
American Society for Metals, 1943, Zener and Hollomon suggested 
an expression which is similar to the concept of velocity-modified 
temperature used by MacGregor and Fisher. In either case, the 
analysis is concerned primarily with isothermal conditions. 
Their investigations were conducted with the specimens heated 
to a constant temperature and the stress-strain relation so ob- 
tained. This is certainly not the condition encountered in the 
material in the vicinity of the shear zone. Owing to the high rate 
of deformation there, no appreciable amount of heat can be con- 
ducted away from the shear zone. Such a deformation is more 
nearly adiabatic than isothermal. 


5 Associate Professor of Mechanical Engineering, University of 
Illinois, Urbana, Til. 

* Professor of Mechanical Engineering, University of Illinois. 
Mem. ASME. 

7 “The Effect of Feed and Speed on the Mechanics of Metal Cut- 
ting,” by B. T. Chao and G. H. Bisacre, Proceedings of The In- 
stitution of Mechanical Engineers, London, England, vol. 165, 1951. 

8‘*Thermo-Physical Aspects of Metal Cutting,’’ by B. T. Chao, 
K. J. Trigger, and L. B. Zylstra, Trans. ASME, vol. 74, 1952, pp. 
1039-1054. 

* For instance, ‘‘Metals,’’ by H. Carpenter and J. M. Robertson, 
Oxford University Press, London, England, 1939, chapter IV 
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In a wo —_ ting tendenci ies are present when the rate 
of straining is increased. The increase in strain rate is equivalent 
to a decrease in temperature in so far as the influence on the flow 
stress is concerned. But the net effect depends on the adiabaticity 
of the deformation process. It is difficult to see how, in all metal- 
cutting operations, the effect of high strain rate is always just 
canceled by rise in temperature as the authors have stated. 

To investigate the modulus of strain hardening which exists 
during cutting, the authors performed tests in which the chip was 
loaded in tension while being formed. It would bea help to other 
investigators if the authors would state their cutting conditions 
and describe their setup in some detail. The writers feel that the 
value of this paper would be enhanced if actual experimental data 
were plotted in figures such as Fig. 18, with numerical scales 
indicated. 


Dimitri Kececiociv."* The authors state that the effect of the 
normal stress on the shear stress is insignificant. This effect has 
been much in dispute recently and opinions in support as well as 
in opposition to this effect have been expressed. It would have 
been desirable for the authors to have presented plots of shear 
stress versus normal stress at the shear zone. Such plots in support 
of the significance of the effect of the normal stress on the shear 
stress have been presented by Merchant (1),'! Ernst (2), and also 
Shaw (3), and in support of the insignificance of this effect has 
been presented by Chao, Zylstra, and Trigger (4). 

We would like to introduce into this discussion the following 
thought: While metal-cutting data are plotted in sets of two 
variables, such as normal stress versus shear stress, this presup- 
poses that the remaining physical factors such as the shear strain, 
strain rate, temperature, size effect, and preflow are constant. 
But this is not the case. We believe that these latter quantities 
vary along with the normal stress, thus effecting the shear stress. 

Under the test conditions selected and the relatively limited 
range of physical variables covered by most cutting tests the effect 
of a number of the physical variables may be negligible for two 
possible reasons: A very small variation in these variables within 
the test range or such a combined action of these variables 
tends to cancel the effect of each on one particular variable, such as 
the shear stress. Hence, depending on the test conditions and 
range of experimental variables, the effect of the normal stress on 
the shear stress may or may not be significant. .Thus an un- 
qualified statement to the effect that the normal stress does not 
influence the shear stress significantly is not justifiable. 

The effect of the strain rate is concluded to be negligible by 
the authors. The data in Figs. 2 and 3 of the paper were obtained 
at very low cutting speeds that do not create high shear-zone 
temperatures. Yet at these cutting speeds the strain rate is rela- 
tively high. This may account partly for the fact that the cutting 
shear stresses are higher than the torsional shear stresses, particu- 
larly when the effect of the higher temperature which decreases 
the shear stress is not present. It is acknowledged by the authors 
that high temperatures and high strain rates have opposite effects 
on the shear-flow stress of metals. However, these opposing 
effects do not necessarily cancel each other under all conditions. 
If they did it would be difficult to explain fully the phenomenon of 
decreasing shear stress with increasing shear strain (5, discus- 
sion). This is probably the result of the fact that the increases 
in the shear stress because of high strains and strain rates are 
nullified and even reversed by the decrease in the shear stress be- 
cause of high temperature. 

The effect of specimen size on the metal-cutting process has 
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been introduced by Shaw (authors’ reference 6) to explain the 
extremely high shear stresses encountered at very small depths 
of cut. Yet, there seems to be evidence in the literature both in 
support (7, Table 2, and 8, Table 1) and against (4, Fig. 9, and 6, 
Fig. 9) the effect of specimen size on the shear stress. In (4) and 
(6) the shear stress does not seem to vary significantly with the 
depth of cus for depths larger than about 0.003 in., although 
for depths of cut smaller than 0.003 in. the shear stress does in- 
crease with decreasing depth of cut. Hence it is obvious that 
specimen size alone cannot explain the higher shear stresses ob- 
tained throughout the usual metal-cutting test range of 0.002 to 
0.020 in. depth of cut. 

Some movies on chip formation and chip photomicrographs 
give evidence of preflow. The authors have made an important 
contribution to metal-cutting theory by pointing out its existence 
and stressing its significance. Preflow deserves a careful and de- 
tailed study by itself. It is certain that when preflow is taken 
into consideration, by measuring the shear-plane length from 
chip photomicrographs, the shear-stress values would be sub- 
stantially lower and more exact than those obtained by using 
the calculated shear-plane length. It is quite a tedious experi- 
mental procedure though, to obtain enough chip photomicro- 
graphs to compile a representative population of data; con- 
sequently, an analytical determination of pre-flow would be 
a very valuable contribution to the theory of metal cutting. 
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The question of whether adiabatic or isothermal conditions ob- 
tain in the shear zone was raised. This would appear to depend 
on whether the cutting speed is high or low. At moderate cutting 
speeds there is appreciable heat flow into the workpiece, while at 
very high cutting speeds practically all of the heat is convected 
away by the chip and conditions are more nearly adiabatic. 
This question of the division of thermal energy along the shear 
plane has been discussed in three recent papers.'?:!*.14 However, 
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the more important question is how long it takes the existence of 
the thermal vibration we call temperature to influence the flow 
characteristics of a material. While this question cannot be 
answered specifically, we can infer from the speed of transmission 
of plastic waves in a metal that the time required for a plastic 
wave to traverse the shear zone would be a small fraction of the 
time for the metal cut to cross the shear zone as a result of chip 
velocity. From this it would follow that metal is in the shear zone 
sufficiently long for the temperature existing there to influence its 
flow properties. Thus it would appear justifiable to use isothermal 
stress-strain data, or what is more significant, to use data obtained 
under equilibrium conditions to estimate what is happening in 
the shear zone where high rates of strain and high temperatures 
are normally both present. 

We did not mean to infer that the temperature effect is pre- 
cisely canceled by the strain-rate effect but only to point out 
that these effects oppose each other to the extent that they may 
be ignored in an approximate interpretation of metal-cutting 
data. 

The tension tests on the chip were carried out while end cut- 
ting on a tube by attaching forceps to the chip and applying a 
known load by weights acting through a spring balance. Once 
conditions had become steady, a length of chip was collected and 
chip-length-ratio measurements made from grooves previously 
cut in the tube. 

Stress and strain were calculated as described in the paper. 

No scales were given in Fig. 18 as this was only used qualita- 
tively in the discussion of shear-angle prediction. This is merely 
a method of replotting the data of Figs. 16 and 17 to show how 
preflow would modify the calculated shear angle. 

Mr. Kececioglu has considered the question of the effect of 
normal stress on shear stress and has observed correctly that in 
metal cutting there are several potential reasons for the unusu- 
ally high values of shear stress observed. The best information 
on the effect of normal stress on shear flow is to be found in Pro- 
fessor Bridgman’s tensile test data obtained under hydrostatic 
pressure.“ These tests reveal that while the fracture stress is 
significantly increased in the presence of a compressive hydro- 


“Studies i in Large Plastic Flow and Fracture,” by P. W. Bridg- 
man, McGraw-Hill Book Company, Inc., New York, N. Y., 1952. 
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static component, the shape of the stress-strain curve is only 
slightly influenced. Professor Bridgman’s tests show that a 
compressive stress of 100,000 psi causes less than a 5 per cent 
increase in the shear-flow stress. Mr. Kececioglu’s reference (3) 
is not in support of a significant influence of normal stress on flow 
stress. The purpose of this paper was rather to show that the 
large flow stresses obtained in continuous chip formation result 
primarily from a size effect rather than from the presence of a 
compressive stress. 

Mr. Kececioglu has suggested that the large values of shear 
stress observed at slow cutting speed may be due to the com- 
bination of a low temperature but high rate of strain under such 
conditions. The fact that equally high values of shear stress 
obtain at high values of cutting speed demonstrate that this is 
not the case. 

The anomalous decrease in flow stress with increase in strain 
has been discussed in an earlier paper."* Here it was shown that 
the larger values of strain are associated with a thicker shear zone 
that accompanies preflow (large preflow is normally found when 
very soft metals are cut or under other conditions to give rela- 
tively high friction). The larger shear zone corresponds to a 
larger specimen size and hence a lower value of flow stress as a re- 
sult of the size effect. Thus the decreased stress with increased 
strain results from the fact that the effective specimen size is not 
constant and does not appear to result from a change in shear 
plane temperature or of rate of shear with strain as has been 
suggested. 

The fact that the size effect is small in the range of feed from 
0.003 to 0.02 ipr is to be expected from the extrapolation of the 
more significant size-effect data for smaller values of feed and 
should cause no surprise. The variation of shear stress with feed 
is in the nature of an equilateral hyperbola which results in very 
slight changes in shear stress above 0.003 ipr and an ever- 
increasing effect for values of feed below this value. 

The authors concur with Mr. Kececioglu that a systematic 
investigation of the manner in which preflow varies with a variety 
of machining variables is a worth-while project and it is hoped 
that such a study can be made in the near future. 

1% ‘*The Rotary Cutting Tool,”’ by M. C. Shaw, P. A. Smith, and 
N. H. Cook, Trans. ASME, vol. 74, 1952, pp. 1065-1076, 
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A steadily expanding literature bears testimony to the 
growing recognition of the importance of the problem of 
providing flexibility in piping and to the many difficulties 
besetting efforts at establishing a simple rational approach 
for its solution. This paper aims to outline the various 
phases of the problem, with particular emphasis on the 
phenomena of plastic flow and fatigue which distinguish 
the behavior of piping systems under thermal expansion 
from the ordinary room-temperature steady-state struc- 
tural problem and lead to the concept of a limiting-stress 
range rather than an allowable stress as the criterion of the 
adequacy of a layout. In treating his subject, the author 
has sought to present the consensus of the Task Force on 
Flexibility charged with reformulating Chapter 3 of Section 
6 of the Code for Pressure Piping. Their Proposed Rules 
are included as a focal point on which it is hoped broad 
discussion will center. 


INTRODUCTION 


N the course of a general review and revision of the Code for 

Pressure Piping, initiated in 1951,a Task Force on Flexibility* 

was appointed by ASA Sectional Committee B31.1 to study 
and report on the adequacy of the current provisions of the 
chapter on “Expansion and Flexibility” included in Section 6 of 
the Code. Two subgroups* were formed, one to deal with 
stresses and their allowable limits, and the second to digest 
available information on physical properties entering into piping- 
flexibility analysis. 

The former group, with the findings of which this paper is solely 
concerned, came to the conclusion that a complete reformulation 
of this chapter was desirable to improve its clarity and, more 
importantly, to bring its clauses into accord with advanced 
theoretical concepts, new research results, and accumulated 
experience. A working group‘ was charged with the task of 
devising rules which would realize this objective and still be 
readily understandable and easy to apply. A draft effecting a 
satisfactory compromise between scientific truth and the sim- 
plicity so essential to any body of rules destined for wide applica- 
tion was produced and accepted by the Sectional Committee. 

However, since the Proposed Rules depart appreciably from 
past practice in several respects, primarily by their open recogni- 
tion of the concept of stress range, it was thought desirable to 
publish them first in nonmandatory form as a Task Force Report 
(121) to permit piping engineers at large to familiarize them- 
selves with them, test their suitability by application to their 


1 Chief Research Engineer, Tube Turns. 

? For membership, see source (121). Numbers in parentheses refer 
to the Bibliography at the end of the paper. 

8 Under the chairmanship of H. C. E. Meyer and R. Michel, re- 
spectively. 

4 With S. W. Spielvogel as chairman, and N. Blair, H. V. Wallstrom, 
and the author as members. 

5 The original formulation by Subgroup | is transcribed in Appendix 
1; alternate clauses introduced later in deference to a dissenting view- 
point are given separately in Appendix 2. 

Contributed by the Power Division and presented at a joint session 
of the Power, Applied Mechanics, Heat Transfer, Safety, Metals Engi- 
neering, and Petroleum Divisions, Joint ASTM-ASME Research 
Committee on Effect of Temperature on the Properties of Metals, and 
Research Committee on High-Temperature Steam Generation, at the 
Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of THe American Soctety oF MECHANICAL ENGINEERS. 
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Piping-Flexibility Analysis. 


individual problems, and assist in arriving at a final formulation 
assuring uniform interpretation and intelligent enforcement. 
At the same time, the author was invited to prepare a paper to 
explain the basic philosophy and scientific background underlying 
the Proposed Rules. 


Tue 


The objective of piping-flexibility analysis is to assure safety 
against failure of the piping material or anchor structure from 
overstress, against leakage at joints, and against overstrain of 
connected equipment, without waste of material. While expan- 
sion joints of various types in some instances prove useful for this 
purpose, by far the more common and generally preferable prac- 
tice is to provide for thermal expansion by utilizing the inherent 
flexibility of the pipe run itself acting as a spring in bending or 
torsion. 

Piping-flexibility analysis resolves itself into the following: 


1 The calculation of the forces, moments, and stresses (and 
desirably also, displacements) at all significant locations in a tubu- 
lar structural frame under the influence of thermal expansion. 

2 Their comparison with allowable limits. 


The frame can be in one or more planes. The number of 
redundants will vary with the number of branch lines or inter- 
mediate restraints (guides, braces, and so on). For a space sys- 
tem, there will be six unknown reaction components (three forces 
and three moments, or three forces and their lever arms) for each 
anchor point in excess of one; intermediate restraints introduce 
a lesser number of unknowns. 

As compared with the parallel structural problem, the evalua- 
tion of the reactions, stresses, and deformations in a piping system 
under thermal expansion involves a number of additional con- 
siderations, of which the following are the most important: 


1 Piping components other than straight pipe, notably elbows 
and bends, exhibit peculiar stress-and-strain behavior under 
bending which generally reflects itself in increased flexibility, 
usually accompanied by intensification of stresses. 

2 Piping systems are not intended to behave elastically in 
their entirety. As a result of local creep (at high temperatures) 
or local yielding (even at ordinary temperatures) relaxation may 
take place whereby the reactions and stresses in the operating 
condition are lowered and substantially equivalent reactions and 
stresses are made to appear in the cold or off-stream condition. 
This process can be anticipated by cold springing. 

3 Owing to the cyclic nature of the operation of all piping 
systems, fatigue becomes a factor requiring consideration, par- 
ticularly where the fluid carried is corrosive to any degree. 


Tue GENERAL Process OF SOLUTION 


In the flexibility analysis of any system of given line size, con- 
figuration, and material, with a predetermined amplitude and 
number of temperature cycles, the following steps are involved: 


1 The significant physical properties of the material, such as 
expansion coefficient, modulus of elasticity, Poisson’s ratio, yield 
stress, creep and relaxation stress, and endurance strength have 
to be determined. This paper will not concern itself with the 


Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 
27, 1953. Paper No. 53——A-51. 
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first three constants, for which the values and the basis for their 
selection have been covered by a separate paper by the chairman 
of the second subgroup of the Task Force (124). The way in 
which the strength properties enter into the solution of the prob- 
lem under the Proposed Rules, on the other hand, will be dis- 
cussed in detail at the appropriate point in this development. 

2 Assumptions have to be made regarding the dimensions of 
the piping, notably those associated with the cross section. For 
simplicity, the Proposed Rules disregard dimensional tolerances 
and the uncertain and erratic changes in thickness caused by 
corrosion or erosion and permit use of the nominal dimensions 
throughout. 

3 Conditions of end restraint have to be assessed. The Pro- 
posed Rules give no prescriptions in this respect, but general 
practice is to take the ends as fully fixed in the absence of detailed 
analysis of the rotations and deflections of vessel shells, pump or 
turbine casings, pipe anchors, or other structures to which the 
line may be connected. However, equipment expansions must 
be taken into account since they may cause increased forces, 
moments, or stresses. 

4 The significance of different forms of intermediate re- 
straints has to be appraised. Major restrictions to free movement 
of the line due to guides, solid hangers, or braces are usually 
taken into account in calculations or other forms of analysis. 
Secondary restraints, such as unbalanced spring forces or fric- 
tional forces at supports, usually are ignored; however, caution 
should be exercised in extending this practice to systems whose 
weight is great in relation to their stiffness, a condition often 
encountered in pump or turbine leads because of manufacturers’ 
limitations upon thrusts. 

5 A method of analysis suitable to the importance of the 
system must be selected. The solution can be approached by 
analytical, graphical, chart, or model-test methods, or even by 
comparison with past successful layouts, and may involve various 
degrees of approximation. However, for approximate solutions 
an allowance for the probable error should be included. 

6 Finally, a comparison of the results has to be made with 
allowable limits. These are clearly established in the Proposed 
Rules for the stresses, but left to the designer’s judgment and 
consultation with manufacturers of equipment in the case of reac- 
tions, because of the diversity in shape and design of connected 
structures. 


FLExIBILity Factor 


It has been stated earlier that the calculation of the reactions 
and stresses in a piping system is complicated by peculiarities of 
stress-and-strain distribution in certain piping components under 
bending, one of the effects of which is to endow such fittings with 
(usually) greater flexibility than would be predicted from the 
ordinary beam theory. 

In calculations, this is commonly taken into account by the 
application of a so-called flexibility factor. This can be defined 
as the ratio of the rotation per unit length of the part in question 
produced by s moment, to the rotation per unit length of a 
straight pipe of the same nominal size and schedule or weight 
produced by the same moment. It is applied either as a multi- 
plier of the length of the part, or as a divisor of its nominal mo- 
ment of inertia (the moment of inertia of the matching pipe) or 
of the elasticity modulus. Available information on its magni- 


tude for different types of fittings will be discussed briefly in the — 


text following. 

Curved Elbows or Bends. These are by far the most significant 
group of piping components from the standpoint of providing 
increased flexibility. At the same time, they constitute the only 
group for which flexibility factors have been derived theoretically 
and confirmed by an adequate amount of testing. 
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The increased flexibility of curved tubular members results 
from their flattening along one or the other axis under bending. 

The flexibility factor k in common use in this country was 
developed by von Kérm4n (3) in 1911, from a first approximation 
of an assumed Fourier-series solution. It was redeveloped on a 
different basis and experimentally checked by Hovgaard (11) in 
1926. Itis usually given as 


12h? + 10 
12h? + 1 


where h = tR/r?® is the so-called flexibility characteristic which 
depends on the pipe-wall thickness ¢, its mean radius r, and the 
radius of curvature R of the center line of the pipe. 

Originally this factor was used only for correcting the deflection 
of curved members bent in the plane of their curvature. This 
practice continued until Vigness (70), in 1942, demonstrated that 
it applied equally to transverse or out-of-plane bending. 

The first-approximation Karm4&n-Hovgaard factor has been 
used generally for both types of loading until Beskin (77), among 
others, pointed out the need for using more terms in von Kaérman’s 
Fourier series for bend proportions where the characteristic h falls 
below 0.3. The following close approximation suggested in 
Beskin’s development commends itself by its general validity® 
and startling simplicity 


This formula strictly applies only to the central portion of a 
curved tube of relatively large arc under bending, and does not 
consider the effects of internal pressure or end restraints. 

The effect of ordinary steam pressures on the flexibility of 6-in. 
and 12-in. bends has been investigated by Wah] (12). He found 
the tendency toward restoration of the circular form to be of a 
low order, and as a result it has become customary to neglect this 
effect. This conclusion may need modification for thin-wall 
short-radius elbows of large diameter. 

With regard to end restraints, it is obvious that even straight 
tangents will tend to reduce ovalization of the curved pipe and 
therewith impair its flexibility. The restraining influence of end 
tangents has been demonstrated by diameter measurements re- 
ported by the author (87) and more thoroughly explered by 
Pardi.2 and Vigness (99). Its effect, however, was found to be 
relatively minor for arcs 90 deg or greater. For smaller arcs, the 
reduction in flexibility would be expected to be more pronounced, 
but since it is known to be accompanied by a commensurate re- 
duction in stress intensification, it is ignored in the interest of 
keeping calculations reasonably simple. 

The effect of the attachment of stiff rings or flanges to the 
ends of curved pipe, on the other hand, was found to be quite 
marked in the tests conducted by Pardue and Vigness; each 
flange appeared to cancel the influence of approximately 30 deg 
of are of the bend. In the Proposed Rules, these data have been 
used to derive simple empirical-correction factors h'/* and h‘/? 
designed to reduce flexibility factors in the range below h = 1 to 


k 


* The more generally known formulas for the flexibility factor of 
curved pipe are discussed briefly in Appendix 3. It will be noted that 
Equation [2] closely approximates von K4rm4n’s third approximation 
and Jenks’ proposed formula as originally given in the discussion of 
Shipman’s paper (17). d 
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FLexIBILiry AND Srress-INTENSIFICATION FACTORS FOR 
Curvep Pipe anp WITHOUT FLANGES 


(In upper graph, upper pairs of connected test points are averages of kv 

and krg; lower points are averages of kny and k7Ts, as given in Tables 2, 3, 

and 4 of reference (99); in lower graph, upper and lower test points are 60 

cent of velues for in-plane and transverse bending, respectively, from Figs. 
12 and 16 of the same source.) 
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for 90-deg elbows flanged at one and both ends, respectively. 

A comparison of the test data with Equations [2], [2a], and 
[2b] is given in the upper chart in Fig. 1. It will be noted that 
Equations [2] and [2a] are in satisfactory accord with the results 
of these specific tests, while Equation [2b] overestimates the flexi- 
bility factor for low values of h. A study of the lower chart 
leads to similar observations with respect to the corresponding 
stress-intensification factors, which are obtained by the applica- 
tion of the same correction factors. In view of the limitation of 
available test data to a single pipe size, bend radius, and flange 
type, attempts at a more refined correlation appear unwarranted 
at the present time. The corrections are to be regarded as no 
more than first crude approximations, defensible on the basis 
that inaccuracies in evaluation of both flexibility and stress- 
intensification factors tend to cancel each other, at least with re- 
spect to stress calculations. 

Mitre Bends. On the basis of isolated test data and service 
experience, these piping components are known to possess in- 
creased flexibility approaching that of curved bends, particularly 
where both mitre spacing and mitre angle are small so that the 
mitre bend comes to resemble a curved elbow. In-plane bending 
test data on 4-mitre quarter-bends with tangents of various 
lengths followed by flanges at each end, on which Zeno reports 
in a discussion of Pardue and Vigness’ paper (99), are of particu- 


lar interest in this connection. The stiffening effect of flanges 
placed close to the ends of the bend is equally evident as in the 
case of curved bends, but as the tangents are lengthened to 
approximately two pipe diameters, the flexibility factor asymp- 
totically approaches 80 per cent of that computed for a corre- 
sponding curved bend. 

In the absence of a theoretical development, the sparse availa- 
ble test data on mitre bends, including the results of unpublished 
load-deflection tests secured in connection with fatigue tests re- 
ported by the author (114), have been evaluated conservatively 
in the Proposed Rules as 


The characteristic h herein is as defined under Equation [1], 
except that an equivalent radius R, is used which is given as 


R, = > cot @ for s <r(1 + tan @) 


R, = (1 + cot a) for > r(1 + tana) 


where s is the mitre spacing at the center line, r is the pipe-wall 
radius, and @ is one half the angle between adjacent mitre axes 
(or the angle defining the out-of-squareness of the mitre cut). 
It should be noted that for wide spacing, Equation [36], the mitre 
bend is to be taken as consisting of a number of arcs with inter- 
vening tangents. 

Corrugated Pipe. Straight or curved corrugated pipe and 
creased bends are the only other shapes to which increased flexi- 
bility is assigned under the Proposed Rules. The limited test 
data available on these types of components are summarized in a 
paper by Rossheim and Mark! (55) on the basis of which a uni- 
form flexibility factor k = 5 is suggested as a first approximation. 
This should be used with caution, since the flexibility of corru- 
gated and creased pipe may be expected to vary with diameter, 
thickness, and bend radius of the pipe, and height, pitch, and con- 
tour of the corrugations. The effect of some of these variables 
has been demonstrated theoretically for idealized shapes by 
Donnell! (26) and Hetényi (80). It also has been found experi- 
mentally. Dennison (45), working with 6-in. standard-weight 
pipe, reports a value of 5 for the flexibility of creased bends and 
between 6.4 and 7.2 for that of corrugated tangents and bends, — 
and tests reported by Rossheim and Markl gave values of uF 


and 2.9 for specially made 2-in. standard-weight corrugated —_ 


tangents and bends. 

Other Components. Forged or fabricated tees or screwed or 
flanged connections comprise some of the components which 
may exhibit increased or decreased flexibility as compared with 
straight pipe, depending upon their individual] dimensions and 
contours. Because of the lack of a sound basis for even a crude 
empirical formulation, the Proposed Rules assign unit flexibility 
to all such parts; the error incurred by so doing will never become 3 
critical since such fittings usually constitute only a small part of _ 
the line. H 

It may be worth while to draw attention to the fact that the 
Proposed Rules do not make it mandatory to use the specific 
flexibility (and stress-intensification) factors given therein for 
any of the piping components. This represents a tacit admission 
of the tentative nature of the evaluation of existing data made by 
the Task Force, and points up the desirability of a more thorough 
theoretical and experimental exploration of the field. z 


Srress-INTENSIFICATION Factors 


In discussing stress-intensification factors for piping com 
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nents, it is necessary to distinguish between formulas or values de- 
rived from theory or static strain-gage tests and such obtained 
from full-scale fatigue tests. The primary difference between 
them lies in the point of reference. Theory refers to an ideal 
homogeneous notch-free material, while the results of fatigue 
tests of commercial products preferably are related to parallel 
results on commercial pipe joined by butt welding, which itself 
contains stress raisers in the form of surface imperfections. This 
change in reference point, and possibly also the redistribution 
and attendant relief of peak stresses occurring under cyclic load- 
ing, accounts for the observation that stress-intensification factors 
derived from fatigue tests are generally lower than those pre- 
dicted by theory or measured in strain-gage tests. 

Since pipe is the primary constituent of piping systems and 
service failures of piping are almost always associated with the 
effects of cyclic loading (generally aggravated by corrosive 
influences) the stress-intensification factor will be defined here 
as the ratio of the bending moment producing fatigue failure in a 
given number of cycles in a straight pipe of nominal dimensions, 
to that producing failure in the same number of cycles in the part 
under consideration. 

This definition implies that the curves of failure stress versus 
number of cycles to failure parallel each other for straight pipe 
and other piping components. While this is not strictly true, test 
data conform reasonably well to a law expressed by 


where 7 designates the stress-intensification factor, S the nominal 
endurance strength (cyclic moment’ applied at point of failure 
divided by section modulus of matching pipe, rather than fitting), 
N the number of stress reversals to failure, and C a materials 


constant. 
From Rossheim and the author’s tests (55), later confirmed by 


tests run by the author’s present company (114), a value C =_ 


245,000 was established as suitable for Grade B carbon steel at 
room temperature. From additional unpublished test data in 
the author’s company’s files, a tentative value C = 281,000 was 
deduced for stainless steel, type 316, at room temperature. 
Finally, Stewart and Schreitz’s tests (116) suggested a value C 
= 183,500 for stainless steel, type 347, at 1050 F. 

In view of the all too common misconception that fatigue is 
always associated with a large number of loading cycles, it appears 
pertinent to point out that the author has found Equation [4] to 
be as valid for the determination of stress-intensification factors 
at 20 as at 2,000,000 cycles. The author has observed no evi- 
dence of leveling off of the S-N curve at either end, except in the 
case of straight pipe which to some extent tends to follow the 
trend of polished-bar tests. The endurance limit of commercial 
piping components is not reached as soon as in the case of polished 
bars. The thought suggests itself that possibly the number of 
cycles defining the knee in the S-N curve is the higher, the higher 
the stress-intensifi¢ation factor. 

The foregoing gives the general approach used in setting stress- 
intensification factors. In the following the detailed sources 
are given from which the values of i published in the Proposed 
Rules are taken. At the same time, isolated additional test data 
are adduced from the fatigue-test files of the author’s company 
to round out the picture. 

Fittings for Directional Changes. These can be treated as a 
group because of their striking similarities in behavior under bend- 
ing fatigue. In the course of evaluating and correlating fatigue 
tests on mitre bends, forged and fabricated tees, similarities in 


? Where the stress amplitude applied in the tests exceeded the yield 
strength in bending, a fictitious moment based on a straight-line ex- 
tension of the elastic moment-deflection curve was computed to con- 
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crack location and direction obtruded themselves upon the 
author’s observation. It seemed as if all these fittings con- 
formed to some extent to the behavior of curved elbows or bends. 
This led the author to suggest a common empirical expression 
for the stress-intensification factor (114) which is 


where 
h. = 


, = c (t,R,/r*?) = effective flexibility characteristic (dimen- 
sionless ) 
(t,/t)> = section-modulus correction factor (dimension- 
less) 
1 wherever fitting has same thickness as matching pipe 
= effective fitting thickness, in. 
= average of crotch and side-wall thickness, for welding 
tees® 
pipe-wall thickness increased by one-half excess thickness 
provided in either run or branch, by use of thicker piping 
or pad or saddle, for reinforced fabricated intersections 
t for welding elbows, curved or mitre bends, or unrein- 
forced fabricated intersections of a thickness equal to 
that of matching pipe 
thickness of matching pipe, in. 
mean radius of matching pipe, in. 
effective bend radius, in. 
R = radius to center line of curvature for elbows or 
smooth bends 
r +r, for welding tees,* where r, designates crotch radius 
= r for single-mitre bends and unreinforced and reinforced 
fabricated 90-deg branch intersections 


= cot a; < 3 (1 + cot a) for multiple-mitre bends, where 


s designates mitre spacing at center line, in., and @ 
designates one-half angle between adjacent mitre axes, 
deg 


The condensed information given in the Proposed Rules is 
directly derived from reference (114). The correction factors 
h'’* and h‘/* proposed to account for the effect of end flanges on 
the stress-intensification factor for curved or mitre bends have 
been discussed already under the heading Flexibility Factor. 
Note that the higher of the stress intensifications for the flanged 
elbow and the flange itself must be used. 

Corrugated Pipe. This type pipe and corrugated or creased 
bends have been assigned a stress-intensification factor of 2.5 in 
the Proposed Rules. This substantially follows the recommenda- 
tion given by Rossheim and Mark] (55) in a paper evaluating the 
information available up to the year 1939; the value selected is 
that for “noncyclic” service since correction for definitely cyclic 
service is effected under the Proposed Rules by the application of 
a stress-reduction factor. Considering the important influence 
of the diameter-to-thickness ratio of the pipe, as also the shape, 
thickness variation, height, and pitch of the corrugations of any 
specific manufactured product of this type, the assignment of a 
consiant stress-intensification factor obviously represents a gross 
oversimplification. A more thorough theoretical and experi- 
mental exploration of this type of construction appears urgently 
needed, if it is to be used in severe services. 

Bolted Flanged Connections. These present a dual problem 
from the standpoint of piping-flexibility analysis. It is necessary 
not only to guard against ultimate failure by rupture, but also 
against disablement of the joint through leakage across the 

* For welding tees conforming to ASA Standard B16.9, assumption 


of Re = 1.35 rand t. = 1.60 t usually will produce conservative esti- 
mates of i on the basis of representative measurements. 
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sti The values of the stress-intensification factors shown in 
the Proposed Rules are taken from a paper by Mark] and George 
(97) and serve to predict ultimate rupture in joints bolted to 
about 40,000 psi stress. With lower bolt stresses there is the 
possibility of premature leakage. Although there are no pub- 
lished data on the subject, the author judges from isolated test 
runs conducted by his company that freedom from leakage can 
be assured by application of a factor 7 of the order of 1.5 regard- 
less of the type of flange, except in the active creep range where 
periodical retightening may become necessary. 

Pipe Joints. These joints when made by butt welding form 
the basis for comparison for all other fittings, and hence take a 
factor of 1. Fillet-welded and screwed joints are assigned the 
same values as single-fillet-welded and screwed flanges, since the 
failure of a flanged connection of a ductile material usually occurs 
in the attachment to the pipe. 

Tapered Transitions. Components such as are used for con- 
necting pipe of different wall thicknesses or for the hub ends of 
flangesor valves can be given the following approximate stress- 
intensification fartors on the basis of isolated unpublished tests 
run by the author’s company: 7 sad 


Tiney 7; 


Only the small end of the hub need be considered in such an 
analysis, since possible higher stress intensifications at the large 
end, of course, are compensated by the relatively lower stress 
level corresponding to the increased thickness (which also ex- 
plains why ASA welding neck flanges always fail at the attach- 
ment end, never at the root of the hub). Incidentally, it will be 
noted that the factor of 1.3 for a 45-deg taper is the same as for a 
fillet weld, the two representing the same geometrical shape. 

Other Components. Components such as reducing elbows and 
tees, box-type fittings, anchor structures, and the like, in the 
absence of directly applicable data must be evaluated by analogy 
with fittings for which factors are available. 

It already has been pointed out that neither the flexibility nor 
the stress factors given in the Proposed Rules are made manda- 
tory. While the formulas and values given are based on the best 
available information, they are by no means to be taken as sci- 
entific fact. The prime purposes served by their publication are 
to call attention to the existence of such stress intensifications, to 
provide standardized assumptions in place of complete chaos, and, 
finally, to stimulate further research by all connected with the 
piping industry. 


15-deg taper, 7 
30-deg taper, 7 
45-deg taper, 7 = 


Primary ANALYSIS 


For the purposes of a brief study of available methods of analy- 
sis of piping systems under thermal] expansion, let it be assumed 
that the system be installed with 100 per cent cold spring, i.e., 
that members be cut short by the full amount of their anticipated 
expansion and then pulled into line, Fig. 2. Let it be assumed 
further that the proportional limit of the material should not be 
exceeded at any point during this initial prestressing. It follows 
from these assumptions that the system will be free of expansion 


ag ¢ 


stress in its hot or operating condition, and will not undergo 
inelastic action leading to relaxation, the consideration of which 
will be discussed in another section of this paper. os 

The evaluation of the forces, moments, and stresses existing in 
the initial prestressed cold condition evidently reduces to the 
analysis of a tubular-frame structure under the influence of given 
end and intermediate displacements and rotations. This is a 
standard structural] problem, but for the need of correcting the 
deflection and computed stresses of certain members by the appli- 
cation of the flexibility and stress-intensification factors dis- 
cussed in the text preceding. 

The initial cold reaction’ R at the line terminals and the con- 
trolling stress S, in the line for 100 per cent cold spring are given 
by the following generalized expressions 


‘ 


ow 


where e is the unit expansion from installation temperature to 
maximum operating temperature upon which the amount of cold 
spring was based; EF, is Young’s modulus at the installation tem- 
perature; J and Z are, respectively, the moment of inertia and 
section modulus of the pipe; 7 is the stress-intensification factor 
at the controlling point; F, and F, are shape factors expressing 
the over-all effect of line configuration and axial dimensions, 
including flexibility factors; and F is a composite factor relating 
the reaction to the controlling stress. 

While general solutions of this problem have long been availa- 
ble, their application to piping-flexibility analysis has been 
restricted because of the specialized knowledge and formidable 
expenditure of time required to carry out a calculation. Equa- 
tions [6a] and [6b] are deceptively simple, but the shape factors 
F, and F,, appearing therein, in themselves generally represent 
extremely complex mathematical expressions. To reduce their 
computation to practical limits, some of the foremost piping- 
stress analysts have expended considerable effort and ingenuity 
in devising simplifications consisting either of preorganization of 
parts of the solution without affecting accuracy, or of making 
approximations of greater or lesser validity. 

Among devices of the first kind applied primarily to strictly 
mathematica] solutions, the following are the most important:'° 


1 Preintegration of recurring shape coefficients (17). 

2 Introduction of virtual center of gravity or elastic center 
(38). 

3 Introduction of conjugate axes (41). 

4 Application of principle of cyclic permutation of co-ordi- 
nates" to reduce multiplane problem to single-plane problem (61). 

5 Exploitation of symmetry of simultaneous equations to 
reduce number of operations required (61). 

6 Application of matrix method to provide clearer visualiza- 
tion of components entering into the problem (117). 


® For clarity, the developments in this and the following section 
refer to a single end force which is all that is needed in the case of a 
single-plane bend with two hinged ends. The definition of R can be 
expanded to relate to the 3(n — 1) force components and 3(n — 1) 
moment components created by cold springing or thermal expansion 
of a space system with n points of fixation without loss of validity of 
the conclusions derived. 

” The scope of the paper permits no more than a brief enumeration 
of various approaches. To enable interested readers to acquaint 
themselves with them, parenthetical references are given to the better- 


-_ known sources employing them without, however, implying that they 


W. R. Burrows. 
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are necessarily the original proponents. 
11 First application of this concept is credited to G. W. Watts and 
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Among approximate assumptions leading to a variable degree 
of accuracy, the following are probably the most common: 


1 Subdivision of line into short elements, the mass of which is 
concentrated at their mid-points (51); if the elements selected 
are short enough, this method is practically precise. 


2 Substitution of square corners for curved members; this 
widely used approximation ignores the increased fiexibility of 
elbows and leads to an overestimate of reactions and either an 
over or underestimate of the stresses depending upon whether 
the stress-intensification factors are considered or ignored. 


3 Correction of developed square-corner length of system by 
addition of a virtual length representing the excess flexibility of 
all the elbows (105); in effect, this distributes the excess elbow 
flexibility uniformly over the entire system. The accuracy of the 
results is considerably improved as compared with the foregoing 
approach. 


4 Concentration of the excess flexibility of each elbow in a 
single point located at the intersection of its two tangents (120); 
this modification of the square-corner solution is somewhat more 
complex and more accurate. 


5 Introduction of two or more weighted points for each 
elbow; this further refinement of the square-corner solu- 
tion leads to almost precise results with proper selection of the 
weights assigned to the points. 


6 Assumption that neutral axis parallels line connecting 
anchors (20); this produces precise results for symmetrical 
cases, but the accuracy very rapidly diminishes as the shape de- 
parts from symmetry or becomes antisymmetrical. 


7 Assumption that neutral axis connects the anchors directly; 
this, in effect, assumes a hinged system, and may lead to major 
error where the ends are rigidly anchored. 


8 Assumption that bending and torsional rigidity are identi- 
cal (30); taking the shear modulus equal to one half the elasticity 
modulus in tension simplifies the solution of space problems with- 
out leading to excessive error. 


9 Assumption that the stress-intensification factors are 
identical for in-plane and out-of-plane bending (114); use of the 
higher of the two for either condition leads to a conservative 
error not in excess of 20 per cent for elbows and common full-size 
intersections. The suggested stress-intensification factors tabu- 
lated in the Proposed Rules utilize this assumption. 


In addition to purely mathematical approaches (to which the 
preceding text primarily refers), there are graphoanalytical 
methods (76) of equal range of accuracy, in which the moments 
are built up from one end to the other with the aid of precalcu- 
lated solutions for each element of the line. Furthermore, a hum- 
ber of chart solutions have been published which represent more 
or less complete precalculations of entire systems of unit stiffness 
and displacement (33, 37, 105); the latter obviously are restricted 
to simple configurations. 

While many methods are theoretically suitable for application 
to systems with any number of terminal and intermediate re- 
straints, the computation work increases rapidly with the num- 
ber of redundants. For this reason mathematical and semi- 
mathematical methods rarely have been applied to systems with 
more than three points of fixation. To supply the need for a 
means of evaluating the flexibility of lines with many branches or 
intermediate restraints, such as guides or wind braces, model- 
testing methods have been devised wherein the reactions caused 
by given end displacements are measured by either springs (52, 56, 
60) or electric strain gages (78). Of late, memory-endowed elec- 
tronic or other computing devices have been utilized by at least 
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two companies (123). Once the operations are coded properly, 
which is a time-consuming task for experts in this field, these 
machines are capable of solving any problem of the same type 
and thus serve to expand greatly the number of systems which 
can be calculated within a given time. 


Seir-Sprinc AND CoLp-Sprine Errects 


In order to focus the reader’s attention on “methods” of analy- 
sis, the problem of calculating forces, moments, and stresses in 
the foregoing has been reduced to a familiar structural problem 
by imposing special conditions. In what follows, the scope of the 
investigation will be broadened to embrace all conceivable con- 
ditions of installations and temperature or stress which might 
be encountered in actual practice. 

Let it be assumed that a system be installed cut short an arbi- 
trary amount, so that a gap cel is left between the end of the 
line and one terminal. This problem is identical with that shown 
in Fig. 2 and is solved in general terms by Equations [6a] and 
[6b], except for the introduction of the so-called cold-spring factor 
c which ranges from zero (for no cold spring) to unity (for 100 per 
cent cold spring). Equations [6a] and [6b] are based on c = 1. 
Obviously, both the initial cold reaction and the initial cold 
stress for the more general case will differ from those given by 
these equations by a factor c. Actually, since reaction and stress 
are interrelated by a factor F, which is constant for any line of 
given shape and dimensions, a study of the behavior of the system 
can be restricted to a study of the controlling stresses created 
therein by changing temperature conditions. The initial cold 


stress is ive) 


As the line is brought up to temperature this stress decreases, 
becoming zero when the line has expanded by the amount ce per 
unit length. Upon further expansion by the amount (1 — c)e re- 
maining to give a total of e, a stress of reversed sign’? is produced 
(initial hot stress) 


where EZ, is Young’s modulus at the hot or maximum operating 
temperature. 

In the absence of yielding or creep in either the cold or hot 
condition, the controlling stress thereafter will alternate between 
the two limits given by Equations [7] and [8] during successive 
cycles of cooling down and heating up. This is generally true 
of moderately stressed lines operating at temperatures at which 
the metal is not subject to creep, and also of lines operating at 
elevated temperatures which have been cold sprung sufficiently 
to keep the initial hot stress below the creep limit. 

Where these conditions are not met, initially high stresses, 
particularly in the hot condition, will relax with time until they 
reach a level which can be maintained indefinitely; this phe- 
nomenon is illustrated by the recordings traced in Fig. 3 which 
are taken from laboratory tests of a small-scale expansion loop 
which was alternately heated to approximately 950 F and allowed 
to cool to atmospheric temperature. It will be noted that the 
controlling hot stress (and therewith also the hot reaction) 
dropped off to a constant level after the first few cycles; the line 
has sprung itself, whence the designation ‘“‘self-spring.’’ If the 
asymptotic value toward which the hot stress tends be desig- 
nated as S,, then the ultimate hot stress after adjustment be- 
comes 


12 All expressions are shown as absolute values. 
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Upon cooling down, each unit length of the line contracts 
again by an amount e, the stress reverses, and the ultimate cold 
stress becomes 


Fic. 3 Errect or RELAXATION 


The preceding four equations fully cireumscribe the extreme 
stress conditions encountered during the service life of a system, 
whether it be installed with cold spring or not, and whether it be 
subject to relaxation or not. 

Now, as Stromeyer (6) pointed out in 1914, and Dennison (45) 
re-emphasized more recently, service failures are associated with 
cyclic, rather than static-stress application. Fatigue, with cor- 
rosion usually an important contributory factor, must be ac- 
cepted as the primary cause of failure. Resistance to fatigue is 
measured by the so-called endurance limit (fully reversed stress 
supported over an indefinite number of cycles, in the millions) 
or by the endurance strength (stress supported over a given 
number of cycles), the latter being of more direct significance to 
the present problem, since even in the process industries the num- 
ber of major temperature cycles rarely exceeds six per day, 
corresponding to approximately 40,000 over a 20-yr life. 
ally, the stresses usually are not fully reversed in actual piping 


installations, but since the mean stress is indeterminate, particu- _ 


larly where relaxation occurs, and of subordinate importance to 
the stress range, the latter is taken as the sole criterion in the 
Proposed Rules. For simplicity, these set the value of the 
“‘calculated-stress range’’ equal to the stress Sg produced by 100 
per cent cold spring; that this is a reasonably correct or at 
least conservative assumption will be shown in the text that 
follows. 

For the initial condition (which is maintained throughout 
where no adjustment occurs), the stress range is given by the 
summation of the stresses given by Equations [7] and [8] 


E 


For the ultimate condition in the case where relaxation does 
occur, it is given by the summation of Equations [9] and [10] 
ow ~ 
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As one limit, applicable to lines of small temperature change, 
set E, = E,; then 


worth: 


As a second approximate limit, for hot lines where the relaxa- 
tion limit S, is small, set Z, = */;#,; then 


att 
Note that at one limit the stress range equals S,; i.e., is constant 
and independent of the amount of cold spring, and that at the 
other it is lower than Sy and affected only to a minor extent by 
the values of c and S,. 
In the following four equations the corresponding reactions 
are given as obtained by multiplying the right-hand terms of 
Equations [7] to [10] by R/Sz 


E 

3 R, (1 — e) [14] 

i iw E S 

R, 


Detailed discussion of the relaxation limit S, has been deferred 
to this point because, under the Proposed Rules, it is considered 
to affect only the computation of reactions. With the establish- 
ment of the approximate stress range Sz as the primary criterion 
of the flexibility of the piping system proper, individual stresses 
at any one time during the temperature cycle have come to be 
ignored. In the case of the reactions, on the other hand, the 
extreme values in the hot and cold conditions are taken to control 
directly; the reason is that strain-sensitive equipment, such as 
pumps or turbines, can be seriously damaged by a single overload, 
even though this may be promptly relaxed as a result of yielding 
or creep somewhere in the system. 

The relaxation limit S, can be defined as the asymptotic value 
toward which the stress in a prestressed structure with a fixed 
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distance between its terminals tends as the material flows as a 
result of yielding or creep. It is not possible to assign an accurate 
value to this property, at least under bending (the predominant 
type of loading introduced by thermal expansion) where higher 
stresses are necessary to produce flow than under tension (the 
type of loading for which most of the yield and creep data have 
been developed). However, it appears conservative for the pres- 
ent purposes to set its value equal to the lesser of the tensile 
yield strength and 160 per cent of the stress producing 0.01 per 
cent creep in 1000 hr at the given temperature; this corresponds 
to S, = 1.6 S,, where S, is the allowable S-value at operating 
metal temperature. The selection of S-values in the Power 
Piping Section" is based on the rule given under Table P-7 of 
Section I of the ASME Boiler Construction Code, which states 
that the S-value equals the lesser of 25 per cent of the tensile 
strength, 62'/. per cent of the yield strength, 100 per cent of the 
stress producing 0.01 per cent creep in 1000 hr, and 60 per cent 
of the average or 80 per cent of the minimum stress producing 
rupture in 100,000 hr. 

Actually, the Proposed Rules rest on a much more conservative 
basis; in effect, they assume S, = S,. In addition, they credit 
only two thirds of the designed cold spring in the computation 
of the initial hot reaction, while requiring the use of the full 
amount of the cold spring in computing the corresponding cold 
reaction. The ultimate hot reaction is, of course, ignored, since 
it is never greater than the initial hot reaction. This leads to the 
following equations: 


1 Extreme hot reaction, paralleling Equation [14] _ 


2 Extreme cold reaction, greater of values given by Equations 
[13] and [16] after substituting S, = S,, with the further proviso 


+ cold reoction—O— hot reaction 


Fie. 4 or Reactions CoMPuTeD BY PRoPosED RuLes 
To THEoRETICAL REACTIONS 


otherwise would obtain same sign as R, which always is higher) 


Fig. 4 gives a qualitative comparison of the reactions computed 
by the Proposed Rules (heavy solid lines) and the corresponding 
theoretical values; the dash lines indicate the magnitude of the 
reactions in the absence of relaxation, while the dash-dot lines 
illustrate the modification of the latter as a result of relaxation. 


( 


18 The author would prefer basing the expansion stresses for all 
services on the S-values i in this section. 


that (S,/Ss)(E./E,) not be taken greater than unity (reaction 
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ALLOWABLE Stress RANGE 


It has been suggested earlier that S, = 1.6 S, represents a 
conservative estimate of the stress at which flow starts under a 
bending moment at elevated temperature. By the same token, 
S, = 1.6 S,, where S, is the S-value at the minimum or (usually) 
installation temperature, might be taken to express a suitable 
condition for flow at the minimum temperature. The sum of 
these two limiting stresses, or 


then could be considered the maximum stress range Say to which 
a system could be subjected without producing flow at either 
limit. 

In the Proposed Rules, the allowable range of the expansion 
stresses by themselves has been established tentatively as fol- 
lows 

S, = f (1.258, + 0.508,) 


Herein f is a stress-range reduction factor for cyclic conditions, 
varying from f = 1 for N < 7000 cycles, tof = 0.5 for N> 250,000 
cycles, as shown in Fig. 5. The variation roughly follows the law 


24 cycles per day 
for 20 year life 


§ 


of cycles 
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which parallels the correlation of fatigue-test data on piping com- 
ponents suggested by the author (87) in 1946; see also Equation 
[4]. The motive for selecting 7000 cycles as the starting point for 
the application of the factor f was to free the calculation of every- 
day systems from this added complication; 7000 cycles roughly 
conform to a cycle per day over a period of 20 years, which is 
more than most systems are subjected to. 

To obtain the maximum combined-stress range, the allowance 
Spw = 0.75 S, set aside in the Proposed Rules for pressure and 
weight stresses has to be added to the allowable expansion- 
stress range given by Equation [20]; this is done here on the 
assumption that f is unity, which covers the usual range of 
conditions 


S, + Spw = 1.25 (S, + S,) 


By comparison with Equation [19], it will be noted that the 
Proposed Rules as written utilize at most 78 per cent of the 
available stress range Sav deduced in the opening paragraph of 
this section; however, selection of a proper value for the 
factor on the right side of the equation is open for discussion and 
review. 

An estimate of the average safety factor against rupture inher- 
ent in the Proposed Rules in the range between 7000 and 250,000 


cycles i is derived i in Table 1 inom the limited aneenenee al data 
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Constant test temperature. . 
Tests conducted by 


Factor C in formula SN°-? = C 
Average stress range Sa’ 

failure under reversed bending in 7000 cycles 
Section of Code for Pressure Piping 


Allowable stress Sc = Sh psi at given temperature 


under given section of Code for Pressure Piping. 


Allowable stress “> Sa + Spw = 1.25 (Se + Sa) 
u 


psi per Prop osed les 
Safety factor c terms of stress = Sa’/(SA + SpPw).. 


Safety factor in terms of life = [Sa’/(Sa + Spw)]5. . 


® See Equation [20]. 


available. In terms of stress, the safety factor is found to be of 
the order of 2; in terms of cyclic life, it is of the order of 30. 
The very least safety factor available, considering the 25 per 
cent spread encountered between individual test data, might be 
estimated as 1.25 in terms of stress and 3 in terms of life. This 
emphasizes the need for making a conservative estimate of the 
number of cycles of major temperature change a system is likely 
to undergo. 

In the range below 7000 cycles, the safety factor provided in 
the Proposed Rules increases. For example, for one cycle per 
week over 20 years, or a total of approximately 1000 cycles, the 
safety factor in terms of stress would increase by roughly 50 per 
cent. The minimum safety factor probably would be close to 2, 
which would be more than ample, provided the actual stresses 
are evaluated properly. 

As far as the zone from 250,000 cycles upward is concerned, no 
estimate of the safety factor will be ventured, since the propor- 
tionality between the moment supported by pipe and fittings will 
be progressively lost. Fortunately, this zone has little practical 
significance with regard to expansion problems. '4 

A note of caution is in order. The provisions of the Proposed 
Rules do not take into account corrosion which would lower the 
endurance strength an unpredictable amount. 


ALLOWABLE REACTIONS 


_ The degree of flexibility required in a piping system is often 
controlled by the forces and moments the connected equipment 
can sustain without becoming inoperative or requiring excessive 
maintenance. Most frequently, the problem of setting allowable 
reactions arises in connection with equipment containing moving 
parts such as pumps or turbines, but it sometimes also requires 
consideration for other strain-sensitive equipment, such as large- 
diameter, thin-wall pressure vessels or exchanger shells with 
removable tube bundles fitting with close clearances. 

With good logic, piping-stress analysts expect to be able to 
turn to equipment manufacturers for guidance in this matter on 
the premise that the latter should be in a position to advise 
what provisions have been made for absorbing piping reactions in 
the design of individual parts of their units and the completed 
assembly. The attitude often encountered in the past, that pip- 
ing strains are no direct concern of the equipment designer, is fast 
disappearing, and it is becoming more and more recognized that 
lines connecting pumps or turbines or similar equipment would 
present no more of a problem than other lines, but for the fact 
that the piping has to absorb not only the expansion of the line, 
but also to protect the equipment from the effects of its own ex- 
pansion. If this were not the case, the piping engineer could 
very simply discharge his task by rigidly anchoring his line adja- 
cent to the equipment. 

Unfortunately, only a few of the major manufacturers publish 


14 The rules ane not intended to cover transmitted vibrations or 
pressure pulsations. 
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allowable thrusts and moments for their standard units (106, 
115) or are prepared to advise whether the reactions computed 
by their customers for a specific installation can be tolerated. 
In general, even they are inclined to understate the capacity of 
their equipment, primarily because of a fear of discrepancies be- 
tween the results of calculations based on simplifying assumptions 
and the reactions imposed upon the unit in actual service. It 
would appear that a change in policy toward permitting more 
liberal allowances would be contingent upon the following de- 
velopments: 


1 More general adoption of assumptions and methods of 
analysis of proved accuracy or conservatism; to foster this is 
one of the purposes of the Proposed Rules. 

2 Improved understanding of the necessity of realizing the 
assumed design conditions in the actual installation. This im- 
plies proper specification and supervision of cold spring; also, a 
clear realization of the fact that calculations based on the as- 
sumption of a weightless system and frictionless supports can 
grossly underestimate reactions caused by thermal expansion 
where these are small in relation to the weight of piping sup- 
ported. 

3 Publication of information on the order of magnitude of the 
various components of piping reactions expected to be produced 
in well-designed piping systems leading to and from strain- 
sensitive pieces of equipment. 


Until better information becomes available, piping designers 
will be forced to continue to resort to rules of thumb to guide them 
in preparing their layouts. Some of these are given in the form 
of blanket limits upon thrusts; as an example, Baggerud and 
Jernstrom (51) suggested 3000 lb as an upper limit for ships’ 
turbines. Others provide limits for both the resulting thrust and 
the resulting moment, the moment in foot-pounds often being 
taken equal to the thrust in pounds. Others consider the com- 
ponents of the reactions separately for different directions, higher 
limits usually being assigned to downward loads than to lateral 
thrusts. All of the rules cited seemingly disregard the size of the 
unit, although they are actually intended to apply to conditions 
customarily encountered in specific fields of engineering. 

To take care of the size effect, some rules are given in terms of 
pounds thrust per diameter inch or peripheral inch of the nozzle. 
Paul (79), for example, suggests 100 lb per peripheral inch of 
turbine nozzle as a reasonable thrust. Another rule of this 
character, which has been proposed by Wolosewick (102), relates 
the thrust to the sum of the nominal diameters of the suction and 
discharge piping and at the same time differentiates with respect 
to the anchorage of the unit. Rules expressed in terms of kilowatt 
rating or equipment weight attempt to accomplish the same 


purpose. 


18 The tabulation of average reactions against pumps on p. 453 of 
the paper by D. B. Rossheim and the author (55) is indicative of the 


type of information desired. 
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Finally, there are a number of advocates of expressing the 
limitation in terms of the piping stress at the terminal. For 
example, Hoath (90) suggests a nominal bending stress of 9000 
psi (with no credit for cold spring) as a satisfactory design basis; 
other experienced stress analysts have established individual 
limits depending upon the type of equipment connected. 

The foregoing recital of different approaches has been given 
with the thought of stimulating discussion by those who are more 
familiar with the subject than the author can claim to be. It is 
his thought that reasonably conservative empirical rules of some 
form will always be necessary as a first general guide to a piping 
designer; if the reactions obtained therefrom should be exceeded 
in a specific layout of visually adequate proportions, consulta- 
tion with the manufacturer is advised, at least in the case of im- 
portant units. 


Wuat Systems Require ANALYsIS 


The foregoing review of the theoretical considerations and ex- 
perimental data underlying the Proposed Rules inescapably 


leads to the conclusion that, even after considerable simplifica-| 


tion and idealization with resultant loss in accuracy, the flexi- 
bility analysis of any but the simplest piping system presents a 
formidable task, and that accordingly it would be unreasonable 
to demand that each line be analyzed by the most precise ap- 
proach available. Approximations must be permitted, provided 
their effect can be at least roughly evaluated and compensated 
for. This is not enough; in many instances, perhaps in the 
majority of cases, appraisal of the flexibility by visual inspection 
or comparison with similar layouts with satisfactory service 
performance must be accepted in lieu of a mathematical analysis 
or tests. 

The group formulating the Proposed Rules has attempted to 
reflect this point of view in the following general clauses contained 
in paragraphs 620(a) and 620(b): 


1 Formal calculations or model tests shall be required only 
where reasonable doubt exists as to the adequate flexibility of a 
system. 

2 Each problem shall be analyzed by a method appropriate 
to the conditions. 

3 Where simplifying assumptions are used in calculations or 
model tests, the likelihood of attendant underestimates of forces, 
moments, and stresses shall be taken into account. 


These clauses admittedly are vague and offer no concrete guid- 
ance toward arriving at a decision whether analysis is necessary 
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in any specific case, what wai of liineestiiiginn will be accepta- 
ble, and how it is to be compensated for; furthermore, they do 
not indicate whose judgment in this matter is to be accepted, the 
engineer’s, the customer’s, or the inspection authority’s. The 
formulating group devoted earnest consideration to these ques- 
tions, but came to the conclusion that the variables involved in 
flexibility analysis are too numerous, and their individual effect 
too unpredictable, to permit the establishment of a simple set of 
explicit rules, observance of which would assure protection to 
life, health, and investment without imposing an Pesan bur- 
den of work on piping engineers. a Ses ud 
Variables fall into three major classifications: : row ye 


1 Material and temperature-dependent phy sical properties. 

2 Cross-sectional properties. 

3 Shape factors, i.e., properties associated with the dimen- 
sions and configuration of the line axis. 


In the first group the expansion coefficient and the elasticity 
modulus assume primary importance as measures, respectively, 
of the amount of strain introduced into the system and the elastic 
resistance opposed by the material. Yield and creep strength 
reflect modifying influences of plastic flow upon the resistance, 
and at the same time provide important yardsticks for the de- 
termination of the allowable stress range, which is further condi- 
tioned on the endurance strength of the material. 

Among the cross-sectional properties, the moment of inertia 
and section modulus of the pipe similarly provide measures of the 
forces and moments generated and the resistance of the pipe 
thereto; the influence of the latter is modified by any stress 
intensifications present. 

While the foregoing properties enter piping-flexibility calcula- 
tions more or less directly as factors, the dimensions and configu- 
ration of the line axis and the shape of its components (as reflected 
in their flexibility factors) exert a much more complex effect on 
the forces and moments, and therewith the stresses. 

It will be apparent from the foregoing that any rule or formula 
intended to provide a demarcation line between flexible and 
stiff, or understressed and overstressed layouts must contain 
factors representative of the material, the temperature, and the 
line size, length, and shape. The first three major variables can 
be taken care of readily, but attempts at reducing the effects of 
line length and configuration to a simple and reasonably accurate 
shape factor meet with almost insuperable difficulties. 

The most promising approach toward a first approximation 
is to express this factor in terms of the ratio of the developed 
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Ratio of Developed Axial Length L, to Anchor Distance U 
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line length L, to the distance U between anchors. What can be 
accomplished by this approach is shown in Fig. 6 which was 
developed from a study published by the author in one of his 
company’s bulletins (105).° This is based on square-corner 
assumptions and embraces almost all conceivable proportions 
of single-plane configurations of the L-, Z-, U-, and expansion 
U-types. The abscissas are ratios L,/U; the ordinates read the 


ratio f of the controlling stress in a bend of any of the shapes in- 

vestigated to that in a square L-bend of equal anchor distance, 
d material, and h . It will be noted 

pipe size and mat € mt, and temperature c ange. ‘ 

aT ith 

Boe pitt 


— 


. [23] 


roughly describes the upper boundary of the entire family of 
curves except that applying to uncommon proportions of a 
U-bend with unequal legs, for which it may produce a gross under- 
estimate of the stresses. As a rule, however, the stresses will be 
overestimated. For example, a stress ratio of the order of 6 is 
obtained for the square L-bend (L,/U = +/2), whereas by defi- 
nition this should be unity. Obviously, the criterion is too in- 
sensitive to predict even the results of a square-corner solution 
with any degree of reliability. Since the latter itself often pro- 
vides no more than a crude first approximation, it becomes evi- 
dent that a formula of this simple character will not serve to pro- 
vide a reliable means of distinguishing systems which must be 
calculated from those for which calculation can be waived. 

This same criticism applies to the formula given in the alternate 
version of paragraph 620(c) of the Proposed Rules” which 
assigns a definite limiting value to the stress ratio f 

1 

where U and L,, respectively, again designate anchor distance 
and developed line length (ft), and D and Y are the nominal pipe 


/U —1.05)*/ 


size and the resultant of the restrained thermal expansion and — 


net linear terminal displacements (in.). The left-hand term in 


this case also contains approximations; specifically, it assumes a— 


constant relationship between the allowable stress range and the 
modulus of elasticity. 

Assuming that it would be possible to establish a criterion 
enabling the piping designer to eliminate amply flexible systems 
from consideration, the next problem is that of distinguishing 
the remaining systems with respect to the accuracy required in 
their calculation. Systems carrying flammable, noxious, or other- 
wise dangerous fluids, or failure of which would entail a major 
financial loss, obviously are more in need of precise analysis than 
those where a break is merely inconvenient and readily repaired. 
In the latter instances the application of approximate methods 
would appear economically justified from a standpoint of time 
saving; the use of approximations also may be necessary for more 
critical piping systems involving branch lines or intermediate 
restraints. 

Wherever approximate methods are used, the question imme- 
diately arises how to compensate for the attendant error. Again, 
no simple rule can be advanced. The only advice which can be 
offered is to compare the results obtained by the approximate 
method it is proposed to use, with those of precise calculations 
for a sufficient number of cases covering the extreme conditions 
it is expected to encounter, and to derive correction factors there- 
from. In some methods, such as those published by the author’s 
company (105), such a check has already “_ made by the 
proponent of the method. 


16 See ‘‘Study of Shape Factor.” efkre 


CONCLUSION 


The Proposed Rules present an attempt by some of the coun- 
try’s leading piping engineers gathered as a task force operating 
under Sectional Committee ASA B31.1 to reduce the complex 
problem of providing adequate flexibility in a piping system to a 
few simple guide lines reflecting the latest advances in theoretical 
understanding and accumulated practical experience. It has 
been the author’s assignment to assemble the factual evidence 
underlying this document and explain certain concepts, such as 
stress-intensification factor, stress range, self-spring, which have 
been inherent in past formulations of the chapter on ‘Expansion 
and Flexibility,’ but are more openly referred to in the new 
draft. 

On reviewing the evidence, numerous gaps in our knowledge 
of the magnitude of certain properties entering into the problem 
have become apparent. On the other hand, not all the present 
knowledge available on certain phases could be utilized in fram- 
ing the Code Rules because of the need for keeping them simple. 
This has necessitated a weighing of the significance of the various 
factors and their effect on the over-all accuracy of the prediction 
of reactions and stresses, 

While the Proposed Rules represent the group’s best effort, 
the interpretation of the facts given therein is not necessarily the 
only one possible. Publication of the thought processes leading 
to their adoption is intended to provoke discussion by engineers 
at large, to uncover additional data not available to the group, 
and ultimately to lead to an improved formulation, particularly 
with regard to the clauses intended to promote uniformity of 
practice and intelligent enforcement. 
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617 Preamble. (a) Piping systems are subject to a diversity of 
loadings creating stresses of different types and patterns, of which 
only the following more significant ones need generally be con- 
sidered in piping stress analysis: 


1 Pressure, internal or external. 

2 Weight of pipe, fittings and valves, contained fluid and 
insulation. 

3 Thermal expansion of the line. 


The first two loadings produce sustained stresses which are evalu- 
ated by conventional methods. The stresses due to thermal ex- 
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pansion, on the other hand, if of eufficient initial magnitude will 
be relaxed as a result of local flow in the form of yielding or in 
the form of creep. The stress reduction which has taken place 
will appear as a stress of reversed sign in the cold condition. 
This phenomenon is designated as self-springing of the line and is 
similar in effect to cold springing. The amount of such self-spring- 
ing will depend on the magnitude of the initial hot stress and the 
temperature. Accordingly, while the hot stress tends to diminish 
with time, the sum of the hot and cold stresses during any one 
cycle will remain substantially constant. This sum is referred to 
as the stress range. The fact that the stress range is the deter- 
mining factor leads to the selection of an allowable combined 
stress (range) in terms of the sum of the hot and cold S-values. 

(b) The beneficial effect of judicious cold springing in assisting 
the system to attain its most favorable condition sooner is recog- 
nized. Inasmuch as the life of a system under cyclic condition 
depends primarily on the stress range rather than the stress level 
at any one time, no credit for cold spring is warranted with regard 
to stresses. In calculating end thrusts and moments acting on 
equipment containing moving or removable parts with close 
clearances, the actual reactions at any one time rather than their 
range are significant and credit accordingly is allowed for cold 
spring in the calculations of thrusts and moments. 

618 Materials. (a) This chapter applies to all classes of ma- 
terials permitted by the Code. 

(6) The thermal expansion range e shall be determined from 
Table—"* as the difference between the unit expansion shown for 
the maximum normal-operating metal temperature and that for 
the minimum normal operating metal temperature (for hot lines, 
this may usually be taken as the erection temperature). For 
materials not included in this table, reference shall be made to 
authoritative source data, such as publications of the National 
Bureau of Standards, 

(c) The cold and hot moduli of elasticity, Z, and E,, respec- 
tively, shall be taken from Table —" as the values shown for the 
minimum and maximum normal-operating metal temperatures, 
respectively. For materials not included in this table, reference 
shall be made to authoritative source data, such as publications 
of the National Bureau of Standards. 

(d) Poisson’s ratio may be taken as 0.3 for all ferrous mate- 
rials at all temperatures. (Elsewhere in the Code there will be 
found tables of values of Poisson’s ratio for various materials 
which tables are given for general information. ) 

(e) The S-values, S, and S, at the minimum and maximum 
operating metal temperatures, respectively, to be used for de- 
termining the allowable expansion-stress range S, shall be taken 
for the type of piping system involved from the applicable tables 
in the respective sections of the Code. In the case of welded pipe, 
the longitudinal-joint efficiency may be disregarded. 

619 General. (a) Piping systems shall be designed to have 
sufficient flexibility to prevent thermal expansion from causing 
1—failure from overstress of the piping material or anchors, 2— 
leakage at joints, or 3—detrimental distortion of connected 
equipment resulting from excessive thrusts and moments. 

(b) Flexibility shall be provided by changes of direction in the 
piping through the use of bends, loops, and off-sets; or provision 
shall be made to absorb thermal strains by expansion joints of 
the slip joint or bellows types. If desirable, flexibility may be 
provided by creasing or corrugating portions or all of the pipe. 

(c) In order to modify the effect of expansion and contraction, 


18 Tables of these properties will be provided upon adoption of these 
rules. In the meantime, data published in Piping Handbooks or 
catalogs may be used. 

19 In this case, anchors or ties of sufficient strength and rigidity shall 
be installed to provide for end forces due to fluid pressure and other 


runs of pipe may be cold sprung. Cold spring may be taken into 
account in the calculation of the reactions as shown in paragraph 
621(d) provided an effective method of obtaining the designed 
cold spring is specified and used. 

620 Basic Assumptions and Requirements. (a) Formal calcula- 
tions or model tests shall be required only where reasonable doubt 
exists as to the adequate flexibility of a system. Each problem 
shall be analyzed by a method appropriate to the conditions. 

(b) Standard assumptions and requirements are given in 
paragraphs (d) to (g). Where simplifying assumptions are used 
in calculations or model tests, the likelihood of attendant under- 
estimates of forces, moments, and stresses shall be taken into 
account. 

(c) In calculating the flexibility of a piping system between 
anchor points, the system shall be treated as a whole. The 
significance of all parts of the line and of all restraints such as 
solid hangers or guides, shall be considered. 

(d) Calculations shall take into account stress-intensification 
factors found to exist in components other than plain straight 
pipe. Credit may be taken for the extra flexibility of such 
components. In the absence of more directly applicable data, the 
flexibility factors and stress-intensification factors shown in 
Chart I may be used. 

(e) Dimensional properties of pipe and fittings as used in 
flexibility calculations, shall be based on nominal dimensions. 

(f) The total expansion range from the minimum to the 
maximum normal-operating temperature shall be used in all 
calculations, whether piping is cold sprung or not. Not only the 
expansion of the line itself, but also linear and angular movements 
of the equipment to which it is attached, shall be considered. 

(g) Flexibility calculations shall be based on the modulus of 
elasticity Z, at room temperature. 

621 Stresses and Reactions. (a) Using the above assumptions, 
the stresses and reactions due to expansion shall be investigated 
at all significant points. 

(b) The expansion stresses shall be combined in accordance 
with the following formula 
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= 


where 
S, = M,/Z = resultant bending stress, psi 
S, = M,/2Z = torsional stress, psi ae ae 
M, = resultant bending moment, lb/in. 
M, = torsional moment, Ib/in. 
Z = section modulus of pipe, in.* 
i = stress-intensification factor 
(c) The maximum computed expansion stress, Sz, shall not 
exceed the allowable stress, S,, where 


S, =f (1.25 8, + 0.5 S,) 


subject to the limitations of paragraph 622(b) oS | 
where 
S. = allowable stress (S-value) in the cold condition dtraewnd 
S, = allowable stress (S-value) in the hot condition 
S, and S, are to be taken from tables in the applicable sections 
of the Code. 
f = stress-range reduction factor for cyclic conditions to be 
applied; in the absence of more applicable data the 
values of f shall be taken from the following tables 
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(d) The reactions (forces and moments) R, and R, in the hot 
and cold conditions, respectively, shall be obtained as follows 
from the reactions R derived from the flexibility calculations 


(S,/S,)(E,/E,) is less than 1, 


cold spring factor varying from zero for no cold spring t 
one for 100 per cent cold spring 

maximum computed expansion stress 

modulus of elasticity in the cold condition 

modulus of elasticity in the hot condition 

range of reactions corresponding to the full expansion 
range based on E, 


a and R, represent the maximum reactions estimated to occur 
in the cold and hot conditions, respectively. 

(e) The reactions so computed shall not exceed limits which 
the attached equipment can safely sustain. 

622 Supports. (a) Pipe supports and restraints not expressly 
considered in flexibility calculations shall bé designed to minimize 
interference with the thermal expansion of the line. 

(b) The design and spacing of supports shall be checked to 
assure that the sum of the longitudinal stresses due to weight and 
pressure does not exceed S,. Where this sum exceeds */, S, but 
does not exceed S,, the amount in excess of */, S, shall be sub- 


tractedfromS,. 
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620 Basic Assumptions anc ”equirements. (a) Formal analysis 
or model tests shall be required for pipe lines which simultaneously 
satisfy the following conditions: 

Maximum normal operating metal temperature over 800 F. 

Nominal pipe diameter over 6 in. 

Rated service pressure over 15 psi. 

The method of investigation shall be appropriately selected to 
conform with the condition of the problem under examination. 

(b) The requirements for analysis shall be considered satisfied 
for duplicate units of successfully operating installations or for 
replacements of piping systems with a record of satisfactory 
service. 

(c) It is recognized that for operating conditions not satisfying 
concurrently the provisions of paragraph (a), an analysis for each 
piping system is economically impractical. An analysis is, there- 
fore, mandatory only if the following approximate criterion is not 
satisfied 


DY 


The constants 1.05 and 0.03, as well as the exponent of 3/s, 


represent only approximate values, which will be perigee to fur- 
ther investigation and correction as needed. 


In the foregoing equation 


D = nominal pipe size, in. 

Y = resultant of restrained thermal expansion and net linear 
terminal displacements, in. 

U = anchor distance (length of straight line joining anchors), 
ft. 

R = ratio of developed pipe length to anchor distance, dimen- 
sionless. 


(d) Standard assumptions and requirements are given in para- 
graphs (f) to (7). 

(e) In calculating the flexibility of a piping system between 
anchor points, the system shall be treated as a whole. The signifi- 


ance of all parts of the line and of all restraints such as solid 
_ hangers or guides, shall be considered. 


(f) For calculations made in conformity with paragraph (a), 
stress-intensification and flexibility factors may be omitted if the 
piping system is not subject to more than 2000 stress cycles during 
its expected life. For lines subject to more than 2000 stress 
cycles, calculations shall take into account stress-intensification 
factors found to exist in components other than plain straight 
pipe. Credit may be taken for the extra flexibility of such 
components. In the absence of more directly applicable data, the 
flexibility factors and stress-intensification factors shown in 
Chart I may be used, 

(g) For thermal-expansion analysis, dimensional properties of 
pipe and fittings shall be based on nominal dimensions. 

(hk) The total expansion range from the minimum to the maxi- 
mum normal operating temperature shall be used in all calcula- 
tions, whether piping is cold sprung or not. Not only the expan- 
sion of the line itself, but also linear and angular movements of 
the equipment to which it is attached, shall be considered. 

(7) Flexibility calculations shall be based on the modulus of 
elasticity FE, at room temperature. 

621 Stresses and Reactions. (c) The maximum combined pres- 
sure and expansion stress shall not exceed 0.75 times the rated 
ultimate tensile strength of the annealed material at room tem- 
perature. The maximum computed expansion stress Sz shall not 
exceed the following allowable value 


S, =f (1.25 S, + 0.25 S,) 


where ~ 

S, = allowable stress (S-value) in the cold condition 

S, = allowable stress (S-value) in the hot condition 

(S, and S, are to be taken from the tables in the applicable 
sections of the Code.) 

f = stress-reduction factor to be applied for cyclic service; 
in the absence of more applicable data the values of f 
shall be taken from the following table: 

Stress-reduction 


Total no. of full 
temp cycles over to. factor, 


expected life 


If the sum of longitudinal pressure and weight stresses is less 
than S,, the difference between S, and the sum of these stresses 
may be added to S,. 

622 Supports. (b) The design and spacing of supports shall be 
checked to assure that the sum of the longitudinal stresses due 
to weight and pressure does not exceed S,. The analysis for 
pressure stresses shall be based on the eroded dimensions of the 
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Factors ror Curvep Pire 

In the following, the three successive approximations of von 
K4rmén’s flexibility factor are shown both in the form in which 
they are usually found in literature (117) and in a reformulation 
by the author which makes them easier to compare 


105 + 4136h? + $8008 
3 + 536A? + 4800h* 
9 + 0.255000 /h? 
12h? + 1.3400 + 0.007500/h? via 
252 + 73,912h* + 2,446,176h* + 
3 + 3280h? + 329,376h* + 2,822,40088 
9 + 0.300306/h? + 0.00105867 /h‘ 
12h? + 1.4004 + 0.013946/h? + 0.00001276/h* 


=1+ 


In discussing Shipman’s paper (17), Jenks gave the following 
formulation as reflecting the nth approximation of the von 
Karman flexibility constant 

ror 12h? + 10 —j 


k, = = 
12h? + 1—j 


9 
12h? + 


where j is a complex function of h which has the following values: 


h 00.05 090.1 0.4 1.00 
1 0.7625 0.5684 0: 3074 0: 1764 0.1107 0: “07488 0: 0.02026 


The flexibility factors obtained from the preceding four formu- 
las are compared with those obtained from Equation [2] 


1.65 


k= —,2 
rs h 


for four values of h covering the normal useful range. It will be 
observed that this simple approximation gives values closely com- 
paring with the more precise of the other formulations: 


Flexibility characteristic h = 0.05 
von Karman first approximation, k= 9.74 
von K4rmdén approximat = 6. 
von K4rm4n third approximation, ks = 4. 
Jenks nth approximation, kn = 34. 
Approximation based on Beskin, kp = 33. 


Discussion 


Joun E. Brock.” This is one of the most important papers 
which has ever been written on the subject of piping. The entire 
industry is indebted to the members of the Task Force and of the 
working group for the study and inventive effort that is repre- 
sented by the May 4, 1953, Report, and the present paper goes 
beyond this in presenting not only the results but also the 
rationale. Further, it should be remarked that the manner of 
presenting not only this paper but also the Task Force Report is 
in keeping with the excellent tradition established in connec- 
tion with the development of the ASME Boiler and Pressure 
Vessel Code and carried on in the ASME-sponsored American 
Standard Code for Pressure Piping—a tradition of orderly de- 
velopment incorporating contributions by as many interested 


2%” Director of Research, Midwest Piping Company, St. Louis, Mo. 
Mem, ASME. 


persons as possible, with full and sympathetic study being given 
to all minority viewpoints, and with active solicitation of all kinds 
of criticism. A special word of praise is due to the author of this 
paper, for although the Task Force Report represents a joint 
effort, it is evident that at least in the preparation of this excel- 
lent paper, the author has gone far beyond the call of duty. 

The writer’s further comments will be given under the headings 


of the section titles to which they pertain. 


Flexibility Factors and Stress-Intensification Factors. The prac- 


tical piping engineer is not in a position to select from all the 


theoretical and experimental data which have appeared on the 
subject of flexibility factors and stress-intensification factors in 
piping components. The selection represented by the simplified 
Formulas [2] through [6] in the text of the paper and in Chart 1 
of the Report will be of great comvenience. While it is not un- 
likely that further research in years to come may suggest modifica- 
tion of some of these formulas, it may be fairly stated that they 
represent as good a selection as may presently be made and 
they are a great improvement over previous formulas in sim- 
plicity and convenience. It is particularly striking that, with 
proper interpretation of the quantities involved, Formula [5] 
is valid for so many different piping components, and the author 
is to be thanked for having introduced this formula in his paper, 
reference (114).?! 

The author mentions that the bend-flexibility factor given by 
Formula [1] or [2] or other similar formulas was used only for 
‘in-plane’ bending before Vigness (70) showed that it also 
should be used for “out-of-plane” bending. Unfortunately, the 
appearance of the Vigness paper was not sufficient to change a 
rather firmly established practice. The Task Force Report does 
not emphasize the applicability of this factor to both types of 
bending, and many analysts continue to ignore the increased 
out-of-plane flexibility. In the writer’s opinion, the Report 
should forcibly direct the reader’s attention to this development. 

One other remark is in order concerning stress-intensification 
factors. The second paragraph of the section headed Stress- 
Intensification Factors adequately defines these factors for the 
purposes of the paper. However, there are other types of stress- 
intensification factors applying to pipe loadings other than those 
of interest in piping-flexibility analysis. For example, the factor 


ARvend —D 
2Dpipe 


gives the intensification of hoop stress due to internal pressure 
which takes place at the throat of a pipe bend or elbow (118). 

Primary Analysis, The author’s exposition is the first, of 
which the writer is aware, that lists the sources of inaccuracy in 
analytical evaluations of what he calls “shape factors.” It is 
vitally important that these sources of error be recognized, for 
otherwise the analyst and those to whom the analysis is submitted 
cannot have a meeting of minds, That is definitely not to say, 
however, that the corresponding errors should be eliminated or 
outlawed; a good analyst is on the lookout for approximations 
which afford a considerable saving in effort at the expense of but a 
small and tolerable loss in accuracy. However, the approxima- 
tion should not be hidden or denied; instead, it should be deline- 
ated fully and its effects on the final results should be evaluated. 

Substitution of square corners for curved members is only one 
of the many ways that an actual piping configuration may be 
‘idealized’ preliminary to the actual mathematical or model 
analysis. Frequently it is justified to neglect relatively slight 
changes in direction, small offsets, and so on, in order to simplify 
the configuration actually subjected to analysis; however, the 
extent of such “idealization” should be made clear. 


21 Numbers in parentheses refer to the author's bibliography. 
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The ‘‘square-corner approximation”’ which is widely used still 
has never been evaluated fully. Life is short and problems are 
difficult so that this idealization will continue to be used, but it is 
to be hoped that further developments will enable us to make 
reliable estimates of its effects on calculated results and that still 
other developments will provide a truly simple method of correct- 
ing a square-corner analysis so as to obtain results definitely 
known to be within tolerable limits of accuracy. The writer is 
not particularly hopeful that these developments will be forth- 
coming in a matter of just a few years, though. 

One indication of how deceptive this area may be, may be seen 
from the author’s statement that the square-corner approxima- 
tion “.. .leads to an overestimate of reactions...” This was an 
opinion which the writer shared until he was brought up short by 
a statement of Dr. E. G. Baker: ‘“‘A serious objection (to the 
square-corner approximation) has been that square-corner errors 
are usually on the wrong side, that is, flexibility is over-esti- 
mated.”?* An attempt to reconcile the difference leads the writer 
to the conclusion that both statements are correct—if applied to 
the proper type of configuration. The writer’s experience, and 
presumably also that of the author, have been mainly with sta- 
tionary installations whereas that of Dr. Baker is with marine 
installations. A bend or elbow, as compared to a square corner, 
has two opposing effects on flexibility. 

On the one hand, the Kaérm4n-Hovgaard-Vigness-Beskin, etc., 
flexibility factor causes the bend to be more flexible than the 
corner; on the other hand, the bend or elbow “short-cuts” 
the corner and geometrically offers a stiffer path. In stationary 
installations, the bend radius is small compared to a representa- 
tive dimension (say, the straight-line distance between end 
points) that characterizes the configuration, and consequently 
the increased flexibility is of greater influence than is the short- 
cut effect. On the other hand, marine installations are likely to 
be more confined and the bend radius is a larger fraction of the 
corresponding representative dimension so that the short-cut 
effect predominates. 


Fic. 7 Comparison or SQuARE-CoRNER APPROXIMATION AND EXAct 
So.ution ror Equa. Lea L-Benp 


That the square-corner approximation can give values of reac- 
tive forces and moments which are sometimes too high and some- 
times too low may be seen from Fig. 7 of this discussion, where 
the simplest possible case is analyzed—that of an equal leg L- 
bend. (In preparing Fig. 7, values were calculated only for L/R 
= 0, 1, 4, 9, and infinity.) If the tangents are short relative to 
the bend radius, the short-cut effect governs and the square- 
corner approximation underestimates reactions. For longer 


22 Private communication, April 29, 1953. 
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tangents, however, the increased flexibility of the bend governs 
and the reactions are overestimated in the square-corner approxi- 
mation. Of course the effect depends upon the value of the bend- 
flexibility factor, k. 

Another point should be raised concerning the nature of the 
approximations implicit in certain analytical solutions. In 
strictly two-dimensional cases, there is such a thing as a ‘“‘neutral 
axis” and the resultant force system can be reduced to a single 
force passing through the “elastic centroid” of the configuration 
and lying along the neutral axis. In symmetrical cases the 
neutral axis does indeed parallel the line-connecting anchors, 
but as the author indicates, errors result from making this assump- 
tion in nonsymmetrical cases. In general three-dimensional 
cases, there is no such thing as a neutral axis. The resultant force 
system consists of three moment components and three force com- 
ponents all of which can be represented in various ways, namely, 
as a wrench, as a motor, as a combination of a line vector and 
a free vector, and so on. 

Only in very special cases does the wrench or motor become 
singular, reducing to a line vector of force with the free-moment 
vector vanishing, and only in these cases is it possible to speak of 
a neutral axis. Attempts to represent a three-dimensional 
problem in terms of a neutral axis imply doing some violence 
to the fundamental principles of mechanics. Again, this is not 
to say that the attempts are not warranted if they succeed in 
affording a great simplification with but little loss in accuracy, 
but it does not appear that the question of how much the ac- 
curacy suffers has been explored adequately. 

Finally, some inaccuracy is involved in neglecting secondary 
bending terms for bends and elbows.** In almost all cases the 
error is slight and the simplification great; however, for tight 
configurations involving short-radius thin-wall elbows, the 
secondary terms may become of great importance. In fairness 
it should be mentioned that no great difficulty is involved in 
taking the secondary terms into account in using the Piping 
Handbook method of analysis. 

Self-Spring and Cold-Spring Effects. The analyses of the Re- 
port and of the paper assume that there is a single quantity c 
which characterizes the amount of cold spring in the system. In 
certain actual designs, however, different degrees of cold spring 
are employed in two or three of the co-ordinate dimensions. It is 
not clear what computational procedure may be implied in such 
cases by the rules incorporated in the Report. 

The writer invites the author’s further comments concerning 
the factor ?/; which appears in Formula [17]. The use of this 
factor theoretically results in an overestimate of the initial hot 
reaction and this fact, coupled with the extreme conservatism or 
ostrichlike attitude of many manufacturers of rotating or recipro- 
cating equipment, may result in the rejection of some designs 
which actually are adequate. It is recognized that the */; limita- 
tion on the amount of cold spring that can be counted for certain 
computational purposes has been a part of the Code for several 
years. Does the Task Force have particular reason for reaffirming 
this attitude? Does the 2/; limitation reflect recognition of the 
fact that all computations and analyses are but imperfect ways 
of predicting physical behavior, and that no matter how carefully 
cold-springing is calculated and performed, actual reactions are 
not likely to be reduced to less than one third their calculated 
values without cold spring? If this is so, the writer would suggest 
that the formula for R, become 


or 


23 Author’s reference = p. 801, 
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(whichever is larger) so that cold spring in excess of 100 per cent 
might not be employed to reduce the theoretical value of R, 
below what is reasonable. 

The statement “‘.. .service failures are associated with cyclic, 
rather than static stress application. . .”’ appears in support of the 
stress-range concept. One may remark in passing that the service 
failures to which reference is made are clearly those in piping and 
connections and not in rotating or reciprocating mechanical equip- 
ment where a mal- or nonfunction is more usually the result of 
static overload. However, there are practical cases where static 
stress rather than stress range governs the integrity of the piping 
itself. In very “tight’’ configurations composed of very thin-wall 
piping and components, local crippling may govern. The phe- 
nomenon is one of instability rather than of strength and it is 
recognized that the Code cannot include rules for such exceptional 
cases. 

Allowable Stress Range. The writer believes that the stress- 
range concept is useful and generally valid and is pleased to see 
it recognized by the proposed rules of the Task Force Report. 
However, he feels that there should be leeway for designer and 
user, if conditions call for it, to agree upon other criteria appro- 
priate to the particular situation involved. 

The last paragraph of this section of the paper should not escape 
attention and the Code rules themselves should contain an 
admonitory remark concerning the effect of corrosion. 

Allowable Reactions. The writer would like to commend the 
author’s evaluation of the lack of realism reflected in the limita- 
tions on allowable piping reactions presently established by manu- 
facturers of the equipment to which the piping attaches and of 
the economies which would result from an upward revision of 
such limitations. The writer understands that this is a question 
under consideration by a group of users of major rotating equip- 
ment. 

What Systems Require Analysis? It would be most helpful if 
the proponents of Formula [23] would present an evaluation of 
the applicability and accuracy of this formula and if others were 
to contribute to the subject. Formulas like this constitute, in 
effect, greatly simplified methods of analysis which, if their range 
of validity could be assessed, would be very useful for ranging 
shots and highly approximate analysis. However, the writer 
sides with the majority opinion of the Task Force in not wishing 
to raise this or a similar approximate formula to the dignity of a 
criterion for mandatory requirement for analysis. 

Conclusion. The writer has submitted comments on the May 
4, 1953, Report directly to the Task Force (and it should be hoped 
that all persons having an interest in the problem of piping flexi- 
bility will similarly contribute their comments). One point which 
was developed in these comments deserves mention here. The 
Code should definitely provide for alternate procedures of inter- 
pretation in certain exceptional cases where all interested parties 
can agree upon an answer based upon sound engineering principles 
even if this implies deviating from a strict and literal application 
of the Code rules. Otherwise, legal or contract technicalities, 
enforced by inspectors powerless to make exceptions, may require 
uneconomical design. 


F. M. Kamarcx.** Referring to the Preamble 617 of the Pro- 
posed Rules for Chapter 3, Section 6, of the Code for Pressure 
Piping, and also to the fourth and fifth paragraphs under Self- 
Spring and Cold-Spring Effects of the present paper, dealing 
with the relaxation of the first hot cycle of a piping system, the 
following comments are offered: 
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The first stress cycle indicates that the stress exceeded the 
elastic limit in one or more areas and must have produced local- 
ized deformation that later showed up as self-spring and stress 
when the line was allowed to become cold. This overstress is not 
desirable and neither is the change of grain structure that will 
take place in these deformed areas. This changed grain structure 
will have a higher creep rate from the rest of the pipe where the 
grain structure was not radically altered by overstress.%** In 
other words, any piping system that shows a rapid relaxation 
(other than the normal creep characteristic for the designed 
stress) has been weakened in some area or areas and its strength 
is no longer certain. This, the writer submits, is not a good 
approach to the design of high-temperature piping. 

The writer believes that it has been fairly well established that 
this localized deformation does not take place in the cantilever 
portions of the piping system (except possibly for a very small 
distance adjacent to bends and elbows when these contain over- 
stress), and that this relaxing deformation occurs in the bends 
and elbows of the piping system with the present approach to 
design. 

For most load-resisting members any permanent deformation 
or set that accompanies stresses below the yield point of the 
material does not damage the members seriously. It is the per- 
manent deformation that occurs at the yield point that is dan- 
gerous. 

The problem should be tackled at its source, bends, and elbows, 
and something should be done at these points. The writer also 
believes it to be incorrect for the proposed Code section to accept 
local overstress in any part of a piping system. Reinforcement 
would be added in any other place where it was known that high 
local stress was present. Why not at bends and elbows? It 
appears that the stress-intensification factor for bends and elbows 
requires serious re-evaluation and revision upward. 

It is felt that the proposed Code section should require higher 
schedule thickness for bends and elbows (also possibly tees) than 
the required pipe thickness so as to eliminate or minimize local 
deformation caused by exceeding the elastic limit. 

Such a requirement also will aid the more economical design of 
piping systems. At present too high a price is being paid for the 
false flexibility of bends and elbows by a stress-intensification 
factor that not only cancels out any apparent gain but causes an 
overdesign of the whole piping system in order to prevent the 
stress-intensification factor from carrying the stress in the elbows 
over the allowable stress limit. Thickening the elbows will tend 
to eliminate what is generally a minor source of flexibility of the 
piping system, but will bring the stress characteristic into line 
with the rest of the piping design. Relaxation, if it should occur, 
should be through slow creep and uniformly relative through the 
various stressed portions of the piping system. 


H. C. E. Meyer.”” To the author should go the thanks of the 
Society and industry in general for his most excellent paper. 

Many years ago the writer discovered that when he became 
involved in the subject of stresses in piping as the result of thermal 
expansion he was entering a labyrinth from which he has not been 
able to extricate himself to this day. 

That the subject is a most complex one is attested by the long 
Bibliography accompanying the paper, and some of the names 
that appear in this Bibliography are ones that will long be remem- 
bered. Such men as Prof. William Hovgaard, Mr. Sabin Crocker, 
Mr. D. B. Rossheim, Mr. A. R. C. Markl, and many, many others 


% ‘Analysis of Basic Problems of High Temperature Creep,”’ by 
O. D. Sherby and J. E. Dorn. 

% ‘‘Metallurgical Aspects of Strength at High Temperature,” by 
G. V. Smith. 
27 Gibbs & Cox, Inc., New York, N. Y. 
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have done much to throw light on the subject and provide means 
to calculate the stresses and reactions which may be encountered 
in service as a result of the expansion of piping. 

The mere difficulties involved in computing the physical char- 
acteristics of elaborate piping systems are in themselves enor- 
mous, and we owe an everlasting debt of gratitude to Professor 
Hovgaard for the basic equations he developed. 

On the surface it would appear that once we had methods for 
determining the stresses, all that would be necessary would be 
to set satisfactory limits on such stresses for various conditions, 
and that would be the end of the matter. However, in a paper 
by Mr. D. B. Rossheim and Mr. A. R. C. Markl in July, 1940, 
the conception of a stress range came into prominence. 

When the writer was first asked to accept membership on the 
Subcommittee on Flexibility, he was still very much of the opinion 
that, by determining the stresses as accurately as practicable and 
establishing limits for these stresses, all would be well, as this 
method had given satisfactory results in the many Naval vessels 
where they were applied. 

But then the stress-range concept began to enter the picture 
and, while it took the writer some time to get even a hazy view 
of the importance of this conception, it became a part of the pro- 
posed revision to the Code as the result of two very fortuitous 
circumstances. 

The writer was required to spend considerable time in Europe a 
year ago, but before leaving asked a small group to work on a 
draft of the proposed revision. This group consisted of Messrs. 
Markl, Spielvogel, Blair, and Wallstrom, and the writer cannot 
refrain from stating once more his appreciation to these men for 
the wonderful work they did in coming up with a proposed draft, 
which, after the committee as a whole met, was submitted to the 
Executive Committee as a report, and has been circulated to 
the membership. 

The second fortuitous circumstance is that for the past year the 
writer has been somewhat ‘‘under the weather” which perhaps has 
given him more time to think, and as a result has come to accept 
the concept of the stress range not merely with some reluctance 
but enthusiastically as a stroke of genius. 

In order to come to this conclusion, he had to develop a certain 
few mental images which would make it clear what was involved 
in using the stress-range concept. 

The first point was that in Professor Hovgaard’s work he states 
that where a pipe is increased in length between two anchorage 
points as the result of temperature, the stresses are substantially 
the same as would occur if the anchorage points were moved 
mechanically by an external force which produced a displacement 
equal to the increase in length due to temperature, except for dif- 
ferences due to changes in moduli of elasticity. 

The second point was that based on the foregoing statement: 
if we were to erect a piping system cold with 100 per cent cold 
spring in all directions, we could compute the stresses in the 
cold condition and when this system was heated up to the full 
temperature, the stress in the hot condition would be zero. 

On the other hand, if the system were erected with zero cold 
spring, the stresses would be equal to those occurring in the 
cold condition with 100 per cent cold spring except that they 
would be opposite in sign and that they would be somewhat less 
because of the differences in moduli of elasticity. 

Next, when establishing limits of stress for the stresses as com- 
puted for the cold condition with 100 per cent cold spring, the 
_ stress which can occur under any future conditions is limited, 
_ whether cold spring is used or not. 

We have the phenomena of self-spring and relaxation to con- 
_ sider, and while these factors will not affect the stress range to 
which the pipe will be subjected, they will tend to relieve the 
maximum stresses in either the hot or cold condition. = 


Thus the use of cold spring in so far as stress is concerned be- 
comes of little importance, but is of importance where the reac- 
tions and moments at attachments to equipment are concerned. 

The proposed revision to the Code includes the necessary 
formulas for dealing with these reactions. 

In considering this complex subject, the committee has kept 
strongly in mind three fundamental principles: 

(a) Any requirements in a Code must be kept as simple as 
possible, since a Code is not a textbook, but an attempt to estab- 
lish signposts as to when danger might exist. 

(b) The greatest curse of regulations is that they regulate 
too much and, by so doing, cramp the freedom of the designer, 
and sometimes even result in freak designs being developed to 
circumvent unreasonable regulations. 

(c) Since the whole subject is exceedingly complex, the deter- 
mination, as to the method to be used for making analyses and as 
to when such computations are required, should be left in the 
hands of the designers who, on the other hand, should be prepared 
to provide necessary data, if and when a serious need for same is 
indicated. 

In conclusion, the writer wishes to thank the author and all the 
members of the committee for what they have accomplished and 
state that it is his belief that the sooner this proposed Code can 
be adopted, the better it will be for industry. 

There are many comments that still have to be digested but it: 
is hoped that before long the committee can meet again and clean 
up the loose ends. 

L. Pacu.* The author’s paper and the reports of the Task — 
Force are valuable contributions to a better understanding and 
clarification of the many problems involved in the growing field | 
of pipe-stress analysis. 

This discussion is concerned only with the brief nom oll 
given by the author on approximate assumptions. Since detailed, _ 
correct pipe-stress calculations are very time-consuming, a large 
volume of work is done by using approximate assumptions. 
Therefore a more detailed comment on some of these assump- 
tions seems worth while. nal 

While the author’s statements hold for the majority of pipe- _ 
stress problems, some exceptions may occur. Regarding the sub- __ 
stitution of square corners for curved members, there are pipe 
bends having large radii (R = 5D, or larger), and heavy wall _ 
thicknesses, whose virtual lengths are smaller than those of the 
substituting square corners. This will be the case when the virtual __ 
bend length, Z’ = 1.571 KR is less than the length of the square 
corner, L = 2R, or for all bends, whose flexibility factors are less 
than 4 
While there are few bends with such low K-values, their existence, _ 
nevertheless, should be noted. Substitution of square corners for 
such bends will tend to “loosen up” rather than “tighten” the _ 
pipe. 

Whether the substitution of square corners for bendsandelbows 
will result in an over or underestimate of the stresses is difficult 
to predict. Besides the flexibility factor and 
factor, the proportion of curved member lengths to total pipe 
length, and the location of the curved members with respect ay 
the neutral axis (thrust line) will also affect the end results. The — 
neutral axis itself may shift considerably when the square-corner _ 
substitution is made, thus changing the moment arms as well as 
the forces. A shift of the point of maximum stress for the two 
assumptions also may result. ' 


*8 Oil Refinery Division, Arthur G. McKee and Co., Cleveland, 
Ohio. Assoc. Mem. ASME, 
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Regarding the assumption that the neutral axis parallels the 
line connecting the anchors, this holds only for symmetry with 
respect to a line. For pipes which are symmetrical with respect 
to a point (such as a symmetrical Z-shape), this assumption 
would place the neutral axis as passing through the anchors. 
But such a position of the neutral axis would result in zero- 
bending moments and zero-bending stress at the anchors, which 
obviously is incorrect. 


C. 8. L. Ropinson.” The stress range with emphasis on the 
anticipated cycling is certainly of greater physical significance 
than the maximum combined stress. It is better not to combine 
(as we have been doing) stress components like the pressure 
longitudinal stress and the weight-load stress with the thermal- 
expansion stress which may be relieved by yielding or by cold 
spring. The pressure longitudinal stress may be considered fully 
by conservative selection of pipe-wall thickness to accommodate 
the pressure circumferential stress. With shipboard piping the 
weight-load stresses are negligible because numerous supports are 
used to limit sway and vibration. 

It also may be pointed out that the stress-range concept is use- 
ful where the movement is not entirely thermal. Such an exam- 
ple occurs in shipboard piping. If a pipe extends over a considera- 
ble length of the vessel, its flexibility may be increased to accom- 
modate hull strains. Both this hull-movement stress and the 
thermal-expansion stress will be reduced by any plastic strain in 
the piping, and what are most serious about these stresses are 
their periodicities. 

However, it is undesirable to state: ‘Formal calculations or 
model tests shall be required only where reasonable doubt exists 
as to the adequate flexibility of a system.”’ This statement im- 
plies that the approximate thermal-expansion stresses are readily 
observable. Such is frequently not so. Furthermore, with higher 
temperatures (above, say, 800 F) detailed thermal-stress estimates 
are profitable not only because of the larger thermal movements 
but also because of the greater cost of the alloy piping and of its 
fabrication. With the current lessening of business activity more, 
and not less, attention could be directed to thermal-stress details. 
Our ASA Code may be too conservative but this should be cor- 
rected by increasing the allowable stress or stress-range values. 


Ernest L. Rosrnson.*” The writer wishes to emphasize the 
importance of recognizing and trying to evaluate and limit the 
maximum accumulated total strain in any worst location. 

The paper is an excellent exposition of the proposed new section 
on flexibility of the Code for Pressure Piping. Certainly it is 
highly desirable to take cognizance of the stress range and pre- 
scribe a limitation for it. Certainly the initial stress does relax 
and tends to anneal away. But, by this very process, it does add 
to accumulated creep. 

Creep is not uniform but it tends to be concentrated in the 
most highly stressed elbows or runs of pipe while the lower stressed 
lengths provide follow-up elasticity to multiply creep in critical 
regions. It would be desirable to try to evaluate the situation in 
these places and prescribe suitable limits. 

The writer is somewhat less than satisfied with the comparisons 
embodied in the algebraic formulations given in the Appendix to 
the report of the Task Force. These formulations represent only 
one set of conditions whereas it would seem appropriate to give 
cognizance to at least four sets of conditions: (a) hot condition; 
(b) cold condition; (c) range of stress or strain; (d) maximum 
total local creep. 


29 Engineer, Central Technical Department, Shipbuilding Division, 
Bethlehem Steel Company, Quincy, Mass. Mem. ASME. 

% Structural Engineer, Turbine Division, General Electric Com- 
pany. — N. Y. Fellow ASME, 


The Task Force we that the amount of relaxation is un- 
known and cannot be judged reliably. If this were completely 
so, the writer would point out that this uncertainty would con- 
stitute a very good reason for taking steps to assure complete 
freedom from stress in the hot condition in order to minimize 
local creep due to relaxation. However, the writer would point 
out that either the relaxation properties of piping materials are 
well known or may be readily determined by well-known relaxa- 
tion creep tests. If the proposed new section is to make no pro- 
vision for estimating numerically the relaxation characteristics 
of a piping system, the writer recommends that it ought to give 
definite encouragement to the elimination of all need for relaxa- 
tion during the early periods of operation by requiring installation 
to be such as will assure it to be free from stress when hot. 


D. B. RossHem*! anp E. F. Suearrer.*? The author is to be 
congratulated for the broadly comprehensive discussion he has 
presented, which more than fulfills the purpose of the paper in 
explaining the background of the Task Force Report. In this 
paper the author has documented carefully the accepted facts, 
and his well-thought-out conclusions are largely incontestable 
within the confines of present-day knowledge. Therefore this 
discussion will attempt to do no more than call attention to a few 
points on which we feel further progress is mostly to be desired, 

We note that in describing the General Process of Solution, 
wherein the author has listed significant physical properties of the 
pipe material, he has omitted such properties as tensile strength 
and various measures of ductility, as well as impact values and 
transition temperature. While we do not have any specific pro- 
posals to offer at this time we should like to suggest that fracture 
in pipe materials often may be dependent upon properties which 
at present are largely unassessed, and that a fully dependable 
design basis awaits further fundamental research in the mecha- 
nism of fracture made under the co-operation of engineers and 
physical metallurgists. 

Under the subject Flexibility Factor, we should like to call 
attention to what we believe is a noteworthy omission in not 
discussing the work of Clark and Reissner (author’s reference 
107), who succeeded in obtaining an asymptotic solution of the 
differential equations leading to the simple expression: = = = 
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Using a value of vy = 0.29 the flexibility factor is found to be 
ad! ter ¢ 
thus confirming by rigorous analysis the Beskin approximation 
given as the author’s Formula [2]. 

On the subject Stress-Intensification Factors, it might be 
well to point out that there is some inconsistency in attempting 
carefully to evaluate local stresses and cyclic effects under thermal 
expansion of piping while ignoring them in other forms of loading. 
In both piping and vessel codes at present, local effects generally 
are taken care of by a margin in the allowable stresses, and defi- 
nitely cyclic service is left to the responsibility of the designers 
With piping calculations, stress intensifications at least have often 


where hall 


k = flexibility factor 
v = Poisson’s ratio 
h = flexibility characteristic 


31 Chief Mechanical Engineer, The M. W. Kellogg Company, New 
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gone unassessed ; thus past experience would not appear to sup- 
port an extreme need for the detailed recognition of them which 
is proposed. Further supporting this contention it is also recalled 
that the author points out elsewhere that a safety factor of about 
2 is available at the proposed allowable stress levels, even up to 
7000 cycles. 

Regarding the author’s Formula [4], expressing a relation be- 
tween failure stress and number of cycles, there appears to be a 
good possibility that the component 0.2 may vary considerably 
depending on the material and possibly upon its condition (i.e., 
cold-worked or heat-treated). Evidence of this appeared in 
cyclic tests of 18-8 corrugated expansion joints where an exponent 
of about 0.33 was indicated. Further data relating to this ques- 
tion have been presented by L. F. Coffin. 

Attention is again directed to the efforts of Clark and Reissner 
from which a theoretical outer-surface circumferential stress- 
intensification factor of 


0.813? 0/12 (1— 


may be obtained for pipe bends subjected to in-plane bending if 
Poisson’s ratio is taken as 0.29. If the stress-intensification factor 
is related to the fatigue properties of straight pipe, following the 
author’s definition, the foregoing relation should be divided by 
a factor of 2, representing the stress-intensification factor inherent 


in plain pipe as compared to polished bars. The operation yields 


which offers partial substantiation of the author’s Formula [5]. 

Regarding the section Self-Spring and Cold-Spring Effects, 
we believe that designers should be warned of certain practical 
aspects of applying cold spring. If the operation is to be fully 
effective, it is not usually sufficient to cut the pipe short and 
simply pull the ends together for the closing weld; counter- 
moments also should be applied when the last joint is made to 
arrest angular displacements of the adjoining parts (as would be 
required on the bend presented in Fig. 2, in addition to simply 
pulling the ends together through a distance eZ). For the cold- 
springing of high-pressure turbine leads in space configurations, 
the writers’ company has found it expedient to apply such counter- 
moments by suitably located forces, the location and magnitude 
of which are carefully calculated. 

The author’s remarks regarding the so-called relaxation limit 
invite some comments. At a temperature where viscous creep is 
significant, it would seem that the asymptotic value of residual 
stress would be zero. At lower temperatures, the process taking 
place consists of local yielding accompanied by the usual strain 
hardening. This leads eventually to a fully elastic action, and 
the whole operation would seem to be dependent more upon the 
shape of the part than the material of which it is made. We 
should be interested to have the author point out any evidence 
he has found to support the existence of the relaxation limit as a 
bona fide material property. 

In his discussion of Allowable Reactions, the author directs 
attention to a problem which has been the source of a considera- 
ble waste of pipe material. We refer particularly to the case of 
pumps, turbines, and other equipment for which the manufac- 
turers have been known to make it a condition of their warranty 
that no piping reactions be imposed whatsoever. As the author 
points out, such a requirement is quite impractical since the pip- 
ing must usually absorb expansion of the equipment as well as 
its own expansion. It is hoped that continued emphasis of this 
point wili induce equipment manufacturers to investigate and 
provide for reasonable limits of allowable piping reactions. 


FEBRUARY, 1955 

At some length the author has discussed What Systems Re- 
quire Analysis. We concur with the author and others on the 
Task Force regarding the impossibility of formulating simple 
rules which will predict accurately the stresses in any piping 
system. We further agree that the vague guidance which the 
Task Force felt more or less compelled to retain is quite suffi- 
cient for a Standard of Good Practice. The salient point, how- 
ever, is that the Piping Code may be considered no longer such a 
standard since it is rapidly being adopted as a Safety Code, its 
rules becoming mandatory and enforceable by law. Thus the 
proposed wording leaves the designer in a legally indefensible 
position unless he takes on a full burden of calculations. Fur- 
thermore, all permissible wording operates to the detriment of the 
responsible manufacturer who would be obliged to live up to the 
most stringent interpretation, whereas those who have no reputa- 
tion to maintain would not hesitate to use the loophole afforded 
and prepare no calculations whatsoever. 

The solution of Alt. Par. 620 proposed to the Task Force by our 
representative, Mr. Wallstrom, is admittedly not beyond im- 
provement. Besides changes to the values given, additional cri- 
teria might incorporate such considerations as severity of cycling 
or hazard to personnel. Regardless of the exact rules, however, 
we are convinced that it is a step in the right direction to set up 
definite requirements stipulating that certain piping be calculated. 
The fact that a precise detection of every case of overstress can- 
not be had, short of making detailed calculations of each line, 


_ should not lead to the other extreme of requiring essentially no 


analysis at all. Even the most experienced piping-stress analysts 
often do not anticipate correctly the results of their calculations. 
Hence we conclude that if a criterion exists which for the average 
user of the Code will even moderately reduce the guesswork in 
this matter, such a criterion still must be adjudged a worth-while 
tool with which to encourage sounder engineering. 


AvuTHor’s CLOSURE 


The voluminous discussion of this paper is an encouraging 
token of the wide interest commanded by its subject. The 
author, the Task Force, and piping engineers at large owe a large 
debt of gratitude to the discussers who have given freely of their 
knowledge and experience, either to highlight the improvements 
made in the code formulation or direct attention to remaining 
shortcomings—the latter mostly the result of oversimplification 
in the interest of providing rules which could be followed by the 
average engineer. 

In order not to add unduly to the length of this paper, the 
author’s closing remarks will be confined primarily to those phases 
about which questions have been raised. It is gratifying to note 
that the general approach has met with unanimous approval and 
dissenting comments are largely of a cautionary nature, intended 
to warn against too implicit a reliance on the rules to the exclu- 
sion of good judgment. 

The suggested flexibility and stress-intensification factors 
have been accepted generally as reflecting the best available in- 
formation. In fact, Messrs. D. B. Rossheim and E. F. Sheaffer 
have gone further by demonstrating in detail how well the pro- 
posed values for curved members are confirmed by Clark and 
Reissner’s analysis. Mr. J. E. Brock’s suggestion, that equal 
applicability of these factors to out-of-plane bending be empha- 
sized in the Proposed Rules, has since been acted upon by a 
change in Note 1 to Chart 1 shown in the last, April 1, 1954, 
draft of the Task Force Report. 

Mr. F. M. Kamarck is alone in questioning the flexibility of 
elbows and bends and suggesting upward revision of the stress- 
intensification factors; the author confesses to difficulty in fol- 
lowing his motivation. Messrs. Rossheim and Sheaffer appear 
to incline to the opposite view; while accepting the values sug- 
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gested for the seen tihinaliteaited factors as proper, they ques- 
tion whether it is really necessary to include them in calculations, 
referring to pressure-vessel design practice where similar factors 
are tacitly absorbed in the safety factor. While conceding that 
a similar precedent exists for piping-stress analysis, the author 
believes it unsound to submerge calculable variables in the safety 
factor, its function being to take care of residual uncertainties. 
If the safety factor now embodied in the rules was felt to be too 
high—and there are experienced piping-stress analysts who in- 
cline to this view—it would appear more logical to correct this 
by expanding the allowable stress range, following Mr. C. 8. L. 
Robinson’s excellent advice. 

Whether the rules are too conservative or not depends on their 
future interpretation by customers and inspection authorities. 
In the author’s opinion, the stress range adopted is sufficiently 
conservative to allow the designer a reasonable amount of lati- 
tude, by which is meant that the error introduced by making 
approximations could run to something like 25 per cent without 
causing concern. In this phase of engineering, as in others of a 
complex nature, hard and fast rules never should be allowed to 
take precedence over sound engineering judgment; they should 
be used only to develop it or to supplement it. Both Mr. H. C. E. 
Meyer and Mr. J. E. Brock have warned against fettering the 
stress analyst by too strict a regulation or too literal an inter- 
pretation of any rules devised; the author would like to join them 
in a plea for enlightened enforcement, neither too strict nor too 
lenient. Perhaps the body of authoritative opinion encompassed 
in this discussion may help to bring this about. 

While still on the subject of approximations and accuracy, the 
author wishes to signify his agreement with the conclusions 
reached by Mr. J. E. Brock and Mr. L. Pach relative to the ef- 
fect of square-corner assumptions. It might be added that much 
greater deviations from the mathematically accurate results than 
are revealed in Fig. 7 of the paper would be obtained if the 
complete range of flexibility factors (up to 25) for long-radius 
welding elbows within the range of sizes and thicknesses of 
American Standard B36.10 were considered. 

The only remaining issue of importance concerns the effects 
of local yielding or creep and the resultant relaxation. The author 
concurs with Mr. E. L. Robinson that a complete analysis of a 
piping system under thermal expansion should consider at least 
several stages or factors descriptive of its stress-and-strain his- 
tory, and desirably should include the initial hot and cold stresses 
and strains, the ultimate (relaxed) hot and cold stresses and 
strains, the stress range and the mean stress (primarily for the 
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ultimate condition), and finally the total strain. However, even 
if the knowledge and experience were available to set limits for 
each of these items, the complexity engendered would be pro- 
hibitive so that every single analysis would require the attention 
of an expert. To reduce the problem to a practical level, the 
stress range, the initial hot reaction, and the ultimate cold reac- 
tion were selected from this array as the most significant per- 
formance yardsticks; and the limits for the stress range, and the 
stress connoting the relaxation limit (an operating constant 
rather than a true physical property), were related to the allowa- 
ble stresses established elsewhere in the Code for Pressure Piping. 

No separate limitation on the total amount of creep was estab- 
lished, the reasoning being that the stress-range limitation would 
at the same time serve to control the total strain, and this view is 
still held by the Subgroup as applicable to the average piping 
system. However, Mr. E. L. Robinson’s comments led to an in- 
vestigation of less usual configurations characterized by small 
branches where relaxation would not be effective as a result of 
elastic follow-up from the larger, lower stressed portion of the 
line and the long-time ductility of the grain boundary (which 
could be as low as 1 per cent) could be exhausted; to cover these 
cases, a cautionary note has since been inserted in the preamble 
(see April 1, 1954, issue of the Task Force Report). 

Mr. Kamarck, while approaching this topic from a different 
angle, appears to have been guided by the same fear as Mr. Rob- 
inson. However, his statement that any stressing beyond the 
elastic limit, even though it occurs only once, constitutes a dan- 
gerous weakening is not borne out by experience, in the piping 
field or elsewhere. It would condemn as unsafe the bulk of high- 
temperature piping installed in the past 20 years which has been 
designed to stress limits not much different from, often consider- 
ably higher than, those established in the Proposed Rules. This 
includes carbon-molybdenum steel piping, which is known for its 
low ductility under prolonged creep loading. 

Of course, where legitimate doubt exists as to the ability of a 
material or system to absorb creep, 100 per cent cold spring re- 
mains a solution. However, as Messrs. Rossheim and Sheaffer 
point out, it is not as simple to cold-spring a system properly, as 
would appear at first glance. Incidentally, the */; factor in the 
formula for the hot reaction, about which Mr. Brock has raised 
questions, has been put there to allow for the uncertainty of at- 
taining the designed cold spring in actual installation; the sin- 
gle formula given in the Proposed Rules, however, is sufficient, 
since the cold-spring factor c by definition is limited to unity as 
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Elas tic Constants and Coefficients of Thermal 


In June, 1951, the Committee on Piping Flexibility of the 
American Standards Association, designated as ASA Com- 
mittee B-31, met in order to consider a revision of the 
Code for Pressure Piping. The work of Committee B-31 
was carried on by three subgroups of which Subgroup No. 
2? was given the task of preparing data on elastic constants 
and coefficients of thermal expansion of piping materials. 
Since the new edition of the Code for Pressure Piping will 
contain only tabulated values of the subject matter, it 
was felt by ranking members of the B-31 Committee that a 
more detailed explanation of the sources of data and their 
probable accuracy would be helpful to users of the Code. 
The tabulated data presented herein is proposed for in- 
clusion in the 1954 edition of the Code for Pressure Piping 
and is published to invite criticism and comment. 


Factors AFFECTING VALUES oF ELastic CONSTANTS 


HE work of various investigators has shown that the ten- 

sile modulus of elasticity Z (or Young’s modulus), the 

shearing modulus G (or modulus of rigidity), and Poisson’s 
ratio (the ratio of lateral to axial strain) are affected in a metal of 
given composition by the following factors: 

Temperature of Material. In general, for all ferrous metals, 
the tensile and the shearing moduli decrease with increasing 
temperature. The decrease in the values of the two moduli 
seems to take place in two stages, the second being more rapid 
than the first. Certain metals and alloys, such as nickel, iron, 
and copper-nickel, do not conform to this general rule over limited 
temperature ranges. The dividing point, according to Andrews,’ 
corresponds approximately to one half of the absolute tempera- 
ture of the melting point of the metal or alloy. 

Type of Heat-Treatment. The tensile and shearing moduli 
vary with the type of heat-treatment received. Thus annealing 
and quenching the metal increases the moduli. Recrystallization 
also raises the values of the elastic moduli. 


1 Head Engineer, 
ASME. 

2 Subgroup No. 2 is composed of the following members: Rudolph 
Michel, Chairman, Bureau of Ships, Navy Department; J. D. Con- 
rad, Westinghouse Electric Corp.; G. Sinding-Larsen, Pittsburgh 
Piping & Equipment Co.; H. V. Walstrom, M. W. Kellogg Co.; 
Arthur McCutchan, Tube Turns, Inc.; J. E. Lattan, Taylor Forge & 
Pipe Works. 

3 J. P. Andrews, Philosophical Magazine and Journal of Science, 
1925, pp. 665-674. 

Contributed by the Power Division and presented at a joint session 
of the Power, Applied Mechanics, Heat Transfer, Safety, Metals 
Engineering, and Petroleum Divisions, Joint ASTM-ASME Research 
Committee on Effect of Temperature on the Properties of Metals, 
and Research Committee on High-Temperature Steam Generation, at 
the Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of Tae AMERICAN SocreTY OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 
27, 1953. Paper No. 53—A-52. 
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Cold-W orking. 
tends to decrease the moduli since this represents a plastic rather 
than an elastic deformation. 

Measuring Techniques. The use of different measuring tech- 
niques accounts for the greatest spread in the moduli of elasticity. 
In the static method of measurement, the average slope of the 
stress-strain line below the proportional limit is obtained from a 
static tensile or torsional test. Many materials, such as the 
bronzes and austenitic steels, do not have a straight-line stress- 
strain relationship at any temperature or at any load and do not, 
therefore, exhibit a well-defined elastic modulus. At higher 
temperatures all metals, including so-called heat-resisting steels, 
are subject to plastic deformation or creep upon the application of 
load. This is a permanent elongation which should not be in- 
cluded in the strain measurement of a modulus-of-elasticity test. 
The time that the test specimen is under load in a static test af 
fects the amount of creep deformation at high temperatures. i. 
Difficulty encountered in a static test in separating elastic — 
from deformation due to creep has led to the use of various dy- 
namic tests for determining elastic moduli. 1 

In the older types of dynamic tests, the specimen is made to 
vibrate either transversely, longitudinally, or torsionally, and its 
natural frequency is measured. Excitation is either by me- 
chanical or electrical means. Knowing the dimensions of the 
specimen, the moduli are computed by means of well-known for- 
mulas. A more recent type of dynamic test, developed by Dr. 
J. R. Frederick,‘ employs electrically excited quartz crystals to 
produce high-frequency mechanical pulses in the metal specimen. 
The crystals are excited by means of an ultrasonic reflectoscope. 
The moduli are computed from their known relations with the 
measured velocity of the pulses through the heated test specimen. 
Moduli obtained by dynamic methods are free from the effects of 
creep and are therefore higher than those obtained by the static- 
test method. Stresses computed from such dynamic values of 
the moduli represent an apparent or ideal] stress which is higher 


than that which exists in a hot steam pipe after creep hassetin. _ 


Dynamic Versus Static MEASUREMENTS 4 


In. view of the foregoing it will be evident that the elastic “con- 
stants” are by no means constant. In selecting data for publica- 
tion in the Code, a pertinent question is “shall the static or the 
dynamic test values be used?” 

As previously observed, there is a division point in the tempera- 
ture-modulus curve above which the moduli decrease at an 
accelerated rate with increasing temperature. This point corre- 
sponds roughly to one half of the absolute melting temperature of 
the metal. Points plotted from available data showed that for 
temperatures lower than this, there is but little spread between 
moduli determined by either the static or the dynamic methods. 
This spread is of the order of 1.5 per cent for ferrous metals with 
well-defined moduli and is due to expected experimental errors 

4A Study of the Elastic Properties of Various Solids, by Means 


of Ultra-Sonic Pulse Techniques,’’ by J. R. Frederick, Doctor's the- 
sis, University of ee, 3 Ann Arbor, Mich., 1947. 


Cold-working of the metal in manufacture 
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and variations in materials. 
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ELASTIC CONSTANTS 


E = modulus of elasticity—multiply values by 10 

G = modulus of rigidity—multiply values by 10° 

= Poisson's ratio 
TABLE 1 


Temp, Carbon steels—— 
deg below 0.25 carbon 


TABLE 2 


Medium and high— 
carbon steels 


Q 
Q 


. Ssssssssse 


The tabulated values in Tables 1 
and 2 for lower temperatures were therefore obtained by fairing 
curves through points obtained from both static and dynamic 
tests. Above the temperature-division point, at which creep is 
of increasing importance, published moduli determined by static 
and dynamic methods vary as much as 25 per cent for all of the 
materials considered. Somewhat of a problem is therefore pre- 
sented by the choice of moduli in this temperature range. If 
values of moduli obtained from dynamic tests are used in making 
calculations of high-temperature thermal-expansion stresses, the 
latter will be higher than actually exist in piping at these tem- 
peratures. This is clearly brought out in the chapter on ‘‘Flexi- 
bility” of the 1954 Code for Pressure Piping. 

Moduli obtained by dynamic methods do not take into account 
the deformations due to creep whereas a hot pipe which has under- 
gone creep deformation “relaxes” as a result, with an accompany- 
ing decrease in thermal-expansion stresses. The new Code for 
Pressure Piping emphasizes that the deformation due to axial 
creep in a piping system when hot appears as an elastic stress of 
opposite sign when the pipeis cold. The stress range between the 
hot and cold condition, rather than the hot expansion stress, is the 
important factor to consider. 

It would therefore seem logical that moduli for the tempera- 
tures above approximately one half of the absolute melting tem- 
perature should be obtained from static tests rather than dy- 
namic. However, static test data are not as readily available for 
most metals above the temperature indicated. Furthermore, 
considerable variation exists in the values of the constants ob- 
tained from static tests, as some of these are “quick” and others 
are “slow” static tests.6 In order to arrive at realistic values of 
the moduli for the higher temperatures, data from usually re- 
liable sources are plotted in Figs. 1 to 7 and curves are faired 
through the plotted points. Where only dynamic test data were 
available, this was noted on the curves, as in Fig. 5. Curves are 
lettered, and the materials to which the letters apply are listed in 
Table 19. The curves in Fig. 8 are for coefficients of expansion 
and are numbered to correspond with the materials listed in Table 
19. The list of references gives the sources from which the data 
for Figs. 1 to 8 were obtained. 


Porsson’s Ratio 


aay In all cases where available, actual test data were used in the 


tabulations in these investigations. In three instances, where 
test data could not be obtained, Poisson’s ratio was computed 
from the following equation which, while known to be slightly in 
error, is nevertheless in widespread use 
* J. J. Kanter in ASTM Symposium on ‘‘High Temperature Proper- 
ties of Metals,’’ 1933. 
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TABLE 4 
Intermediate Cr-moly— 
(5%-9% Cr), aus- 
tenitic stainless steels 
E 


TABLE 3 


-——Carbon-moly steels— 
low Cr-moly steels 
through 3% Cr 


2 


OH 


TABLE 5 


Straight chromium— 
stainless steel 
(12 Cr, 17 Cr, 27 Cr) 
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TABLE 8 


-——Copper-nickel——. 
80 — 20; 70 — 30 
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Wrought iron———. 


Aluminum 
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* See revised Table 10 (now Table 21) with Author’s Closure, page 159. 


It is important that values of Z and G, when substituted in this 
equation, be obtained by the same method, i.e., both by either 
the static or the dynamic method. Mr. G. V. Smith of U. 8. 
Steel Corp., in a private communication, states: ‘Dynamic and 
static measurements give essentially the same values for low-alloy 
steels up to 900 F and for high-alloy steels up to perhaps 1300 F.”’ 


Mersop oF Grouptnc METALS 


It is believed that, for Code purposes, metals closely related in 
composition should be grouped in accordance with like constants. 
This will result in simplification of the Code and will not introduce 
errors greater than normaily are permissible in engineering com- 
putations. With carbon, low and intermediate-alloy steels, and 
austenitic and stainless steels, the elastic constants (Z, G, and yz) 
at any temperature are independent of variations in composition 
within the limits of that group. wir ge 


Low-TemperaTuRE Exastic ConsTANTS 


The task of Subgroup No. 2 of the B-31 Committee was origi- 
nally that of investigating the elastic constants of principal 
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DATA FROM DYNAMIC TESTS 


TABLE 11 TABLE 12 TABLE 13 
-—Commercial brass—. —-Leaded tin 
99.98% Cu 66 Cu, 34 Zn 88 Cu, 6 Sn, 1.5 Pb, ov. 


4.5 


E G E “ G E G inate 
: 16.0 0.330 6.03 14.0 0.330 5.27 13.0 0.330 4.89 ne Pe 
ee 15.8 0.334 6.00 13.9 0.334 5.25 12.9 0.334 4.82 
15.6 0.347 5.90 13.7 0.347 5.10 12.7 0.347 4.65 
15.4 0.360 5.65 13.5 0.360 4.90 12.4 0.360 4.52 ‘te ‘ 
15.1 0.3873 5.45 13.0 0.373 4.72 12.0 0.373 4:40 
pote 
— 4 Ti 
: Cb, TABLE 14 TABLE 15 ‘a This investigation shows that there are gaps in our knowledge 
Modi- of the elastic constants of piping materials. For temperatures 
Ph n- man- fied 
Joy —_, =. munts Delta soc below 70 F, data are meager for many metals and alloys used in 
Temp, bronze* bronse* bronze® metal* metal alloy* this range. Very little published data are available at present on 
deg E elastic constants for wrought iron up to its maximum allowable 
_— (e8). — 3 1 14.8 15.0 15.4 18.5 temperature of 750 F, although the Battelle Memorial Institute is 
200. 14.5 14.8 14.7 14.0 15.2 18. » : . 
ca 14.0 14.4 14.1 12:9 14.9 18.2 presently engaged in making tests. 
13.5 14.0 : 46.5 Dynamic methods of determining elastic constants agree closely 
16.8 with static methods for temperatures where creep is negligible, or 
700 <Page 10.5 ef o's below approximately one half the absolute melting temperature. 
SRR a Above this temperature wide differences occur between the two 
methods. Elastic constants determined by static methods are 
TABLE 16 — 17 recommended for use above the temperatures mentioned when 
Copper, making thermal-stress computations of hot piping systems. 
Such data are not only meager at present, but the method of 
6 7.0 making the static test for moduli at elevated temperatures has 
15.5 been standardized. Rather large variations in results are 
obtained if different techniques are used. It is therefore recom- 
14.6 3 -mended that steps be taken to standardize the method of estab- 
Rprteneesuscnengsindven _ lishing moduli of metals at high temperatures. Points to be 
@ Composition of metals follows: standardized are: Number of test specimens to be used for each 
Material Composition temperature; method of bringing the specimens up to tempera- 
Phosphor bronze: Cu-85.38; Sn-12.55; Sate; P-0.24; Fe- ture (whether loaded or unloaded); range of stress to be covered 


0.02; Pb-0.61; Ni-0.1 


Cast manganese bronze: Cu-58.61; Zn-36.9; satis Mn-1.88; Al- 
1.01; Fe- 1.46; Pb-0 0.06. 


during test; length of time under load. 


Drawn manganese bronze: Cu-56.91; Zn-40.28; Sn-0.75; Mn-0.19; Fe- ACKNOWLEDGMENTS 
0.82; Pb-0.66; Al-0.18; Ni-0.21. 
Modified muntsz metal: 96; 0.20; Foe The writer wishes to acknowledge the helpful criticism re- 
‘2.2; Mn-0.14; Pb-0.15. ceived from the members of ASA Committee B-31 and also the 
Cu-nickel alloy: Cu-97.80; Ni-2.0; Al-0.20. i oe aid of Mr. Leslie Alsager of the Bureau of Ships, Navy Depart- ee a nok 
Copper, ment, who gave very valuable assistance in the compilation of the 
Copper, hard-rolled: u-99.98. data presented. 
piping materials from room to maximum operating temperature. REFERENCES 
Later this was amended to extend the range below room tempera- The following references were used in compiling the data for Figs. 


ture. Current knowledge as given in the literature is at present 1 to 8. 

inadequate to supply the requested data for all of the principal A Elastic constants. 

piping materials. As in the case of elevated temperatures, the 1 Low-carbon steels less than 0.25 carbon: 

moduli of elasticity of the metals and alloys at low temperatures (a) Modulus of elasticity (£)—R. N. Dean, NRL report 
are affected by both the heat and mechanical treatment pre- M-2886, 1946. 


: (b) Poisson’s ratio (u)—Timken Roller Bearing Company's 
viously received. However, this effect appears to be slight for of 


the temperatures for which data are available.’ t & ducted During 1948-1950.” 


(c) Modulus of rigidity (G)—computed from equation 
CoEFFICIENTs OF THERMAL EXPANSION 
In general, the coefficient of expansion increases with tempera- ve 2(1 + wd 


ture up to the critical range. The change in coefficient for any 
of the metals considered is almost directly proportional to the lle 

i for the lower temperatures. Published =... 
change in temperature Fee é ; P (a) Modulus of elasticity—data from article by Guy Verse, 
data show that the expansion is not proportional to temperature 7, ans, ASME, vol. 57, 1935, pp. 1-4. 
over the whole range covered, the rate of expansion varying with (b) Poisson’s ratio—same reference as 1(b). 
increase in temperature as shown in Fig. 8. (c) Modulus of rigidity—same reference as 1 (c). 


2 Medium and high-carbon steel containing more than 0.25 


3 Carbon-moly and low Cr-moly (through 3 per cent Cr) steels: 
¢ This is in accordance with information given in reference A, 7(d), (a) Modulus of elasticity—A. E. White and S. Crocker, Trans. 
pp. 83 and 179. ASME, vol. 63. 1941, pp 749-764, 
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TABLE 18 THERMAL-EXPANSION DATA 2 
Mean coefficients of therma! expansion X 10* (in/in/deg F), and linear thermal expansion in inches per 100 ft in going from 70 F to indicated temperature 
Temperature range—70 F to— ~ 
800 900 1100 1200 1300 1400 


7.84 8.19 8.28 8.36 
11.10 12.22 13.34 


Materia! 
‘arbon-moly 
Low-chrome steels 


(through 3% Cr) 
Intermediate alloy steels 

5 Cr Mo through 
9 Cr Mo ¥ 


Mean 
coef. 


“*In./100 ft 
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| Mean 
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Austenitic stainless steels 
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Straight chromium stainless steels 
12 Cr, 17 Cr, and 27 Cr 
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Gray cast iron 
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Brass 
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Wrought iron 


Cu-Ni 
(70-30) 


(6) Poisson's ratio—same as (b). 
(c) Modulus of rigidity—same reference as 1 (c). 
4 Intermediate Cr-Mo steels (5 per cent—9 per cent Cr) ont aus- 
tenitic stainless steels: 
(a) Modulus of elasticity—North American Aviation Report 
No. AL-560. (Nov. 1, 1948, revised Feb. 25, 1949.) i 
(6) Poisson’s ratio—same reference as 1(b). at 
(c) Modulus of rigidity—same reference as 1(c). 
5 Straight chromium stainless steels (12 Cr, 17 Cr, 27 Cr): 
(a2) Modulus of elasticity—E. Honegger, The Brown-Boveri 
Review, 1932-1933, pp. 19-20; private communication—B&W Tube 
Company. 
(6) Poisson's ratio—same reference as 1 
(c) Modulus of rigidity—same reference as 1(c). 
6 Castiron: 


Material Curve Table no. 


... Low-carbon steels A 
...Medium and high-carbon steels B 
..C-Mo and low Cr-Mo (through 


3% Cr) 
.. Intermediate Cr-Mo (5%-9% 
r) and austenitic stainless 


Qa 


steels 
... Straight chromium stainless steels 
. .Cast iron 
... Aluminum alloys 
....Monel 
....Copper-nickel 
.. Wrought iron 
. .Copper 
....Commercial brass 
. .Leaded-tin bronze 


t ky 


2....Phosphor bronze 
....Cast manganese bronze 
.... Drawn manganese bronze 
....Modified muntz metal 
....Delta metal 
. .Copper-nickel alloy 
...Copper-annealed vA hr at 1200 F 
. .Copper, hard-rolled 


.E 20 DESCRIPTION OF CURVES, FIG. 8—COEFFICIENTS 
OF THERMAL EXPANSION 


Material 


..Carbon steel, C-Mo steel low Cr 
steels (through 3% Cr) 
. . Intermediate alloy steels (5 Cr- 
Mo—9 Cr Mo) 
.... Austenitic stainless steels 
Straight chromium stainless steels 
...25 Cr-20 Ni 
...Monel (67 Ni-30 Cu) 
....Monel (66 Ni-29 Cu, Al) 
... Aluminum 
. .Gray cast iron | 
Bronze 


Brass 


Figure 


no. 


Curve 
no. 


Table 
no. 


(a) Modulus of elasticity—J. W. Bolton & Hyman Bornstein, 
Symposium on Effect of Temperature on Metals, ASME and ASTM, 
1931, p. 442. 

(6, c) Unable to secure data. Cast Metals Handbook recom- 
mends a value of G as being approximately equal to 0.4 E. 

7 Aluminum: 

(a) Modulus of elasticity—Battelle Memorial Report R-104, 
August 8, 1951. 

(6) Poisson’s ratio—undetermined. 

(c) Modulus of rigidity—R. J. Anderson, ‘The Metallurgy of 
Aluminum Alloys,” 1925, private communication from Aluminum 
Company of America. 

(d) ‘The Properties of Metallic Materials at Low Tempera- 
tures,”” by P. L. Teed, vol. 1, 1950. 

8 Monel: 

(a) Modulus of elasticity—International Nickel Company, 
Tech Bulletin T-5. 

(6) Poisson’s ratio—Computed from equation © 


| 
).16 10.29 10.39 10.48 10.60 
).12 11.48 12.84 14.20.15 16.92 
| | 5.81 = 52 6.63 6.72 6.78 om 6.90 4 
2.30 m 6.49 7.40 8.31 9.20 10 i1.01 
3 
8.08 3.81 8.92 9.00 9.08 9.12 
3.20 3.78 9.95 11.12 12.31 13.46 14.65 
\ 
8.20 9.34 9.52 9.70 9.88 10.04 
3.90 9.10 9.30 9.50 9.70 9.89 
10.16. 11.50 13.00 14.32 15.78 
— 
— 
— = 
TABLE UURVES, FIGS. 1 TO 7—ELASTIC 
Tabulated 
— 13 
11 18 5 
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(ce) Modulus of rigidity—private communication from Inter- 
national Nickel Company. 
9 Copper-nickel (80-20 and 70-30 cupro-nickel): 
(a) Modulusof elasticity—M. W. Kellogg Co. Book, ‘“‘Design of 
Piping System,”’ chapter 12. 
(6) Poisson’s ratio—undetermined, 
(c) Modulus of rigidity—undetermined. 
10 Wrought iron: 

(a) Modulus of elasticity—M. O. Whithey and J. Aston, ‘‘John- 
son’s Materials of Construction,” 1925, p.763. 
(b) Poisson’s ratio—undetermined. 

(c) Modulus of rigidity—undetermined. 
11 Copper, commercial brass, and leaded tin twonse: 


(a) Modulus of elasticity—room temperature E-values from 
Wilkins and Bunn, “Copper and Copper Base Alloys.’’ Higher tem- 
perature values of E calculated from ratios given in Bennett and Dav- 
ies, ‘Investigation of Variation of Young’s Modulus With Tempera- 
ture,” Journal of the Institute of Metals, vol. 75, 1948-1949, p. 759. 

(6) Poisson’s ratio—Jenkins, Thermal Metallurgy Section, 
Bureau of Standards states, ‘‘varies almost directly with temperature 
from 0.33 at room temperature to 0.400 at 600 F.”’ 

(ec) Modulus of rigidity—same reference as A 1(c). 


12 Phosphor bronze, cast manganese bronze, drawn manganese 
brenze, modified muntz metal, delta metal, copper-nickel alloy: 


(a) Modulus of elasticity—data from C. Upthegrove and A. E. 
White, ‘Available Data on the Properties of Non-Ferrous Metals and 
Alloys at Various Temperatures,” Proceedings of the ASTM, vol. 23, 
part 2, 1929, p. 88. Originally presented by F. C. Lea, ‘‘The Effect of 
Temperatures on Some of the Properties of Materials,” Engineering, 
vol. 110, 1920, pp. 293-298; and F. C. Lea, ‘‘The Effect of Tempera- 
ture on Some of the Properties of Metal,” Proceedings of the Institu- 
tion of Civil Engineers, vol. 209, 1920, pp. 394-412. 

(6) Poisson's ratio—unavailable. 10RD 

(c) Modulus of rigidity—unavailable. 

13 Copper—soft temper, and copper—hard-rolled: 

(a) Modulus of elasticity—data from Copper and Brass Re- 
search Association; National Bureau of Standards, ‘Mechanical 
Properties of Metals and Alloys,”’ Circular C447, p. 139. 


B_ Coefficients of Thermal Expansion. 


1 Carbon steel, carbon-moly steel, and low-chrome steels through 
25 per cent, chrome-nickel steels—data from U. 8S. Steel tests as 
published in National Tube Company’s Bulletin No. 26, 1950. 

2 Monel—(67 Ni—30 Cu) International Nickel Company, 
Technical Bulletin T-5, 1949. 

3 Monel (66 Ni—29 Cu, Al)—International Nickel Company, 
Technical Bulletin T-9, 1949. 

4 Aluminum—Battelle Memorial Report R-104, August 8, 1951. 

5 Gray cast iron—American Foundry Men’s Society Pamphlet, 
“The Engineering Properties of Cast Iron,” Smithsonian Physical 
Tables—eighth edition. 

6 Brass and bronze—National Bureau of Standards Circular 
C-447, 1952, p. 150. 

7 Wrought iron—Smithsonian Physical Tables, seventh edition, 
as reported by 8S, Crocker in ‘‘Piping Handbook,” 1945, p. 756, 

8 Cu-Ni(70-30) Hidnert and Krider, Journal of Research, 
National Bureau of Standards, vol. 39, 1947, pp. 419-421. 


GENERAL 


1 Aluminum Company of America, 
Alloys,” 1950, pp. 107 and 112. 

2 American Society for Testing Materials, 1949, part 1. 

3 C. W. Andrews, Metal Progress, July, 1950, pp. 85-89. 
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Discussion 


L. C. ANDREws’ AND N. A. Wer. Anyone who has attempted 
to piece together the experimental data that, in statistical 
union, form the relationship between temperature and the elas- 
tic constants of materials, will appreciate the magnitude and 
difficulties of the job the author has undertaken. However, 
since the results of his efforts will become part of the ASA B31.1 
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Code for —_— Piping, we ‘feel that j it will be profitable to 
weigh his interpretations of the measuring techniques and his 
grouping of materials from the results. 

The author points out that static tests at elevated temperatures 
have the common weakness of compounding the elastic effects 
with inelastic strains due to creep. The values he has plotted 
were obtained from static tests made during the loading cycle; 
and the lower limit of the available data was generally employed 
as most nearly corresponding to the behavior of piping subjected 
to thermal expansion. 

It is true that, below some well-defined temperature, the choice 
of various testing techniques has little appreciable influence on 
the elastic moduli obtained. However, as noted in reference 
(19) of the paper, above this temperature the tendency to creep 
is especially pronounced during the loading cycle. With our 
present methods of testing, this characteristic makes the dupli- 
cation of results uncertain. 

In contrast, static tests conducted on the unloading cycle yield 
reproducible values, since creep is largely eliminated if the applied 
stresses are sufficiently low. Values of the elastic moduli ob- 
tained by this method also would lead to a probable overestima- 
tion of end reactions and thereby enforce safe designs. 

The correct choice for elastic constants should be obtained 
from tests conducted under identical conditions with the pro- 
posed elevated-temperature system. Since this is generally an 
exacting demand, the writers feel that a more appropriate choice 
may be obtained by allowing greater weight for the “unloading”’ 
tests, especially on piping of critical importance. 

In studying the available data for carbon steels, the author 
has chosen 0.25 per cent carbon as the dividing line for his group- 
ing of these materials. In view of the general acceptance of 
0.35 per cent carbon as the upper limit of weldable steels, it is 
felt that a reassessment of test data should be made to permit 
an extension of carbon content to 0.35 per cent. 

Carrying out a compilation of reported values of elastic con- 
stants, and considering only static tests conducted during the 
unloading cycle or dynamic tests within their range of accepta- 
bility, we find that ferrous materials can be arranged into four 
broad groups, and that the temperature dependence of elastic 
constants within groups is linear, up to a certain well-defined 
value, as follows: 


Group I: Low, medium, and high-carbon steels, low-alloy up to 
1Cr-'/, Mosteels. Linear to 700 F. 

Group II: Intermediate alloys, from 2 Cr - '/, Mo to 9 Cr - 1 
Mosteels. Linear to 800 F. 

Group III: Chrome-nickel austenitic group. 

Group IV: Straight chrome stainless steels. 


Linear to 1300 F. 
Linear to 800 F. 


The paper shows quite divergent curves for steels A, B, and C, 
which, using our classification, would mostly fall into Group I. 
Also, whereas our study indicates a wide variance in the behavior 
of Groups II and III, the author proposes that the elastic con- 
stants for these groups could be represented by the single curve 
D. 

We would appreciate having the author’s comments upon the 
questions raised in this discussion. 


J. E. Brock. The author and the other members of Sub- 
group 2 have performed a great service by collecting, comparing, 
and selecting available data on the subject, and presenting a 
convenient distillation for the use of piping engineers. 

The writer would like to raise one point of practical importance. 
While test data on elastic constants may indicate that carbon 
steels should be divided into two classes with the dividing point 
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at 0.25 per cent onto, this point of division may impose a 
practical difficulty. One of the most widely used carbon-steel 
piping materials for high-temperature service (customarily up 
to 800 F but permissibly up to 1000 F) is that conforming to 
Grade B of ASTM Specification A-106, for which carbon maxima 
are 0.27 per cent for the ladle and 0.30 per cent for the check 
analysis. Examination of mill-test reports in our file indicates 
that we have received some A-106 Grade B material with carbon 
content above 0.25 per cent but most of it has carbon content 
below 0.25 per cent. 

Flexibility calculations must be performed far in advance of 
receipt of mill-test reports telling whether or not carbon content 
exceeds 0.25 per cent. Asa practical matter it is important that 
this widely used piping material be assigned definitely to one cate- 
gory or the other when the subgroup’s report finally is incorpo- 
rated in the new edition of ASA B31.1. We suggest that it be as- 
signed to the low-carbon (less than 0.25 per cent) group. 


NicHo.ias GrossMAN.'® In evaluating this paper, one should 
keep in mind that this is not merely another engineering report, 
but a proposal for inclusion in a Code. Statements and sugges- 
tions must be weighed carefully, since once codified, they tend to 
become rigid and inflexible, even though containing errors or 
inaccuracies. The writer’s comments are confined exclusively to 
the values on elastic constants and their ramifications. 


1 Noexplanation was offered why the new edition of the Code 
should contain ‘‘tabulated values’’ only. As it stands now, this 
decision seems arbitrary and unsound. 

2 “Heat-treatment”’ is listed as a factor affecting the modulus 
of elasticity. This statement in the form presented is incorrect. 
There is no known heat-treatment, for example, by which the 
tensile modulus of elasticity of a plain-carbon steel can be 
changed. 

3 The description and critical evaluation of the “measuring 
techniques” is superficial. The writer appreciates the tremen- 
dous job the members of this subcommittee performed in combing 
the technical literature for the data listed in their paper, but 
further information is needed on how the original data were 
compiled. Lack of suitable definitions is one of the greatest 
drawbacks of this compilation. For example, a straight-line 
stress-strain curve is not prima-facie evidence of perfect elasticity. 
A material might undergo a permanent deformation which is 
directly proportional to the applied stress.'! 

4 The same criticism as in the foregoing applies to the section 
on Dynamic Versus Static Measurements. To the uniniti- 
ated, it may appear that the so-called dynamic modulus is free 
from creep effects and thus gives a more accurate absolute value, 
even though not always applicable to pipe-stress computations. 
This is not necessarily correct. Creep in itself is a function of 
frequency and so is the internal friction which has an important 
role in dynamic testing, yet can be overlooked safely in static 
tests. Zener'? shows a 2 to 1 ratio in elastic modulus as a function 
of frequency. No mention or evaluation of this significant factor 
appears in the paper. Another, more recent, publication also 
may prove valuable in the proper assessment of this problem.'* 


In conclusion, the writer feels that the proposal for the Elastic 
Constants of Piping Materials for Pressure Piping is incomplete 


1 Atomic Energy Division, Sylvania Electric Products, Inc., Bay- 
side, N. Y. Mem. ASME. 

11 ‘Materials Testing,”” by I. H. Cowdrey and G. A. Adams, John 
Wiley & Sons, {nc., New York, N. Y., second edition, 1944, pp. 13- 
30. 

2 “Elasticity and Unelasticity of Metals,”” by Clarence Zener, The 
University of Chicago Press, Chicago, IIl., 1948, p. 48. 

18“‘Symposium on Determination of Eijastic Constants,’"’ ASTM 
Special Tech Publication No. 129, —— whe 1952. 
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in its present form and contains several dubious and misleading 
statements which should be avoided in a Code. 


AvuTHOR’s CLOSURE 


The comments of Messrs. Andrews and Weil of The M. W. Kel- 
logg Company are greatly appreciated. It is recognized that 
moduli of elasticity obtained during the loading phase of a test 
cycle are generally somewhat higher than those obtained during 
the unloading phase and that the use of higher moduli will result 
in higher stresses. The usual method of determining EZ is to use 
the stress-strain data of the loading cycle and practically all 
published data are of this nature. However, chapter 3 of the new 
“Code’’ stipulates that the cold moduli Z and G shall be used for 
computing expansion stresses. This will result in higher stresses 
than would be the case if either the loading or unloading phase of 
a static test were used, or even if the dynamic hot moduli were 
used. The computed expansion stresses using the values tabu- 
lated herein will, therefore, be on the safe side. The author con- 
siders impractical the suggestion of Messrs. Andrews and Weil 
to obtain the elastic constants from tests conducted under con- 
ditions identical with the proposed pipe system. The designer 
must make the calculations months in advance of the manufac- 
ture of the pipe system and therefore the materials for a test 
usually are not at hand. Furthermore, not infrequently, the de- 
signer is an agent other than the manufacturer. 

The following formula is used in the new Code for computing 
the reaction force of a piping system when hot 


R, = maximum reaction of hot pipe system 
= cold-spring factor 
= modulus of elasticity in hot condition 
= modulus of elasticity in cold condition 
= range of reactions corresponding to full expansion range 


It will be seen that R, is larger for increased values of E,. How- 
ever, the values of /, used in the tabulations in the new Code are 


eat 
th 


more nearly representative of actual conditions in a hot piping 
system than the values proposed by Messrs. Andrews and Weil. 

The M. W. Kellogg Company commentators, as well as Mr. 
J. E. Brock of Midwest Piping Company, have questioned the 
division of carbon-steel piping into two groups, using 0.25 carbon 
as the division point. Their objections to this are well taken, 
especially for the reason pointed out by Mr. Brock. The com- 
mittee has therefore changed the division of elastic constants for 
carbon steels into two groups, viz., those with carbon content 
less than 0.30 per cent and those with carbon content above 0.30 
per cent. 

Regarding the first of Mr. Nicholas Grossman’s comments, the 
new Code will contain only tabulated data since there is no room 
within the proposed size of the Code for the curves presented 
herein. 

It was not the purpose of this paper to write a treatise on the de- 
termination of elastic constants of piping materials and for this 
reason a brief discussion of test methods was given only in so far 
as these affect the new Code. None of the descriptive matter 
given in this paper will appear in the new Code, a fact which Mr. 
Grossman apparently did not realize when commenting on the 
paper. 

Since publication of this paper the author has received, through 
the courtesy of the A. M. Byers Company of Pittsburgh, ad- 
ditional data on the properties of wrought-iron pipe. This is in- 
cluded in Table 21 of the new Code and will be used in lieu of the 
data presented in Table 10 of this paper. 

The author wishes to draw attention again to the Conclusion 
of the paper, in which the need for standardizing a static method of 
determining moduli at high temperatures is pointed out. 


STATIC TEST DATA FROM BATTELLE MEMORIAL 
INSTITUTE REPORT S-000-861¢ 


Temp, deg F 


TABLE 21 


* Courtesy of A. M. Byers Company. 
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By P. L. VISSAT!? anp A. J. DEL BUONO? 


This paper presents results of strain-gage investigations 
conducted on relatively heavy-wall “Weld-ELLS” having a 
ratio of bend radius to nominal pipe size of 1'/,:1. Also, 
several Weld-EULS having a ratio of bend radius to nominal 
pipe size of 1:1 were tested. A comparison is made of the 
results against theory. Design factors for Weld-ELLS 
are established and tabulated. 


NOMENCLATURE 


The following nomenclature is used in the paper: ae ot 
= distance from point of application of test load to bend 
terminus (see Supplement) 
= = ratio of mean pipe radius to bend radius — 
nominal pipe size 
2R 
radius 
= longitudinal stress—measured 
transverse stress—-measured 
= longitudinal stress-intensification factor at outer surface 
of pipe (see Table 1) 
transverse stress-intensification factor at outer surface of 
pipe (see Table 1) 
longitudinal stress-intensification factor at middle surface 
of pipe (see Table I) 
= measured deflection, microinches/Ib load 
modulus of elasticity equal to 3 X 10? psi 
= total longitudinal strain, microinches/in. 
total transverse strain, microinches/in. 


— ID*) 


, ratio of '/, nominal pipe size to bend 


cross-section moment of inertia, 


= flexibility factor (see Table 1) 
Poisson’s ratio = 0.3 


ened 
= applied test load in 
mean pipe radius Fat | 


radius of bend 
= average pipe-wall thickness 
= angle denoting position on pipe circumference, 9 = 0 deg 
at crotch 
@ = angle denoting position on bend arc measured in clockwise 
direction 
moment arm from applied load to @ = 
tion (R’ = R +a) 


90 deg cross sec- 


1 Product Engineer, Taylor Forge and Pipe Works, Chicago, III. 

2 Staff Engineer, Taylor Forge and Pipe Works, New York, N. Y. 

Contributed by the Power Division and presented at a Joint 
Session of the Power, Applied Mechanics, Heat Transfer, Safety, 
Metals Engineering, Petroleum Divisions, and Joint ASTM-ASME 
Research Committee on Effect of Temperature on the Properties of 
Metals and Research Committee on High-Temperature Steam Gen- 
eration, at the Annual Meeting, November 29—December 4, 1953, New 
York, N. Y., of Taz American Society or MecHanicat ENGIneERs. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 6, 1953. Paper No. _ 53—A- 70. 


INTRODUCTION 


It has long been observed that curved pipe (bends and elbows) 
proved to be more flexible than expected by the usual theory 
of curved bars subjected to external bending moments. It is 
well understood that this additional flexibility is derived from a 
distortion of cross section which carries with it an intensification 
of stress. These properties are commonly expressed by the 
symbol K, the flexibility factor, and 8, the stress-intensification 
factor. The theory (1, 2, 3)* by which K and 8 may be calculated 
was first established for the case of long-radius bends, where a, 
the ratio of pipe radius to bend radius, was very small (less than 
1/19).4 For this case it was possible to neglect terms containing a 
(equal to r/R) with no appreciable sacrifice in accuracy. 

Where a is large, as in the case for short-radius bends, it may 
no longer be neglected. Furthermore, it is not valid to assume, in 
the case of the short-radius bends, that the neutral axis passes 
through the centroid, and that a rectilinear distribution of stress 
exists through the pipe wall. The strain-gage investigations re- 
ported in this paper show that an actual displacement of the 
neutral axis occurs. This is apparent from examination of Figs. 
1 to 12, inclusive, which discloses that the intercept of the 
middle surface longitudinal stress-intensification curve is con- 
sistently displaced toward the center of the curvature from the 90- 
deg position. 

Beskin’s paper (2) is best known for its presentation of refine- 
ments in the long-radius theory. However, in the third section 

of that paper, a study was made of the significance of omitting 
terms containing a. It was concluded that for the case where the 
ratio of bend radius to pipe radius is great (a greater than '/10), 


the omission of a-terms in the analysis will result in the following: 


1 Flexibility factors which will remain fairly accurate. 

2  Stress-intensification factors which will be incorrect. 

The tests reported in this paper generally validate these con- 
clusions. 

Subsequent to the Beskin paper, the Naval Research Labora- 
tory conducted a series of tests. These investigations employed 
bends in which @ equaled 1/; and A (tR/r?) varied from 9.04 to 
0.14. These ratios reflected bends with a radius approximately 
equal to that of the commercial long-radius welding fittings, but 
employed wall thicknesses that can best be described as relatively 
thin. The tests were aimed at obtaining data suitable for welding 
fittings of the type that might be used in low-pressure crossover 
piping interconnecting the discharge of a high-pressure turbine 
with the intake of a low-pressure turbine. The Naval tests placed 
particular emphasis on the determination of the effect of end con- 
straint since, for the type of service under consideration, thin-wall 
bends flanged at one or both ends are used frequently. The tests 
employed 90-deg elbows, as well as 180-deg return bends. This 
was necessary since flexibility properties are independent of the 
total bend angle only where end constraint is not a significant fac- 
tor and the cross section is free to distort under action of radial 
stresses induced during flexure. 


3 Numbers i in parentheses refer to the Bibliography at the end of 
the paper. 

4 The ratio, thus expressed, is more commonly referred to in indus- 
try in the reverse form, namely, of bend radius to pipe diameter, or 
= the case in question, “‘five-diameter bends.” 
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Modern power plants, oil refineries, chemical plants, as well as 
gas-compressor stations and oil pipe-line pumping stations, em- 
ploy large quantities of welding elbows of the long-radius pattern 
(a’ = 1/3), or short-radius pattern (a’ 1/2) having wall thick- 
ness such that d is usually greater than 0.10. Since the Naval re- 
search did not use values of \ higher than 0.14, it became obvious 
to the authors that there was a genuine need for extension of this 
research work to cover a range of values comparable to those em- 
ployed in industry. Without such authoritative data, designers 
wishing to employ accurate flexibility data for welding elbows 
must make use of highly involved and time-consuming mathe- 
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matical procedures, such as that developed by Symonds and Par- 
due (4) for the Naval Research Program or must be content to 
tolerate the inaccuracies inherent in the long-radius theory, when 
applied to welding elbows of American Standard dimensions. 
This paper reports the results from tests conducted on 180-deg 
long-radius return bends having a’ equal to 1/3, and short- 
radius return bends having a’ equal to 1/2. The A-values varied 
from 0.07 to 0.74. The information derived is directly applicable 
to 180-deg return bends (of the long and short-radius pattern 
ASA B16.9) with ends welded directly to straight pipe and to 
return bends with one or both ends terminated by constraint such 


— 
— 
— i 
line 
~ 7.0 +—t 4 
60 
- 
— 
— 
— 


fon Fee VISSAT, DEL BUONO—IN-PLANE BENDING PROPERTIES OF WELDING ELBOWS 


|_| a A = 2925 A = 47% 


4: 
0 1 
Position On Cireum., @, Deg 
Position On Cireum., @, Deg. c | 
§ 1 4 4 4 = 
Longitudinal outer surface 
ransverse — outer surface _6.0§___ ~ Longitudinal — middle surface 


—- — — Longitudinal — middle surface 


STRESS INTENSIFICATION VS POSITION ON CIRCUMFERENCE STRESS INTENSIFICATION VS POSITION ON CIRCUMFERENCE 
6. 
seh. 120 | | 120 | 
a =\% A= a = 5503 

3. 3. 

2. 
30 60 90 120 150 180 0 60 120 
Position On Circum., Deg. 


-3. = 
TH 5.0}-e—e Longitudinal — outer surface a -5.0] -@—e- Longitudinal — outer surface 


i 
L | 
' 


‘ a INTENSIFICATION VS POSITION ON CIRCUMFERENCE STRESS INTENSIFICATION VS POSITION ON CIRCUMFERENCE 
6" Sch. 80 | 6.0 T T 
Bane 
3 Position On Cireum ©. Deg 
Position On Cireum., ©, Deg. | he 
! 4. tt 4, 
-5.0}/-@—e@- Longitudinal — outer surface A ~5.0]-e—e@— Longitudinal — outer surface 
Transverse — outer surface ~O—O- Transverse outer surface 


| 
(Top to bottom) Stress INTENSIFICATION VeERsUS’ Figs. 10-12 (Top to bottom) Srress INTENSIFICATION VERSUS 
ON CrIRCUMFERENCE PosiTION ON CIRCUMFERENCE 


+-—- + 


F 


as that offered by flanges. It is equally applicable to 90-deg At the inception of the investigation, it was thought that the 

Weld-ELLS with ends welded to straight pipe sections and to 90- _ possible constraint effect of applied test loads might be considered 

deg Weld-ELLS with one end flanged. negligible, or of minor consequence, owing to the relatively thic k 
As previously indicated, flexibility properties are independent _walls of the specimens selected. However, in order to assure ap- 


of the total bend angle only when end constraint is not a significant _plicability of the results to 90-deg Weld-ELLS, all test bends were 
factor; therefore it remains to be demonstrated as to whether the welded to straight pipe sections as shown in Figs. 13, 14, 15. In 
results of this test can be applied, with a normal degree of ac- this way the disturbances created at the point of load application | 
curacy, to Weld-ELLS having both ends constrained by flanges. were dampened prior to reaching the bend. No effort was made 
The effect of restraint at both ends of 90-deg Weld-ELLS wasnot either to mitigate or assess the possible effect of the circumferen-_ 
fully explored since this construction is not commonly employed tial welds or any other possible constraint offered by the Pipe 
in practice where welding fittings are used. tangent. These are considered inconsequential in evaluating the 
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View or Test AssEMBLY—UNFLANGED SPECIMEN 


Fic. 14 View SHowrne Diat Usep To Measure 
DIsPLACEMENT AT BEND TERMINI AND CIRCULARITY OF ¢ = 90-DEG 
Cross SrecTIoNn 


results obtained and, in any case, are tolerable since they are 
directly representative of the conditions which occur in actual 
service. 

All the data shown were taken from strain gages located at 
@ = 90-dég cross section. However, to validate the selection of 
the 90-deg cross section, strain-gage measurements were taken on 
several samples with gages located at the @ = 45-deg cross sec- 
tion. In each instance it was noted that the flexibility and stress- 
intensification factors so obtained for the @ = 45-deg section were 
almost identical with the same factors computed from measure- 
ments taken at the @ = 90-deg section of the same specimen. 
With this demonstration that the results of the test setup 
warranted application to 90-deg elbows, the balance of the read- 
ings were taken at the @ = 90-deg section. MiKirone 


TRANSACTIONS 


A duplicate set of tests was run for each specimen. The first 
was on specimens with no constraint other than that offered by 
tangents and circumferential welds. The second set of tests was 
run with specimens operating under restraint produced by spe- 
cially prepared flanges and locking rings located at the bend term- 
ini, Fig. 15. 

All data shown in Figs. 1 to 12 and 16 to 21, and all empirical ex- 
pressions derived from these data, are taken from the unflanged 
specimens. However, a study of Table 1 and Fig. 22 will indicate 
that the test data taken on the specimens with restraint show no 
appreciable difference when compared with the data on the un- 
restrained Weld-ELLS. 

Since torsional stress intensification already has been shown to 
be insignificant (3, 4), and since out-of-plane, or transverse, bend- 
ing should result in stress-intensification and flexibility factors 
approximately equal to, and probably less than, those for in-plane 
bending, the tests were limited to in-plane bending loads. 

Should further investigation demonstrate the necessity, the 
authors intend to extend the investigation to cover these other 
types of loading. 

Sincet he long-radius Weld-E-.LL is used in industry almost to the 
exclusion of the short-radius type, two thirds of the specimens 
tested were of the long-radius pattern (a@’ = 1/3). Four of the 
specimens employed short-radius Weld-ELLS (a’ = 1/2). This 
was done to determine approximately what modifications of K 
and 6 are necessary for the small change in a. Although theo- 
retically a different stress distribution should have been ob- 
tained for even a slight variation of a, an examination of the re- 
sults, including Table 2, which compares neutral axis displace- 
ments, indicates no significant variation. Because of the minor 
usage of short-radius Weld-ELLS, the authors did not feel justified 
in carrying their investigations of the short-radius pattern 
further at this time. 

The authors had virtually completed their investigations by the 
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them. These papers reported tests on pipe bends having ratios of 
pipe radius to bend radius of the same order of magnitude as the 
authors’ tests; however, the range of wall thicknesses used by 
Gross and|Ford covered approximately only the lower half of 
the A-range within the scope of this paper. Those portions of the 
Gross and Ford investigations which yielded results pertinent to 
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the scope’ and purpose of this paper have been analyzed and 
comparatively reported in the appended Supplement. 


* In addition to tests conducted for the purpose of determining the 
effect of external bending moments only, Gross and Ford also con- 
ducted tests to determine the combined effect of internal pressure 
loading superimposed on external bending moments. This latter 
phase of their tests will be considered by the authors in conjunction 


with a planned second stage of the program described in this paper. = uy Ate 
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TABLE 1 


FEBRU ARY, 1955 


DISCUSSION OF RESULTS AND CONCLUSIONS—SUM MARY OF TEST RESULTS 


Wall 
Thick- 
ness 
t 
(in) 


Mean 


Stress Inten. Factors 
Unflanged 
B, (3) | Br (4) 


Flex. Factor 
Un- 
flanged 
K (1) 


Flanged 
K 


8.01 
6.14 
4.98 
4.29 
2.97 
3.01 


5.68 
4.93 
3.59 
4.23 
3.45 
2.85 
2.41 
2.23 
2.05 
1.78 
1.47 
1.37 


13.58 
11.98 
9.44 
7.66 
5.54 
5.46 
5.45 
3.28 
3.53 
2.95 
2.38 
1.92 


Measured Deflection 


(meas) 


and radius of curvature** 


* Calculated deflection of an identically loaded bar having the same moment of inertia 


Maximum longitudinal stress in outer surface computed from measured data 


Ai = 


¢ 


- Caleulated maximum longitudinal stress in a curved bar having the same section 
modulus and radius of curvature (neglecting shift in neutral axis) 


Maximum transverse stress in outer surface computed from measured data 


———— 


a Calculated maximum longitudinal stress in a curved bar having the same section 


modulus and radius of curvature (neglecting shift in neutral axis) 


Maximum longitudinal stress in middle surface computed from measured data 


Bio = 


en th Calculated maximum longitudinal stress in a curved bar having the same section 
modulus and radius of curvature (neglecting shift in neutral axis) 


* Absolute Value 
**See AppendixI 


tFittings of this size and bend radius are non-standard. C 


EXPERIMENTAL PROCEDURE 


Description of Test Specimens. The test specimens were manu- 
factured by ordinary production-run process for Weld-ELLS. 
Stress relief was given them as a matter of normal manufacturing 
process; therefore no additional annealing was necessary. The only 
special treatment given these return bends was a light grinding of 
the outer surface to provide a relatively smooth, clean metal base 
for the attachment of strain gages. As described previously, each 
specimen was welded to threaded tangents 18 in. long for the 
5-in. and 6-in., and 24 in. long for the 8-in. The normalizing of 
circumferential welds joining the bends at the tangents was 


deemed unnecessary, after consideration. 


values taken at the center. 


rad) &. 
is 


tly, this specimen was made as a special and does not correspond to 8” IPS in O. D. 


Twelve specimens, in normal sizes 5, 6, and 8 in., were selected. 
These specimens varied from \ = 0.0714 to 0.7404. The ratio of 
one half the nominal pipe size to bend radius equaled 1/3 in all 
cases except the 8-in. for which a’ equaled 1/2. A complete list of 
dimensions used is included in Table 1 of the results. 

The value of wall thickness ¢ of the specimens was determined 
by averaging the wall thicknesses measured by a micrometer, on 
twelve points at 30-deg intervals on each ¢hd of the specimen. 
The diameters of each specimen were taken at each end and at 
the center of the specimen both from side to side and from crotch 
to back. The recorded diameter values are the average of the 

It was noted that in each case the 


Nom Diameter Radios Radius | a= a’= > 
(in) | No. (in in — 
Lwit 8340 | .150 | 4.095 | 8.0 1/2 | 0714 12.29 || 6.42 | 6.16 | 7.46 
LW! 6.625 | .160 | 3238 | 9.0 |0.360| 1/3 | .1288 11.29 || 5.04 5.05) 6.16 
LW] 5.625 | .160 | 2.788 | 7.5 |0.965| 1/3 | .1600 8.77 || 3.90 480 
—— 40 | 8.700 | 350 | 4.175 | 80 |0.622! 1/2 | .1606 7.18 || 4.16 402} 414 
eae te 80 | 8.600 | .500 | 4.050 | 8.0 |0.506| 1/2 | .2439 5.54 || 3.49 3.40| 2.97 a 
A 40 | 6.655 | 295 | 3.180 | 9.0 | 0.353] 1/3 | 2626 5.13 || 2.90 2.91} 3.03 — 
cee Dan ay =f 40 | 5606 | 277 | 2.665 | 7.6 |0.381| 1/3 | 2925 5.56 || 2.72 | 2.95 2.70| 2.89 
120| 8.562 | .748 | 3.907 | 8.0 |0.488/ 1/2 | 3.28 || 244 | 1.91 
Cina a so | 6626 | 432 | 3.097 | 9.0 |0.344| 1/3 | .4074 3.50 || 2.09 | 2.14 seo; 218 0 
yes a ble 80 | 5.571 | 425 | 2573 | 7.5 |0.343| 1/38 | .4796 2.86 || 1.83 | 1.91 Se 
eo. i Toa 120| 6.625 | .562 | 3.032 | 9.0 |0.387| 1/3 | .5503 2.40 || 1.59 | 1.63 1.61| 1.63 r 
160| 6625 | .718 | 2.954 | 9.0 1/3 | .7404 1.77 || 1.57 | 1.56 1.68) 157 
eit - 
Se 
— 
+! = 4 
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Unflanged and Flanged Data Compared 
and vs: "x" 


Unflanged and Flanged 


| 
for Untianged WeldELLS *K* 
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Empirncal Expression tor Unfianged WeldELLS |, 
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Fie, 22. AND Data Comparep, K AND 
Versus \ 


out-of-roundness at the center where the gages were attached was 
well within the plus or minus diametral tolerances established by 
ASA Specification B16.9 for the ends only. 

Measurement of stresses was accomplished by means of elec- 
trical SR-4 strain gages cemented to the outside of each test 
specimen. By placing rosette gages at various positions of @ 
around the are of the bend it was determined that stress-intensi- 
fication and flexibility factors were uniform along the are length, 
with maximum stress always occurring in the @ = 90-deg section 
due to manner of loading. Consequently, in the tests that fol- 
lowed, x-type gages were used. Because of space limitations im- 
posed by the 5-in. bends, the gages were located at 30-deg inter- 
vals over the semicircumference at the @ = 90-deg section of each 
specimen as shown in Fig. 23, 

Only one exception was made to the normal gage placement just 
described. During the test of the 5-in. LW, gages were placed 
around the entire circumference rather than at the standard seven 
positions along the semicircumference. This was done to verify 
our assumptions that the assembly was symmetrical and that the 
applied force acted in the plane of the bend. 

On the 8-in. Sch. 40 and 8-in. Sch. 80 specimens, two additional 
gages were placed at the circumferential positions 6 = 75 deg and 
8 = 135 deg in order to verify the mathematical treatment used 
to obtain stress functions. 

Testing Procedure. In con- 
trast to the rather elaborate 
preparations, the actual testing 


Fie. 24 Crose-Up SHowinc Spring DyYNAMOMETER AND Pin 
CONNECTION TO CLEV1I8 COLLAR 


procedure was quite simple. 


Tension, in suitable increments, 


was applied through collared 
clevises, Figs. 13, 15, and 24, 
to the tangent ends of each 


specimen. Normally, at least 


six tension increments were 
used and the final magnitude 
of force applied was such that 
the elastic limit of the bend 
material was approached, but 
not exceeded. For each tension 


increment the strain at each 


gage station was measured us- 


ing an electronic bridge cali- 
brated in microinches of strain 
per inch. Deflection at the 


ends of the bend was deter- 
mined by measuring the actual 
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displacement, using a dial gage, Figs. 13 and 15. The de- 
formation from circularity also was measured for each force. 
As these data were not used in any of the calculations, they are 
not presented here but are available on request. 

The testing machine was a company-built horizontal, screw- 
loaded machine. Loads were applied from the screw to pin-con- 
nected collared clevises (attached to the tangent ends) through a 
spring dynamometer of 10,000-lb capacity. (See assembly layout, 
Fig. 25 and photographs, Figs. 13, 15, and 24.) 

Four tests were run on each bend—two with no constraint 
other than that offered by the tangents and circumferential welds 
joining them to the bend—and two with specially designed flange 
and lock rings firmly attached to the tangent end adjoining the 
bend face, Fig. 15. 

Data were taken as the test force, applied at the tangent end, 
was increased, and also, as it was decreased. Two such trials, 
up and down, were made for each specimen condition (unflanged 
and flanged). 

Computational Procedure. An average of the data taken was 
made for each specimen condition (unflanged and flanged). Since 
the electronic bridge was calibrated directly in microinches per 
inch, strain readings were obtained for each tension increment by 
subtracting the unstrained null reading from the null reading ob- 
tained under load. 

Strain was converted into stress by the usual formulas 


4 E 


E 
Transverse stress o, = + Mex) 


In order to obtain stresses due to bending moments only, the 

stress computed from these formulas was corrected for the 
effect of direct tension. 
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and, in turn, the stress-intensification factors for each specimen 
were obtained through the following procedure: 


1 A graph of stress plotted against applied load was made for 
each gage station and for each direction of principal stress (a; and 

2 The slope of the most probable straight-line function 
through these plotted points was calculated by the method of 
least squares. 

3 The magnitude of stress intensification for each gage station 
was then obtained by dividing the slope (equal to stress per unit 
load) by the constant ratio® R’D/2/. 


4 The stress-intensification values thus obtained for the seven 
standard gage locations of each specimen were expanded in a 
Fourier series (6). This was done to evaluate intermediate points 
on the circumference. 

5 A graph of this series was made for each specimen, Figs. 
1 to 12, and the maximum absolute value was used as the stress- 
intensification factor. 

The deflection increments for each load increment were simi- 
larly fitted to a straight line, and the slope of this line divided by 
the calculated deflection per unit load in an equivalent beam to 
give the flexibility factor (see Fig. 26 for derivation of theoretical 
deflection). 

The longitudinal stress-intensification factor at the middle sur- 
face 8; was determined from stresses measured at the outside 
surface (a; and o;) by assuming that (a) the transverse strain is 
the pure bending strain and is therefore 0 at the middle surface 
and (b) the longitudinal strain is constant through the wall thick- 
ness.? The relationships are as follows: wb 


Longitudinal stress at middle surface o;. = 


since: gitar: 


The magnitude of stress intensification for each gage station 


P 


EQUIVALENT FORCE DIAGRAM, CURVED BAR * 


(SYMMETRY ASSUMED) 


DEFLECTIONS MEASURED BETWEEN POINTS 0&2 
DURING ACTUAL TEST 


Assume force Fx at Point 2. 
Moment, M, at any Point is given by: 
M=Pat PRSing+ FxRSing & sing 
Energy Theory: 
M'Rde 
U 


Then: 


PR Sin Fx Rsing sine | Rag 


1 


El 


dM 
R 


dFx 


Since no external force is actually applied at Point 2, Fx = 0 and: 
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Discussion or Resuurs 


The original data and calculations are much too voluminous 
to be included in this report. However, the main results are pre- 
sented by means of Table 1 and the graphs in Figs. 1 to 12 and 
16 to 22. Also, reference should be made to the footnotes of Table 
1 for complete definitions of K, 8,, B,, and Bro. 

The study of Table 1 along with Fig. 22 reveals that the flanged 
(or constrained) ends had practically no noticeable effect on the 
results. The plot of the empirical expressions for K and \g, in 
Fig. 22 demonstrates that the curves fit the flanged data as well 
as the unflanged data from which they were derived. 

It was stated earlier that the results obtained in this program 
generally validated Beskin’s conclusions, namely (a) that flexi- 
bility factors derived by the long-radius theory should apply al- 


It follows then that 


E 


MO, 


cies 


* R’D/2I is equal to the longitudinal stress per unit load at the 
@ = 90-deg section of an identically loaded curved bar having the 
same section modulus and radius of curvature. The effect of the shift 
in neutral axis of the curved bar under flexure is neglected. 

? These same assumptions were used for determining middle surface 
stresses in the Naval Research investigations (5). However, in view 
of findings by Gross and Ford (7 and 8), a redefinition of 81. appears 
necessary (see Supplement). 
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~ most equally as well to short radius and (6) that stress-intensifica- 
tion factors calculated by the long-radius theory are not applicable 
to short radius (a’ = 1/3 or 1/2) bends and elbows. The ac- 
curacy of these conclusions is portrayed graphically in Figs. 16 to 
19. In Fig. 16 the observed values of flexibility factors deviate 
on an average of less than 10 per cent when compared with the 
Beskin curve. 

On the other hand, the stress-intensification factors, shown in 
Figs. 17 to 19, vary as much as 50 per cent, and on an average 
of more than 35 per cent from those derived by Beskin for long- 
radius bends in which @ is smaller than 1/10. It is particularly 
noteworthy that the longitudinal and transverse stress-intensifica- 
tion factors varied in opposite directions from that predicted by 
the theory; i.e., the longitudinal stress-intensification factors 
measured were somewhat greater than the Beskin values, whereas 
the transverse stress-intensification factors measured were con- 
siderably less than the Beskin values for transverse stress intensi- 
fication. 

The longitudinal stress-intensification factor at the middle 
surface is shown in Figs. 18 and 19. These values for 8, are in- 
cluded by the authors for two important reasons; (a) because 
many designers feel that these are the values that should be used 
in piping-flexibility calculations inasmuch as they represent an 
average stress through the pipe wall in contrast to 8; and 6,, which 
are outer-surface stresses susceptible to reduction by local yielding 
or creep, and (b) because thestress factor versus 6-plot, Figs. 1 to 12, 
provides a means of measuring the apparent shift in the neutral 
axis. The use of 8;, rather than 8; represents a reduction in mag- 
nitude of stress intensification of approximately 7 per cent. 

The apparent shift in the neutral axis for a’ = 1/3 and a’ = 
1/2 in degrees along the pipe circumference, measured from graphs 
in Figs. 1 to 12, is shown in Table 2. 


TABLE 2 


Nom. size, 


APPARENT SHIFT IN NEUTRAL AXIS 
Shift, deg 
1/3 a 


ow 


No. of specimens 
Average shift (to nearest degree) 


wo 


The significance of the brief data shown in Table 2 has already 
been suggested. To the accuracy with which they could be evalu- 
ated from Figs. 1 to 12, the average displacement in neutral axis 
was approximately 5 deg toward the center of curvature for both 

= 1/3 and a’ = 1/2. 

The empirical expressions derived for K, 8,, 8,, and 81. were ob- 
tained by using the simplest possible equation form which fitted 
the data and evaluating the constants by means of the methods 
of least squares. It should be kept in mind, of course, that em- 
pirical expressions for K, 8,, 8,, and 8; were derived over a \-range 
of 0.07 and 0.74 and are, therefore (strictly speaking) only ap- 
plicable over this range. However, since all the curves tend to 
flatten out as A increases, it is felt that these expressions may be 
used accurately up to A = 1.00. Obviously, the flexibility-factor 
expression breaks down as A gets very large since K should equal 
one as \ approaches infinity. A more complex expression for K 
could have been derived to reflect this asymptotic value of K as 
\ approaches infinity; however, the use of relatively simple ex- 
pressions which are accurate over a practical range of \-values is 
felt 


Graphs in Figs. | to 12 were expanded from the seven standard 
gage locations on the semicircumference of each specimen. The 
data obtained from these stations were assumed to be exact 
points in a Fourier series which made possible the evaluations of 
constants for seven terms of a general expression. As a check on 
the validity of these Fourier expansions, gages were placed at 0 = 
75 deg and 0 = 135 deg on the 8-in. Schedule 40 and 80 bends; 
the closeness of the observed readings taken midway between 
points used in the Fourier expansions to those calculated served as 
an indication of the validity of the mathematical approach. In 
all cases the agreement between observed and calculated values 
was excellent—being well under 2 per cent of full-scale variation. 

Absolute values of maximum stress taken from Figs. 1 to 12 were 
used as 8,, 8,, and 6;.. The use of the Fourier series expansion 
permitted the detection of maximum values which lay between 
the standard gage locations. A study of these graphs shows that 
as wall thickness increases the amplitude of the stress-intensifica- 
tion curve decreases—those that are negative more rapidly than 
the positive. Also, as wall thickness increases, points of positive 
peak stress move toward the crotch (@ = O deg). 

Since these tests are, in a sense, an extension of those con- 
ducted at the Naval Research Laboratory (5), Fig. 21 was in- 
cluded. This shows excellent agreement between two com- 
pletely independent sets of data on stress intensification taken for 
a specimen of almost the same @ and A-values. Comparison of 
no more than the one set of data was possible as the upper limit 
of A-values tested by the Naval Research Laboratory was ap- 
proximately equal to the lower limit of \ in these tests. 

Because of the difficulty encountered in the installation and 
wiring of strain gages, only one specimen, the 8-in. Schedule 80, 
was checked for the magnitude of transverse stress intensification 
on the inside surface. The strain measurements taken on this 
specimen showed the magnitude of transverse stress intensifica- 
tion on the inside surface as approximately 12 per cent greater 
than the corresponding transverse stress intensification on the 
outside surface. Conclusions are not warranted on the basis of 
this one test. However, when these data are combined with 
results from other tests,’ it appears justifiable to estimate the 
magnitude of transverse stress intensification on the inside sur- 
face as approximately 16 per cent greater than the transverse 
stress-intensification factor on the outer surface for A < 0.3. 

The accuracy of test results obtained is estimated to be: 


(a) Stress-intensification probable maximum error = 8 per cent; 
(b) stress-intensification absolute maximum error = 15 per cent, as 
follows: 


Per cent 
Strain-gage inaccuracies 
Errors due to variation in wall thickness 
Observational errors and inaccuracies due to rounding 
of figures in calculations....... . 
Errors due to gage placement... ... 


(c) maximum error in flexibility-factor determination (approx) 
= 10 per cent. 


CONCLUSIONS 


The following conclusions which apply to 180 and 90-deg Weld- 
ELLS having a ratio of nominal size to bend radius of 1/3 or 1/2 
and A varying from 0.07 to 0.74 have been reached: 

1 The previously developed theory for long-radius bends 
(having ratios of r/R < 1/10) may be used to compute values of K 
with a fair degree of accuracy. An empirical expression which 
will give better agreement with observed values is K = 1.40/X. 


8 Results extracted from Gross and Ford (7 and 8) experiments are 
shown in Table 3 of the Supplement. 
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2 Stress-intensification factors, as previously developed for 
long-radius bends, cannot be used with a fair degree of accuracy. 
Actual longitudinal stress-intensification factors are somewhat 
larger than the theory predicts; whereas the actual transverse- 
intensification factors are considerably lower. The experimen- 


tally derived empirical expressions for r By and B, are 


= 


B, = do-78 


3 Longitudinal stress intensification at the middle surface 
may be calculated accurately by use of the following empirical 
expression 


« 


BIBLIOGRAPHY 

1 “Elastic Properties of Curved Tubes,” by Irwin Vigness, 
Journal of Applied Mechanics, Trans. ASME, vol. 65, 1943, pp. A- 
105-A-120, 

2 “Bending of Thin Curved Tubes,’”’ by Leon Beskin, Journal 
of Applied Mechanics, Trans. ASME, vol. 67, 1945, pp. A-1—A-7. 

3 Discussion of “Bending of Thin Curved Tubes,” by P. 8. 
Symonds and Irwin Vigness, Journal of Applied Mechanics, Trans. 
ASME, vol. 68, 1946, p. A-66. 

4 “Characteristics of Short Radius Tube Bends, Second Partial 
Report (Theoretical),’’ by P. 8. Symonds and T. E. Pardue, Naval 
Research Laboratory Report No. 0-2761, Feb. 18, 1946. 

5 “Characteristics of Short Radius Tube Bends, Third Report,” 
by T. E. Pardue, P. 8S. Symonds, and(H.} A. Jarrell, Naval!Research 
Laboratory Report 0-2963, Oct. 21, 1946. 

6 “Practical Mathematical Analysis,”” by H. Von Sanden, E. P. 
Dutton and Company, New York, N. Y. 

7 “Experiments on Short Radius Pipe Bends,”’ by Nicol Gross; 
advance copy published by The Institution of Mechanical Engineers, 
London, England, December 12, 1952. 

8 “The Flexibility of Short Radius Pipe Bends,”” by Nicol Gross 
and Hugh Ford; advance copy published by The Institution of Me- 
chanical Engineers, London, England, December 12, 1952. : 


Supplement 


It is the purpose of this supplementary report to present and 
compare results of the Gross and Ford (7 and 8) tests which 
complement and increase the usefulness of the present paper. 

Since their tests were designed to determine the effect of inter- 
nal pressure loading superimposed on externally applied bending 
moments as well as the effect of external bending moments, alone, 
much of their work does Lot fall within the scope of this paper.° 
Also, while a values of pipe bends tested by Gross and Ford were 
approximately the same as in our tests, their wall thickness and 
\ range were approximately one half as large. Therefore com- 
parative analysis is possible only over a range of \ magnitude less 
than 0.40. 

A profitable correlation of results can notably be made in two 
areas: 

1 Our tests made strain measurements on the inside surface on 
only one specimen which, by itself, could not form the basis for a 
conclusion. Gross and Ford, on the other hand, made extensive 
measurements of strains on the inside surface. They were the 
first investigators to do so. In this way they were able to es- 
tablish firmly that the largest stresses in a pipe bend occurred on 
the inside surface—in the transverse direction. Table 3 includes 


® The effect of internal pressure superimposed on externally applied 
bending moments is contemplated as a second stage of the tests re- 
ported in the paper if such tests seem warranted after careful con- 
sideration of the Gross and Ford work. 
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data derived from Table 4 of the Gross paper along with the one 
measurement taken in our tests. It is shown that an’ average 
ratio of inside-surface transverse stress to outside-surface trans- 
verse stress may be taken as equal to 1.16. This relative magni- 
tude of transverse stress is, of course, only justified for use up to A 
less than 0.30. 


TABLE3 SHOWING RELATIVE MAGNITUDE OF TRANSVERSE 


TRESSES 
Wall 
OD, thickness 
in. , in. 
6. 631 B15 0.283 
. 300 0.269 
191 0.0924 
500 0.2439 
Avg 


ot(inside) 

(outside) 
1.18 
1.27 
1.08 

= 1.16 


Source of data 
Table 4-G/F-Col. 3 + Col. 5 
Table 4-G/F-Col. 3 + Col. 5 
Table 4-G/F-Col. 3 + Col. 5 
Measured by authors 


The result of extensive measurements taken by Gross and Ford 
led, also, to a conclusion that when couples are applied to a 
curved pipe the middle surface of the pipe wall is subjected to 
a transverse stress. In light of this finding a redefinition of one of 
the terms used in the present paper is in order, namely, the term 
8, previously defined as the longitudinal stress at the middle sur- 
face. It is to be recalled that 6;,-values were derived from meas- 
urements taken at the outer surface by assuming that the trans- 
verse strain was a pure bending strain and, therefore, equal to 
zero at the middle surface.!° Accepting (on the basis of the Gross 
and Ford tests) that this assumption was incorrect, then the {;,- 
values must be said to apply to a surface of the pipe wall which is 
actually neutral with respect to transverse stresses rather than to 
the middle surface for which a transverse stress exists, Fig. 27. 
However, whereas a redefinition was necessary in view of the 
Gross and Ford findings, no other qualification as to the purposes 
for which 8,, and o,, were derived appears to be required. 

2 In the first of the two companion papers, Gross suggested 

” This same assumption was used in determining middle surface 


stresses in the Naval Research investigations (5) as described on page 
36 of Report No. 0-2963, 
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established long-radius theory by which 
transverse stresses could be forecast. The Gross tests which led 
to the conclusion that a transverse stress exists in the middle sur- 
face justified his rejection of one of von Kdrméan’s assumptions, 
namely, that the deformation of the middle surface of the cross 
section leaves its total circumferential length unchanged. 

Gross rationalized that ‘when a curved bar is bent by terminal 
couples, the longitudinal normal stress acting alone on an element 
produces a resultant radial action, which has to be balanced by 
normal stresses acting in a radial direction. In a thin-walled, 
curved tube, no appreciable normal stresses can be developed in 
the wall thickness and so a transverse stress must exist to balance 
the radial action.’”’ A simple method for calculating the trans- 
verse stress is given in Appendix 1 of the Gross paper. His sug- 
gestion was that this be used as a correction by adding the value 
thus calculated to the transverse stress inside (and subtracting it 
from the transverse stress outside) obtained by von Kaérmién’s 
analysis. 

For two reasons, the suggested method of calculation can be 
expected to yield satisfactory agreement with experimental values 
only for relatively thin-walled bends: 


(a) As wall thickness increases, the ability to develop normal 
radial stresses increases. 

(b) As wall thickness increases, the assumption that a recti- 
linear distribution of transverse stress through the pipe wall 
exists becomes less valid (see Chapter II of “Strength of Ma- 
terials,” Part II, by Timoshenko). 


Although Gross and Ford have established that the sug- 
gested method of calculation is valid only up to A = 0.1, this 
exercise was performed by the authors using von Karmén’s 
analysis carried out to the third approximation. A comparison of 
the calculated values with actual experimental values is shown in 


TABLE 4 COMPARISON OF CALCULATED OUTSIDE-SU x4 ACE 
STRESS-INTENSIFICATION FACTOR WITH EXPERIMENTALLY 
DETERMINED FACTORS 


Meas. 8, 
von Karman (Taylor- 
3rd Forge 
approx tests) 


Bt’ — Br, 


Bt, 


per cent 


(Cale.) 
(Be” — Bro) 
8.13 


Nom. size 
8 in-LW 

6 in-LW 

5 in-LW 

8 in-40 

8 in-80 

6 in-40 

5 in-40 

8 in-120 


K’a 

* 
Bio = a) 


b(A) 
15 


(A) 
[*s 
- + 73,912? + 2 416, 176A* 2,822,400a¢ 


+ 3280? + 329,376A* + 2.822.400d° 
252 + 73.912. + 2,446,176A* + 2,822,400\° 


+ aa) | 


where: 


= actual measured — values from Taylor Forge tests 


R 
“ — 16,280? + 1,881,120A4 — 14,112,000A¢ 


—1800 + 352,320? — 14,112,000A‘ 
1440 — 141,120d2 
d(a) —192 
t It is interesting to note that von Karman values computed to the third 
approximation are almost identical to Beskin values for transverse stress in- 
tensification at the outside surface. 


Table 4, from which it may be seen that the calculated results are 
not in satisfactory agreement beyond the 6 in-LW for which \ 
0.1288. vers) 

N. A. Wetu.'! The behavior of pipe bends under static loads 
has been the subject of ever-widening research, and the authors’ 
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paper represents a welcome experimental contribution to this 
field. 

Before proceeding with detailed comments concerning the re- 
sults presented in this paper, the writer wishes to elaborate on the 
assumptions underlying the theories dealing with curved pipes, 
such as those developed by von Vigness,'* 
Karl,” and Beskin."” 

As demonstrated by Clark and Reissner,"” the foregoing 
analyses all represent different order approximations to the same 
exact solution. These theories are based, in addition to the usual 
stipulations of elastic analyses, on the assumptions that the bend 
radius F is large in comparison to the mean radius of the pipe r 
and that r is large as compared to ¢, the wall thickness of the pipe. 
Therefore the afore-mentioned analyses, including thatof Beskin’s, 
deal with long-radius pipe bends and are based on thin-shell 
theory. While no exact value can be given to define the limit of 
validity of these theories, it is generally accepted that these 
analyses apply only if both conditions, namely, that R/r and r/t 
be greater than 10, are satisfied simultaneously. 

One may refine this comparison by defining the bend charac- 
teristic \ to be equal to tR/r?. Beskin’s derivation indicates 
that at A > 1.0 both flexibility and stress intensification factors 
are generally negligible. For 4 < 1.0, remembering that the 
long-radius theory demands that R/r > 10, the second stipulation 
of r/t > 10 must always be satisfied. Thus it becomes obvious 
that this development is not plagued by the condition of wall 
thickness; that is, the significant findings of the long-radius 
theory will remain valid, regardless of whether the wall is com- 
paratively thick or thin. This fact, as well as the theoretical 
results of Beskin’s development, have been verified by numerous 
test results. 

However, the authors’ tests do not satisfy the radius-ratio re- 
quirement inherent in the Beskin theory; in these tests the nominal 
R/r ratio was either 2 or 3. 

Therefore, instead of utilizing Beskin’s work as a measure of 
theoretical predictions, a more correct approach would have been 
gotten by using the Symonds-Pardue theory" for a basis of 
comparison. The domain of this analysis to 
short-radius pipe bends by incorporation of first-order terms of 
r/R, although the stipulation of thin walls is still retained. This 
means that the range of validity of the Symonds-Pardue theory 
extends only to A < 0.2 for R/r = 2, or toXA < 0.3 for R/r 
Therefore, even this theory does not fulfill the test conditions of 
the current experiments, the majority of which were conducted 
over the range of 0.2 < \ < 0.75. Four experiments, however, 
do fall within the limitations of the Symonds-Pardue develop- 
ment, and it is interesting to note that these test results are not 
in good agreement with the theoretical predictions. This is in 
contrast with the test results obtained by Pardue and Vigness,'* 
which closely confirmed the Symonds-Pardue theory. 

In order to illustrate these comments, the authors’ data, as well 


is extended 


«(ber die Forminderung dannwandiger Rohre, insbesonders 
federnder Ausgleichrohre,”” by Th. von Karman, Zeitschrift des 
Vereines deutscher Ingenieure, vol. 55, 1911, pp. 1889-1895. 

13“*Die Biegung krimmer Rohre,”’ by H. Lorenz, Zeitschrift fiir 
Physik, vol. 13, 1912, pp. 768-774. 

14 Authors’ reference (1). 

“Beigung gekrimmter, dinnwandiger Rohre,”’ by H. 
Zeitschrift fir angewandte Mathematik und Mechanik, vol. 23, 
pp. 331-345. 

16 Authors’ reference (2). 

17 “Bending of Curved Tubes, 
Advances in Applied Mechanics, Academic Press, Inc., 
N. Y., 1951. 

18 Authors’ reference (4). 

‘Properties of Thin-Walled Curved Tubes of Short-Bend Ra- 
dius,” by T. E. Pardue and I. Vigness, Trans. ASME, vol. 73, 
1951, pp. 77-87. 
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endless toroidal sections and neglect the influence of end restraints. 
It has been shown that this effect is negligible for thin-walled U- 
bends. However, on the thick-walled pipe bends employed in 
this work even the straight tangents used may have had a pro- 


as the results of the Beskin and Symonds-Pardue theory, were 
replotted on a log-log scale in Figs. 28, 29, and 30 of this dis- 
cussion. These figures show the variation of the flexibility factor 
k and the longitudinal and transverse stress-intensification factors 


8, and 8, with the bend characteristic \, respectively. It is seen 
that, save for the case of 8,, the Symonds-Pardue theory is in 
better correlation with the test results than the Beskin analysis. 

These figures also disclose that the radius ratio R/r has a 
marked influence on both the k and 8-factors; for unflanged bends 
the test results pertaining to the ratio R/r = 2 tend to lie farther 
away from the theoretical values than those referring to R/r = 3. 
This is to be expected, since at the value of R/r = 10 the test re- 
sults should be in close coincidence with theoretical predictions. 
The writer wonders if similar indications were obtained from the 
tests with flanged elbows, which is not disclosed by Fig. 22 of the 
text. 


nounced restraining influence. This may account for part of the 
discrepancy between theoretical and experimental results. This 
consideration also would tend to explain the relatively small 
mitigating influence of flanges found in these tests. It is also 
questioned whether the flanges employed had a sufficiently large 
cross section to add considerably to the restraint provided by the 
straight tangents on the tests involving heavy-walled pipes. 

In applying these experimental results to a design practice of 
welding elbows, it must be borne in mind that the proposed re- 
vision of the ASA B31.1 Code on Piping Flexibility advocates 
that one half the value of the largest theoretical stress-intensifica- 
tion factor (in-plane bending, circumferential stress at outer sur- 
face) be used for design purposes. Applying this approach to the 
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formulas obtained from these tests, the design stress-intensifica- 

tion factor for Weld-ELLS would be given by 


Fia. 


t = 0.54/d"-* 
as contrasted to 
i = 0.90/r*" 


currently advocated by the proposed Code both for welding el- 
bows and long-radius bends. While the writer doubts that this 
question could be resolved on the basis of the current tests, it 
would be of great value to perform fatigue tests on welding elbows, 
similar to those conducted by Markl,*° to show whether a dif- 
ferentiation between Weld-ELLS and long-radius bends, as indi- 
cated by Equations [1] and [2] of this discussion, is actually 
necessary for design purposes. 

In conclusion, the writer feels that this paper represents a 
valuable contribution to the store of knowledge on pipe bends, 
since it deals with curved tubes which fall outside of the region of 
theories currently available. 

In this light, the results of this work should prove to be of ad- 
vantage to designers of piping systems incorporating long or short- 
radius welding elbows. 


A. R. C. Marxu*! and E. C. Ropasavanu.”* The test results 
communicated by the authors form a welcome addition to the 
growing fund of experimental evidence on the stress-strain be- 
havior of curved tubes under bending. The investigation is 
notable for its breadth of scope, in that it covers both long and 
short-radius welding elbows over a wide range of thickness-to- 
diameter ratios. 

As compared with other investigators, notably Pardue and 
Vigness,®)** the authors report consistently lower flexibility and 
transverse stress-intensification factors, while their longitudinal 
stress-intensification factors are a shade higher. The writers can 
find nothing in the description of the experimental technique to 
account for such differences, except for the possible effect of the 
variable moment caused by the application of end loads. It will 
be recalled that Pardue and Vigness in their equally carefully 


*” **Piping- Flexibility Analysis,” by A. R. C. Markl, published in 
this issue, pp. 127-149. 

2! Chief Research Engineer, Tube Turns, Louisville, Ky. 

22 Senior Research Engineer, Tube Turns. 

23 “Characteristics of Pipe Bends Under Applied Moments,” by 
T. E. Pardue and I. Vigness, Naval Research Laboratory Report 
4253, December 1, 1953. 
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conducted tests in some instances obtained unaccountable major 
differences depending upon the type of loading used. It is also 
noted that wall thicknesses were measured at the ends only; if 
the wall through the body of the elbow had been thicker or sub- 
ject to systematic variation around the circumference, this might 
account for the deviations observed both with respect to other 
tests and theory. 

On the whole, however, with proper interpretation, the test 
data may be considered to confirm present-day theory quite 
well: 


1 The authors’ flexibility factors are lower than would be pre- 
dicted from von Karman’s theory as restated by Beskin (2),** but 
there are other published data which depart as much from theory 
on the high side, such as Gross and Ford (7, 8), in addition to a 
fair body of directly confirmatory evidence, among which may be 
counted Pardue and Vigness’ results and unpublished data ob- 
tained by the writers on a 30-in-diam '/:-in-wall long-radius el- 
bow. 

None of the tests conducted to date can be 
sufficiently sensitive to check the refined analysis contributed by 
Symonds to Pardue and Vigness’ paper, wherein the effect of the 
ratio a of pipe radius to bend radius has been included. 

2 The transverse stress-intensification factors established by 
the authors apply to the outside surface; in view of the theoreti- 
cally and experimentally established fact that the inside stresses 
control, it is regrettable that the authors have restricted their 
strain measurements almost exclusively to the outside. While 
low in relation to other test data, the authors’ values are in fair 
accord with theory, provided the direct transverse stress is in- 
cluded, an important correction to which Gross has drawn at- 
tention. With respect to the effect of sharpness of curvature, the 
authors’ painstaking strain-gaging investigation has yielded in- 
teresting curves which clearly demonstrate how the stress dis- 
tribution is altered; as in the case of the flexibility factor, experi- 
mental scatter is too great to discern the slight difference in 
maximum stress predicted by Symonds as compared with the 
common theory. 

3 The longitudinal stress-intensification factors deduced from 
the authors’ tests, in common with other investigators’ results, 
are somewhat higher than the corresponding theoretical values; 
no explanation has been advanced for this discrepancy. Regard- 
ing the effect of bend radius, the same comments apply as for the 
preceding item. 
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The preceding discussion has been concerned with the data ob- 
tained from tests on tangented return bends; the authors also 
have produced interesting information on the effects of end re- 
straint due to flanges. These are compared in Fig. 31, herewith, 
with the averaged results of tests by Pardue and Vigness?*, 
considering 90-deg elbows flanged at one end—the equivalent of 
180-deg returns with two flanges. It will be noted that the ratios 
of the flexibility and stress-intensification factors applicable to the 
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(4) analysis as a measure of theoretical prediction does not seem 
justified. It must be remembered that the Symonds-Pardue 
theory plotted in Figs. 28 and 29 differs from Beskin’s assumptions 
only in that a-terms were retained in the analysis. As of the time 
of manuscript preparation for this paper, it already had been 
shown by Gross (7) that evaluation of a-terms was not alone 
sufficient to develop suitable short-radius theory. In fact, within 
the A-range for which the Symonds-Pardue analysis was thought 


valid, the “direct transverse stress effect’? was shown (7, 8) to be 
a more important factor. Therefore, although Mr. Weil’s com- 
parison with Symonds-Pardue theoretical values is very welcome, 
the authors preferred to verify their smail A-results by direct 
comparison with other experimental results, Fig. 21, and by com- 
parison to theory promulgated by Gross and Ford (Table 4 in the 
Supplement). 

Recently, the Svmonds-Pardue (4) analysis has been modified 
by Pardue* to include the effect of direct transverse stresses. 
Although the later analysis now represents the latest stage of 
short-radius theory development, it is still not considered to be 
adequate except for very small \-values. In order for theory to be 
suitable over a wide range of A, long-radius theories will have to 
be extended to include effects of longitudinal and shear-stress dis- 
tribution as well as retention of a-terms and evaluation of direct 
In view of the foregoing, the authors’ use of 
Figs. 16 
no short- 


outside surfaces of flanged to tangented curved ares, as obtained 


Ratio of Flexibility 


Foctors k,/k 


transverse stresses. 
Beskin theoretical values as a comparison, 
through 20, is justifiable on two grounds; namely, 
radius theory suitable over a wide range of \ was available, and 
comparison with Beskin values illustrated the degree of accuracy 


basis of 


Intensif'n. Factors 8,/B 


Ratio of Longit'l Stress 


oh 
= ie P =< er” ag - Which could be expected from use of the most commonly applied 
4 theories in engineering practice. 
23 
Sy The work done by Messrs. Markl and Rodabaugh in com- 
80 returns, 2 flanges, Vissat- Dei Buono | 
s< , returns, 2 tlenges, Pordve-Vigness 44 paring results of the authors’ investigations with those recently 
£¢ i ee published in the Naval Research Laboratory Report 4253%* was 
| Proposed correction factor C= -—— 
= - A a5 extremely valuable. It is gratifying to know that, on the whole, 
04 05 06 07 08.09.10 20 50-60-70 BO 
tR the results of the two investigations are in agreement within the 
oy degree of accuracy expected from experimental techniques em- 
Pic. 31 AND Factors ror ployed. In this connection, the discussion points out that the 


Curvep Pree One Fiance Per 90-Dec Arc Comparep authors report, although generally in harmony, is consistently at 
Factors For Curvep Pips With TANGENTS p é 
: F ; small variance with those given in the latest Naval Research Re- 
(For purposes of comparison, data from Naval Research Laboratory Report 
1253 and correction factor proposed for Chapter 3 of Section 6 of Code for 


Pressure Piping have been included.) % ‘*Hoop Stresses Produced in Curved Tubes by In-Plane Bending 
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os Moments,” by T. E. Pardue, NRL Report 4114, February, 1953. 
Fs Gs *6 See reference in footnote 23. 

acca from the two sources, are in fair agreement except that the ratios ~." : 
obtained from the authors’ tests are generally higher. Vigness 
is fe. and Pardue attached their flanges by means of soldering; the 2° 
wn authors have not stated how their flanges were attached. If they a [ 1 
ae were only slipped over the pipe and not joined to it by either qh, 
a ite soldering or welding, this might account for the reduced re- [ 
3 ee sistance to ovalization evident in the authors’ tests; clarification A 
this point would be appreciated. 
ae ” For the benefit of the reader who has not had time to digest the a i 
literature on this subject thoroughly, the writers would like to 
-——sépoint out that results of strain-gage tests, such as those reported Oe ? 
ca ee: in the present paper, should not be confused with results of fatigue ; D 

tests. The former, in general, explore the elastic behavior only and eae | - 
primarily serve to validate mathematical theories; the latter are 
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of more direct use to the engineer in that they directly correlate P 5 
#HQLES 90° SEE TABLE 


piping components with straight pipe with respect to cyclic life. 
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The discussions submitted by Messrs. Weil, Markl, and Roda- PART NOIQUANT A 2 S D oF 7 
baugh are valuable contributions for which the authors wish to Sse747Al 2 6328 
express their sincere thanks and acknowledgment. 2 19.390" 425° 88 75° 11.390 S- 5846-5) 

Mr. Weil’s elaboration on assumptions underlying theories S-58747-C| 2 1.390" \S-58745-C 
dealing with curved pipe is very informative. However, his dis- 
approval of Beskin and strong preference for the Symonds-Pardue Fie, 32 Lock R1ine 


‘ 
i 
— 
ae 
| 
3 
f 
4 
ek 
5 
av 
alae 
- i 


_--—-* VISSAT, DEL BUONO—IN-PLANE BENDING PROPERTIES OF WELDING ELBOWS 


As pointed out by both discussers, the authors reported an in- 


i v3 vestigation of elastic behavior and this should not be confused 
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port. At this stage it would be exceedingly difficult: to explain 
these slight differences. However, as a speculation, the authors 
wish to call attention to the relatively thicker-walled specimens 
used in their tests. Since the effect of variable longitudinal 
stresses and shear forces becomes more pronounced as wall thick- 
nesses increase, this may account for the small discrepancies in 
results. 

Drawings which illustrate the type of flange locking device were 
omitted from the original report in order to conserve space. 
However, since the amount of restraint offered by these flanges 
has been questioned, they are presented herewith as Figs. 32 and 
33. Again, attention is called to the thought that the rather 
large shear forces which are developed in thicker-walled speci- 
mens might serve to mitigate the effect of constraints unless such 


constraints are proportionally stiffer. omen 


*, 

Yeo 


with results of fatigue-failure tests without further interpretation. 
The stress-intensification factors which are presented in the ASA 
B31.1 Task Force on Flexibility Report, represent practical design 
factors which were based on fatigue tests carried out by Mr. 
Markl.” 

While the authors have made a point of not advancing design 
philosophy of their own, comparisons appear to be inevitable. 
Therefore, for this purpose, a method described by Timoskenko® 


TABLE 5 COMPARING STRESS-INTENSIFIC ATION FACTORS 
PROPOSED FOR ASA B31.1, SECTION 6, CHAPTER 5, WITH FA- 
TIGUE STRESS-INTENSIFICATION VALUES DERIVE B FROM THE 
AUTHORS’ STATIC TESTS 
Fatigue stress-intensification values 
testa— 
Outside surface Inside surface 
[1 + 1/,(1-07/,.78 (1+ 1/,(1-16 X 1.07/,.78 


B31.1 Code 


~ 


which relates static stress-intensification factors to fatigue-intensi- 
fication factors by means of an expression involving the sensitivity 
index q (equals '/: for carbon steel) was used in developing com- 
parative values. These are shown in Table 5 of this closure, from 
which it is evident that good accord exists. A 16 per cent increase 
in B, at the inside surface was justified for use up to A equals 0.30 
(see Supplementary Report, Table 3), and within this range the 
agreement with code values is excellent. Since the code values 
are almost identical to the outside surface stresses for \ greater 
than 0.30, it would appear that in this range the code figures may 
be slightly low although probably not to any degree significant in 
practical design work. 


Nao 


27 See reference in footnote 20. 
*°“‘Strength of Materials, Part II,"’ by 
edition, 12th printing. D. Van Nostrand Company, Inc., 
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an Experimental and Analytical Study 


By J. K. KNOWLES! anp A. G. H. DIETZ,2 CAMBRIDGE, MASS. 


This paper is concerned (a) with a presentation of static 
tensile stress-strain data under many different experi- 
mental conditions on several types of methyl methacry- 
late, together with an empirical equation to describe them, 
and (6) with an attempt to correlate the static behavioral 
characteristics of two varieties of methacrylate by means 
of an extension of the Boltzmann-Volterra theory of the 
elastic aftereffect to an extent that facilitates the predic- 
tion of creep and constant-strain-rate curves from stress- 
relaxation data to within an error acceptable for engineer- 


ing purposes. 


INTRODUCTION 


“NHE time-dependent characteristics of the mechanical 
properties of high-polymeric materials are of considerable 
interest, both as an aspect of solid-state physics and for 

their importance in design considerations and other applications. 
Viscoelastic behavior, variously manifested as creep, stress 
relaxation, or strain-rate effect in the static range and as energy 
dissipation under dynamic conditions, has received much atten- 
tion from the experimental, theoretical, and analytical view- 
points.* Many materials have been studied under a wide 
variety of conditions, and several efforts to describe and corre- 
late mathematically experimental results have been reported in 
the literature. 

So much experimental work on methacrylate has been reported 
that it is impossible to document here the results of other workers. 
Efforts to analyze and interpret data on high polymers include 
equations of state derived from molecular considerations and 
proposed to describe macroscopic behavior, ¢.g., (4), statistical 
theories of rubberlike elasticity (5), and mechanical models and 
the concept of single and distributed relaxation times (1). 
Distributions of relaxation times have been discussed from the 
point of view of their relation to more fundamental physical 
quantities, such as activation energy (6). Boltzmann (7) pro- 
posed the nucleus of a hereditary theory of the elastic after- 
effect. based on the principle of linear superposition which subse- 
quently was developed by Volterra (8) and others. The general 
theory of linear viscoelasticity has been discussed at length by 
Gross (9). A graphical method of predicting creep behavior 
from stress-strain curves has been reported by Pao and Marin 
(10). This brief list of references obviously makes no claim to 
completeness but rather serves to indicate the variety of ap- 
proaches which have evolved. 

The analytical work included in the present paper is the out- 

' Teaching Assistant, Department of Mathematics, Massachusetts 
Institute of Technology. 

? Professor of Building Engineering and Construction; Director, 
Plastics Research Laboratory, Massachusetts Institute of Technology. 

* For extensive documentation of literature see (1, 2,3). Numbers 
in parentheses refer to the Bibliography at the end of the paper. 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 17, 1953. Paper No. 53—A- 100. 


growth of two objectives: (a) To obtain a simple empirical equa- 
tion to describe the experimental stress-strain curves, and (6) a 
more meaningful theory that might provide correlation and 
interpretation of the various static time-dependent character- 
istics. The latter objective was approached from the point of 
view of a nonlinear extension of Boltzmann’s original integral 
equation for the elastic aftereffect. Experimental stress-re- 
laxation and creep tests were carried out, in addition to the stress- 
strain curves, to substantiate the analytical work. 


EXPERIMENTAL 


To obtain the static tensile stress-strain characteristics of poly- 
methyl methacrylate over as wide a range of the physical pa- 
rameters as possible, the Universal plastics testing machine (11) 
was employed. This provides servomechanical control of the 
rate of testing as well as a wide range of rates under which to test 
the material. A 6-in-over-all-length specimen with a 1-in. gage 
length and diameter of approximately 0.22 in. was employed, 
and true (logarithmic) strain on gage length of the specimen was 
measured by means of a wheel-type extensometer, consisting of a 
single-wire potentiometer which converts elongation into changes 
of electrical resistance (12). This, together with electromechani- 
cal transducers and a tubular weighbar with temperature-com- 
pensated wire strain gages mounted in a bridge circuit, pro- 
vides information which is recorded continuously as load-time 
and strain-time curves by two Leeds and Northrup Speedomax 
recorders. The testing apparatus is maintained under condi- 
tions of constant temperature (77 F) and constant relative 
humidity (50 per cent). A temperature-control unit placed 
between the crossheads of the testing machine is used for tests 
conducted at temperatures other than 77 F, making available a 
range of temperatures from —58 to 167 F. 

Tests using the foregoing equipment were carried out on several 
varieties of methacrylate. The effect of plasticizer content was 
studied by testing 0, 5, 10, 20, and 30 per cent (by weight) 
plasticized methacrylate each at —58, —13, 32, 77, 122, and 167 
F at various true strain rates (approximately 0.001, 0.01, 0.1, 
and 1 in. per in. per min), load rates (approximately 10, 100, 
1000, and 10,000 lb per min), and crosshead rates (0.01, 0.1, and 
1 in. per min). Specimens of molecular weights of 9, 12, 20, 49, 
and 316 X 10‘ were tested at each of the given temperatures and 
at each of the testing speeds. Molecular weight was measured 
by the intrinsic viscosity method. Cross-linked methacrylates, 
containing 0.01, 0.1, and 1 per cent tetraethylene-glycol di- 
methacrylate as cross-linking agent, also were tested under some 
of the same conditions. Data were put in the form of plots of 
true stress against true strain at, for example, a particular 
temperature and for particular plasticizer content. Representa- 
tive stress-strain curves are shown in Figs. 1 through 6; Tables 
1 and 2 summarize some of the experimental results. 


REPRESENTATION 


In order to collect the foregoing data in as concise a form as 
possible, an empirical equation was chosen to fit the early portion 
of the stress-strain curves under the various testing conditions 
and structural characteristics of the material enumerated, The 
form of this equation is 
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Such an equation was fitted to each stress-strain curve, and 
values were obtained for A, b, c. The dependence of logy A, b, 
and ¢ upon the various physical parameters has been recorded 
graphically. The values of the constants for a crosshead rate of 
0.08 in. per min for unplasticized material at room temperature 
(77 F), when inserted in Equation [1], give a stress-strain curve 
indicated in Fig. 7 by the dashed line. The solid line represents the 
experimental curve under these conditions. 

Equation [1], of course, provides no direct information about 
other time-dependent phenomena. When values of 6, c, and 
logio A are plotted against the various physical parameters, a 
wide scatter is obtained which lends little reliability to the inter- 
polated portions of the plots. The analysis to follow was de- 
veloped to provide a sounder and more complete description of 
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INTERPRETATION 


(a) Further Experimental Work. In an effort to correlate the 
various phases of the time-dependent behavior of polymethy! 
methacrylate, stress-relaxation and creep tests were carried out 
at room temperature on 20 per cent plasticized polymethy! 
methacrylate using the Universal plastics testing machine 
Stress-relaxation tests also were carried out on 10 per cent 
plasticized methacrylate. As pointed out in the analysis to 
follow, relaxation data were used to obtain the characteristics 
of the material under test, and this information was used to cal- 
culate creep and constant-strain-rate curves to be compared with 
experiment. 

In the case of the 20 per cent plasticized material, relaxation 
tests were 100 sec in length, and specimens were extended to 
various constant true strains in time intervals ranging from 0.5 
to 2.5 sec, approximately. True strains were established by 
means of the wheel-type extensometer mentioned previously. 
For the 10 per cent plasticized material, relaxation tests were 
carried out in the same way, but the duration of tests was 1800 
sec. 

Experimental creep in 20 per cent plasticized methacrylate was 
carried out over 50, 100, and 200 sec. Specimens were loaded by 
means of a container of lead bricks and water, so that constant 
true stress was maintained by diminishing the load as the cross- 
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10600 
13450 


TABLE 2 mora OF ELASTICITY* IN TENSION xX 10-4 AT 


RIOUS CONSTANT STRAIN RATES 


Plasticizer 
content, 
per cent 


Strain rate, 


Temperature, deg 
in/in/min 22 77 32 


@ Initial slope of stress-strain curve, psi. 


sectional area decreased during test. Creep strains were meas- 
ured by means of strain gages bonded to the specimens (13). 

Results of the creep and relaxation tests clearly indicated that 
basic stress-strain-time relations involved were nonlinear over 
the major portion of the ranges of strains and at the time scales 
considered. Since linearity is characteristic of most spring- 
dashpot mechanical models often suggested to describe the be- 
havior of time-dependent materials, a more general analysis was 
sought. 

(6) Analysis. Boltzmann (7) proposed an equation for time- 
dependent phenomena of elasticity based on the idea of super- 
position and the concept of the dependence of stress at any given 
time on the deformation history of the body prior to that time. 
It was assumed that a time-dependent strain ¢(¢) acting at a time 
7 through an interval 7, r + dr would diminish the stress o(t) 
at a later time ¢ by an amount proportional to ¢(r), dv, and a de- 
creasing function g(t — 7) of the elapsed time, t — 7. Assum- 
ing that stress reductions resulting from previous deformations 
were additive, the resultant stress at time ¢ was the difference 
between the Hookean stress EHe(t), where EF is the modulus of 
elasticity, and the sum of the stress reductions due to previous 
deformations, i.e. 


ta 


where ¢ = 
formation. 


0 is the time prior to which the body suffered no de- 
If, as indicated in (14), we assume a non-Hookean 
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instantaneous stress-strain relation of the form o = F(e€), we 
may extend Boltzmann’s assumption so that the reduction in 
stress o(t) at time ¢ is proportional to F[e(r)], as well as g(t — rT) 
and dr. Assuming again the additivity of these effects, we write 


\ 


Equation [3] provides a nonlinear stress-strain-time relation of a 
fairly general nature with which to analyze the various tests. 
It is proposed that F(e), the instantaneous stress-strain relation, 
and g(t), the memory function, should be determined directly 
from relaxation tests. When Equation [3] is written in the form 
appropriate for relaxation carried out at a constant true strain 


€o, it becomes 
t 
o(t) = Fla) [1— f° 


Noting that o(0) = F(€), we observe that F(€) can be obtained 
by fitting an expression of appropriate form to a plot of initial 
stress versus strain for several relaxation tests. In dealing with 
actual data, the “‘initial’”’ stress is taken to be the stress at that 
time when the fixed strain at which the relaxation test is carried 
out has just been attained, i.e., at the end of the loading time 
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interval. This of course, is not time ¢ = 0 but rather, as pointed where 
out previously, is approximately t = 1 sec. Since faster loading a. = ad 
under fixed conditions was impossible, the only available alterna- 1, = const 
tive to the foregoing procedure for obtaining initial stress was to agreed closely with plots of true initial stress versus true strain for 
extrapolate the experimental load-time curve back to ¢ = 0. the several relaxation tests (see, for example, Fig. 9). Thus, with 
This was tried and yielded unreliable results. Equation [4] 
asserts that when several relaxation tests are plotted against : ih ve 
time as the ratio of true stress to initial stress, they should coin- at thesia 
cide. Although experimental data showed some discrepancy ° a. - 
in this respect, deviations were not large and can be explained at 
least in part by variations in loading time, and hence in the time 
selected as 1 = 0 (see Fig. 8). 

Slonimsky (15) points out that a memory function of the form 
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leads to an expression for stress relaxation which was used suc- 
cessfully by Kohlrausch (16) to describe his experimental results 
on stress relaxation in glass threads. It was found that a memory 
function g(t) of the form of Equation [5] with k = '/: describes 
well the relaxation data for 10 per cent and 20 per cent plasticized 
methacrylate (see, for example, Fig. 8), the relaxation expression 
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the constants a, a, a, 8 determined appropriately from relaxa- 
F(€) = ay€ + Ge€9?. tion experiments, we are in a position to evaluate Equation [3}) 
wie E under conditions relevant to creep (constant true stress) or con- 
ae a. stant true-strain rate and compare the results with experimental 


7  * vy The determination of the equation for strain versus time at con- 
stress involves the inversion of the basic Equation [3] with 
1is can 


— a(t) = oy = const to obtain the creep strain é(t). 
done approximately with the aid of Laplace transforms and the 
“thay, Faltung theorem,‘ yielding 


Using the values of @, a, a, 8 obtained from relaxation tests, it 
is possible to compare Equation [8] with experimental! creep 
curves. 
By inserting the condition for constant strain-rate response 
et) = pt, where p = constant rate of true strain, Equation [3| 
ean be written in the form appropriate for such a test 
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is the incomplete gamma function and can be evaluated readily sath. 
from existing tables (17). i 
(c) Application. Stress-relaxation experiments on 20 per cent _ 
plasticized methacrylate at room temperature approximately 100 ie 
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When these values are inserted in Equation [8], a comparison 
with experimental creep curves can be drawn for various appro- 
priate values of the true stress oo. In Figs. 10 and 11 such a 
comparison is made for 50 and 100-sec creep curves. When the 
creep time exceeds by a factor of 2 the duration of the relaxation 
test from which the information in Equations [10] was obtained, 
agreement between predicted and experimental curves is satis- 
factory only for small values oo, as shown in Fig. 12. 

When the values [10] are substituted in Equation [9], the con- 
stant strain rate-stress strain Equation [9] compares with experi- 
mental results as indicated in Figs. 13, 14. Similar predictions 
were made for 10 per cent plasticized methacrylate, values of 
5.17 X 105 psi 
—5.83 X 10° psi 

0.116 (sec)~? 

0.374 


a= 


B= 


being obtained from 1800-sec relaxation tests. Experimental 
constant strain rate-stress strain curves for the 10 per cent 
plasticized material are compared with Equation [9], using the 
values [11], in Figs. 15 and 16. 


Discussion 


The results of many experimental stress-strain curves in 
tension have been described. It is hoped that such data will be of 
value in —_ at ions, in many of which it is necessary to know 


DIETZ—VISCOELASTICITY OF POLYMETHYI, 


ME THAC RYL ATE 


TRUE STRESS 110 


Fic. 14 Compartson or EXPERIMENTAL StTRESS-STRAIN CURVE AT 
Constant Srrain Rate p = 0.07 In/In/Min ror 20 Per Cent 

Piasticizep MeTHacryLate (77 F) Wira Equation [9] 
Equation [9].) 


| 
TRUE STRAIN IN/IN 


( Experimental, . 


the stress-strain characteristics of methacrylate under widely 
varying conditions of test and material composition. 

To interpret properly the “rate effect’’ as observed in static 
stress-strain diagrams, it was necessary to correlate strain-rate 
effect, creep, and relaxation. This was done for two species of 
methacrylate at room temperature by means of a reasonably 
general assumption as regards the stress-strain-time relation satis- 
fied by the material. The deviation between calculated and 
experimental creep and stress-strain curves appears to be within 
the limits of the degree of reproducibility of test and material. 
A similar correlation could be carried out at other temperatures 
and for other materials following the procedure just outlined. 
It is hoped that this approach, when thoroughly developed, 
might reduce the number of experimental tests required to char- 
acterize a given material over a given time scale; stress-relaxa- 
tion experiments would provide the basic stress-strain-time rela- 
tion, Equation [3], and only a few creep and constant-strain-rate 
tests would be needed as substantiation. 

Although Equation [3] results in relatively involved expres- 
sions, e.g., Equation |9], for the particular form of memory func- 
tion and instantaneous stress-strain relation described here, 
they are still practicable and could be used as families of curves 
when the interest lies in one particular material. Equation [8], 
which provides the creep curve when the stress level is known, is 
not difficult from a computational standpoint, whereas Equation 
[9] for constant strain-rate curves is more involved and requires 
tables for expedient evaluation. Graphicai tabulation again 
would be useful here. Since ordinary clastic theory is not ap- 
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plicable directly, it is to be expected that a more complex ap- 
proach is needed for an adequate description of time-dependent 
behavior. 
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Discussion 


O. D. Suersy. The authors are to be congratulated in 
attempting to tackle the difficult problem of predicting creep and 
tensile data from stress-relaxation experiments. 

It is interesting to note that the stress-strain curves for the 
plastics studied by the authors at room temperature and above 
appear similar to the curves typical of metals that strain-harden. 
Obviously, considerable plastic deformation is taking place in 
these plastics under action of stress. The creep curves, shown in 
Figs. 10 to 12 of the paper, also resemble those for metals, reveal- 
ing in all cases pronounced transient stages of creep. It is unfortu- 
nate that the authors discontinued their tests after such short 
intervals of testing; it is thought that with extended deformation 
a steady-state creep rate eventually would have been achieved. 

If plastics deform under stress in a way similar to metals then 
some of the laws which are obeyed by metals also might be obeyed 
by plastics. In recent investigations®’ on the deformation of pure 
metals and simple alloys at elevated temperatures it was shown 
that tensile data at various temperatures and strain rates could 
be correlated by means of the equation 


f(ée®H/RT) 

where ¢ = ultimate tensile strength, € = rate of tensile straining, 
R = gas constant, 7 = absolute temperature, and AH is the 
activation energy of the deformation process. It was further 
shown’ that the activation energy of the deformation process 
for a given metal was equal to the activation energy for self-dif- 
fusion. Thus it might be interesting to see if the data reported 
in Table 1 of the paper can be analyzed by means of the foregoing 
equation (assuming that the maximum stress recorded in Table 1 
is about equal to the ultimate tensile strength). 

Fig. 17 of this discussion shows such a correlation attempt for 
0, 10, 20, and 30 per cent plasticized methacrylate. The following 
remarks are pertinent to the resulting correlation: (a) Equation 
[12] of this discussion appears valid for correlating tensile data on 
plastics. The 5 per cent plasticized methacrylate also correlated 
well by means of Equation [12] but was not included in the graph 
in order to avoid unnecessary confusion owing to the additional 
datum points. (b) The data below room temperature cannot be 
used in this correlatiom attempt. This is in the range where the 
stress-strain curves exhibit negligible plastic flow (Figs. 1 and 4 
of the paper). Also, the 122 F (323 K) temperature tensile data 
for 20 per cent plasticized methacrylate did not correlate well 
with the other two temperature data and consequently were not 
plotted in Fig. 17, herewith. It was noted that the maximum 
stresses achieved at 122 F were considerably less than the stresses 
which would have been anticipated from extrapolation of the 
curve in Fig. 17, suggesting that perhaps some auxiliary 
weakening effects were present at 122 F to cause this anom- 
aly. (c) The activation energy obtained for the various poly- 
methyl methacrylates is about equal to 38,000 cal per mole, inde- 
pendent of the plasticizer content. The exact significance of the 
38,000 cal per mole is not clear to the writer. Furthermore, it is 
surprising that the activation energy remains constant. It might 
be added that metals behave similarly in that dilute solid-solu- 
tion alloying does not change the activation energy for plastic 
flow.® 


* Research Engineer, Institute of Engineering Research, Univer- 
sity of California, Berkeley, Calif. 

* “Creep Correlations in Alpha Solid Solutions of Aluminum,” by 
O. D. Sherby and J. E. Dorn, Journal of Metals, AIME, vol. 4, 1952, 
pp. 959-964. 

7“Creep Correlations of Metals at Elevated Temperatures,” by 
O. D. Sherby, R. L. Orr, and J. E. Dorn, Journal of Metals, AIME, 
vol. 6, 1954, pp. 71-80. 
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If Equation [12] were valid for any given strain condition, that 
is, 0, = F(ée44/®T) where the function F depends on the strain 
under consideration, then it might be suggested that the authors’ 
Equation [9] can be generalized for the solution of the stress at a 
given strain at any temperature where p now =e 


here then € = constant strain rate of tensile test at temperature 
T and T = absolute temperature of test. However, a more care- 
ful examination of Equation [9] indicates that the curve deduced 
from this equation does not follow the form of the curves in the 
writer’s Fig. 17 and, therefore, the two equations cannot be com- 
bined. 

In Fig 18, herewith, it is attempted to plot the curve for ¢ at a 
strain of 0.04 as a function of strain rate as deduced from the 
authors’ Equation [9] for the 10 per cent plasticized methacrylate. 
It will be observed that there is no strain-rate effect below a strain 
rate of about 10~* per min and above about 10 per min, Only be- 
tween 10~* per min and 10 per min is there a normal strain-rate 
effect. The writer is not sure that many (or any) materials follow 
this trend. On the other hand, the tensile stress for 10 per cent 
plasticized methacrylate can be oe approximately for 0.04 
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strain at 77 F from Fig. 17 of this discussion, if 0.04 strain is 
assumed to be the point of maximum stress (as suggested by the 
data in Figs. 2, 3, 5, and 7 of the paper). Such a curve is plotted 
in Fig. 18. Most materials behave more like curve (2) than curve 
(1).7 It is believed also that curve (2) approximately represents 
the creep stress-steady state creep-rate relation®’ for 10 per cent 
plasticized methacrylate. 

Have the authors performed any creep tests at various tem- 
peratures? It would be interesting to know if the temperature 
laws®7® for elevated-temperature creep of metals also apply to 
plastics as the writer is now convinced they should. Thus it has 
been shown®?® that = f(@, 7) where € = creep strain, = 
te~4H/RT ¢ = time under stress ¢, and AH = activation energy 
for creep. For a given creep stress o, various temperature tests 
should correlate on a single curve when ¢ is plotted again @ and 
AH should again be equal to about 38,000 cal per mole. If such 
correlations are valid for plastics, the number of tests can be 
reduced materially to characterize the material for wide ranges of 
stress and temperature. 


C. R. Svock.* Most knowledge of industrial products or serv- 
ices can be expected to progress through three stages, starting as 
an art, developing via the empirical correlation of cause and 


* “Some Observations on Correlations Between the Creep Behavior 
and the Resulting Structure in Alpha Solid Solutions,” Journal of 
Metals, AIME, vol. 5, 1953, pp. 324-330, 

® Senior Group Leader, Stamford Research Laboratories, American 


Cyanamid Company, Stamford,Conn. 


tebe 


FEBRUARY, 1955 


effect, and finally achieving a logical foundation on verified 
theoretical principles. Electronics represents the one extreme of 
rapid advance to the third stage, while some long-established 
industries are hardly past being an art. It probably would be 
agreed by most that that part of the technology of plastics having 
to de with mechanical application and design is not far beyond 
the middle ground of empiricism. 

Efforts to provide for the thermoplastics the ultimate goal of a 
sound descriptive theory of mechanical behavior based on internal 
structure doubtless will continue to be retarded by the extreme 
complexity of the problem; the outcome of experiment can 
so far be predicted only approximately at best. Until this goal 
is eventuallv realized, advances must continue to be made at the 
empirical level, to provide more satisfactory criteria for design 
than either cut-and-try methods or classical elastic theory can 
supply. 

The present paper describes an approach based on cause and 
effect, that has a good chance of providing a satisfactory means of 
predicting the exterior mechanical behavior of methacrylate and 
hence possibly of other thermoplastics. The analytical power of 
the modified Boltzmann equation gives promise of this because 
it eschews elegance of form in favor of realistic recognition of the 
nonlinear response observed experimentally, providing means for 
taking this more complex reaction to stress into account. Obvi- 
ously, the work reported here for one plastic constitutes only an 
encouraging indication when viewed against the broader field of 
linear high polymers in general; it cannot even be said to have 
defined the mechanical behavior of methacrylates unequivocally. 
But over the range of variables covered, correlation between pre- 
diction and experiment has been closer than in any earlier 
attempt. If further work is equally encouraging, there may be a 
possibility of characterizing at least some plastics by parameters 
that will permit of intelligent engineering design. 


Avutuors’ CLOSURE 


The authors wish to thank Dr. Sherby and Dr. Stock for 
their interesting comments. 

The first discusser’s correlation of the tensile data presented in 
Table 1 is indeed interesting. Calculations based on the nonlinear 
Eyring three-element mechanical model were carried out some 
time ago on a series of methacrylates of vagying molecular weights 
using data obtained by creep and relaxation testing.'° Despite 
some scatter the activation energies thus calculated (between 25 
and 40 kilo calories/mole, in most cases) appeared to be inde- 
pendent of molecular weight over the range considered. 

The authors have not studied the creep behavior of the plasti- 
cized-methacrylate series at various temperatures. Data on the 
varying molecular-weight series, however, are available."° The 
suggestion, made by the first discusser, that various temperature 
creep tests should correlate on a single curve was apparently 
verified in Yurenka’s work. 

A remark relevant to Dr. Sherby’s Fig. 18: It should be pointed 
out that plotting the authors’ Equation [9j, using the constants 
[10], in the form of stress versus strain rate at a fixed strain é is 
significant only when p > ¢/100; i.e., p => 4 X 10~‘ per sec, or 
p > 2 X 10~? per minute, since the constants [10] were obtained 
from relaxation tests of one-hundred seconds’ duration and, as 
pointed out previously, the resulting equations describe ade- 
quately only those experiments whose durations are roughly the 
same as that of the relaxation tests from which the values [10] 
were obtained. 


“Creep and Relaxation Properties of Polymethyl Methacrylate,’’ 
by S. Yurenka, ScD. _ thesis, a of Mechanical En- 
gineering, 1950. r 
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A Novel Cooling Method for Gus Turbines _ 


‘3 fies, By EDWARD BURKE! ann G. A. KEMENY,? EAST PITTSBURGH, PA. 


Water (or possibly some other liquid coolant) is sprayed 
directly onto the rotor blades of a gas turbine from ori- 
fices in tubes located near the trailing edge of the turbine- 
nozzle guide vanes. The liquid impinges on the rotor 
blades forming a layer which serves both to insulate the 
blade from the hot-gas stream and to extract heat from 
the blade. Results of experiments on a supercharger, with 
gas temperatures between 1150 and 2350 F, and theoretical 
studies of the effect of spray cooling on cycle efficiency 
indicate that spray cooling, by permitting higher gas tem- 
peratures, should increase both output and efficiency of a 
gas-turbine power plant. Heat transfer in a spray-cooled 
blade is discussed. 
> 


INTRODUCTION 


HE desirability of high inlet temperatures for gas turbines, 

as a means of increasing both the efficiency and the output 

per pound of working fluid, is well known. Blade cooling 
has appeared to be an attractive means of operating turbines at 
gas temperatures which otherwise would be excessive for the blade 
materials. 

This paper discusses the cooling of turbine blades by direct 
water spray. This method was first studied at the Westinghouse 
Research Laboratories in 1947, by E. V. Somers, E. U. Powell, 
and E. Burke, following a suggestion by Mr. F. T. Hague of the 
Westinghouse South Philadelphia Works. The research originally 
was done under contract with the U. 8. Navy, Bureau of Ships, 
and was classified until 1952. Work along similar lines has been 
conducted by the British National Gas Turbine Establishment 
since 1950 (1).* 


Tests A Sratic CascapE 


Preliminary spray-cooling studies were conducted with a 
stationary blade cascade in a hot-gas stream, one of the blades 
being instrumented with five thermocouples distributed over the 
cross section in the median plane of the duct. Experiments re- 
vealed that cooling was improved as the spray tube was moved 
closer to the cascade. The 0.12-in-diam spray tube was in the 
stagnation streamline of the instrumented blade and had a 
number of holes spaced equally along the length of the tube. To 
prevent clogging it was found that the diameter of the holes 
should be at least 0.018 in. Neither changing the hole size, in 
order to vary coolant efflux velocity, nor changing the direction 
of spraying had any appreciable effect on the cooling of the instru- 
mented blade. Visual observations with gas temperatures up 
to 1950 F indicated that generally there was a well-defined water 
layer on the blade, the wetted area increasing in size as the 
water rate was increased. Prolonged testing at any given water 


1 Research Engineer, Westinghouse Research Laboratories. Assoc. 
Mem. ASME. 

2 Research Engineer, Westinghouse Research Laboratories. 

3’ Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Gas Turbine Power Division and presented 
at the Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of Tae American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 28, 1953. No. 53-——A-180. 


rate resulted in the formation of a ring of whitish deposit at 
the boundary of the wetted area. 


APPARATUS FOR SUPERCHARGER TESTS 


When the cascade studies proved encouraging, a Type B air- 
craft turbosupercharger was adapted for spray cooling. This 
machine consisted of a single-stage ‘“pure-impulse” turbine driv- 
ing a centrifugal compressor. Approximately 2.8 lb per sec of 
hot gas was supplied to the turbine by a compressor feeding a 
conventional gas-turbine combustor, the supercharger com- 
pressor serving only to load the turbine. The turbine wheel 
was 12.3 in diam, the total throat area of the turbine nozzles was 
9.2 sq in. 

Fig. 1 shows schematically the test equipment. The upper 
diagram shows the flows of gas, fuel, and lubricating oil, and also 
the pressure-measuring stations and some of the thermocouple 
locations. The lower diagram shows primarily the blade tem- 
perature-measuring system and the coolant spray system, The 
machine had blades with pinned root attachments (rather than 
welded); this made it possible to remove for drilling the four 
blades which were to be instrumented with thermocouples. The 
thermocouple junction and leads were first enclosed in a stainless- 
steel tube of 0.040 in. OD. Fig. 2 shows how the tube was then 
pushed through a curved hole in the rotor disk to the hole drilled 
in the turbine blade. The method developed for drilling curved 
holes is described in reference (2). The four thermocouples, each 
in a separate blade, were located '/,, '/2, */4, and 1 in., respec- 
tively, from the blade tip and were approximately in the center of 
the blade cross section. Inasmuch as all blades would be ex- 
pected to have the same temperature distribution, it was assumed 
that the four temperature-measuring locations duplicated con- 
ditions existing in any single blade at four axial locations. The 
blade thermocouples were connected to binding posts on the slip- 
ring assembly. A chromel (or alumel) wire led from each binding 
post to a “flying junction” at the top of the slip-ring assembly, 
where a transition was made to nichrome. The nichrome wire 
was connected to one of the silver-plated stainless-steel slip rings. 
Voltages were taken from the slip rings by means of silver-graphite 
brushes with nichrome leads, the transition back to chromel (or 
alumel) being made at a stationary compensating junction, lo- 
cated quite near the plane of rotation of the flying junctions. 
The method of supporting the brushes, shown in Fig. 2, was 
evolved after considerable experimentation and permitted con- 
tinuous recording of the thermocouple voltages on a Speedomax 
potentiometer. The slip-ring assembly, brush rig, compensating 
junctions, and various safety devices were all enclosed in a double- 
walled cavity which was continuously air-cooled. 

Materials of the slip-ring assembly and wiring were selected to 
insure that errors arising from slight temperature differences at 
the various transitions from one material to another would be 
negligible compared with the thermocouple voltage. The ther- 
mocouple system was insulated from ground, each pair of 
thermocouple leads being connected to two adjacent slip rings. A 
ninth slip ring, connected directly to one of the other slip rings, 
was provided to detect any extraneous voltages which might be 
present in the circuit. To obtain reliable data it was found neces- 
sary to ground the rotor with a copper pin attached to the turbine 
shaft and immersed in a stationary grounded mercury container. 
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Coo.ine REsULTS 


Fig. 3 shows the variation of the blade temperatures with 
water-spray rate for a particular spray-tube configuration; 
results are presented at five different gas temperatures. The 
water flow is given in per cent of the gas flow through the turbine. 
A separate plot was prepared for each thermocouple location 
within the blade, as shown in the inset. All tests except those 
specifically designed to determine the effect of speed were run at 
17,000 rpm. 

The uncooled blade temperature was 200 F cooler than the 
gas at 1450 F (as measured by a total-temperature probe at the 
nozzle-box inlet, with suitable corrections for imperfect recovery 
and radiation), and corresponding amounts at other temperatures. 
With increasing water rates, the blade temperature fell slowly at 
first, then more rapidly, and finally leveled off as the boiling point 
of water was approached. In some instances the rapid decrease 
of blade temperature was replaced by an actual discontinuity of 
several hundred degrees. These results are quite similar to those 
previously obtained with the static cascade. Fig. 3 reveals the 
cooling at location A, i.e., near the blade tip, to be inferior to that 
at the other three locations. 

The data presented in Fig. 3 were obtained with twu spray 
tubes, 180 deg apart, each with one 0.064-in. hole located quite 
near the blade roots. Each tube was set into the middle of a 
nozzle passage, the spray being directed cross stream to the gas 
flow. This arrangement was the best of a great variety of spray 
configurations that were studied and is referred to hereinafter as 
the “standard arrangement.” Tests also were run with (a) dif- 
ferent numbers of spray tubes from one to eight, always equally 
spaced; (6b) various numbers of holes in each tube, between one 
and five; (c) sprays directed upstream and downstream in the gas 
flow, as well as cross stream; (d) spray tubes set into the tails of 
the nozzle guide vanes, rather than in the middle of a passage. 
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Fig. 4 shows the results obtained with two different arrange- 
ments of holes in the spray tubes, the setup being otherwise iden- 
tical. Here the blade-temperature distribution is plotted for cer- 
tain arbitrarily selected spray rates. It is evident that a suitable - 
pattern of holes could be found to produce virtually any desired ware 
axial temperature pattern. 

The results presented in Fig. 4 were obtained with two spray 
tubes. Studies made with one, four, and eight spray tubes — é 
yielded quite similar results, the difference being that the larger 1% fae “a 
number of tubes gave slightly better cooling at the higher spray A ey oe ates 
rates. Tests run with upstream or downstream spraying gave 
results substantially the same as those obtained with cross- 
stream spraying. 

The diagram at the top of Fig. 2 illustrates two different meth- 
ods of installing the spray tubes, namely, setting them into the 
trailing edges of the nozzle guide vanes, or locating them in the =a i 
middle of a nozzle passage, i.e., the standard arrangement. pay ae 
Experiments with tubes set into the nozzle vanes showed that 
when the spray was directed downstream, approximately 60 per ; ONE WALL ONLY 
cent more water was required to achieve a given temperature 
reduction than with the standard arrangement. Cross-stream 


spraying with tubes set into the nozzle vanes was even less satis- T eihotistthfarics” at 
factory. 


Tests run with different sequences of water rates (i.e., increas- 
ing or decreasing) indicated that there was no appreciable effect. to 
A further effect investigated was that of turbine speed; the cool- LOCATION 


ing improved with increasing speed. With 1450 F gas the water Fie. 4 TemMPeRATURE DisrrisuTion ALONG BLapp Axis; _ Two 
rate necessary to lower the blade temperature to 800 F wasabout 2 Dirrerent Hote Disrrisutions 


0% £4. 


por CURVES 


032" DIA HOLES 


BLADE TEMPERATURE °F 


| 
BURKE, KEMENY—A NOVEL COOLING METHOD FOR GAS TURBINES 4 189 
athe § he 
Ve 
wos 
il 


7, TURING INLET TEMPERATURE hel Operate in this region. This part of each curve was replaced by 
(OEFINED AS STAGNATION TEWR In ss an appropriate straight line; then, for each straight line (cor- 
WOZZLE 80x) 2 
t i i t ss responding to a particular gas temperature), the value of 

| (Tsv—Ts)/r was computed. Here Tx is the temperature of the 
cooled blade obtained by linearizing the curves of Fig. 5, and r 

is expressed as a percentage of the gas flow. 

_ The values of (7'sv — Ts)/r are plotted in Fig. 6 against the 
- gas temperature 7c. The points are seen to lie quite close to the 


curve 
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This equation should hold reasonably well for gas temperatures 
between 1000 and 3000 F; however, it does not apply to ex- 
tremely high or extremely low water rates for each gas tempera- 
ture. 

In order to study the effect of coolant introduction from mov- 

sources, a “rotating gutter’ was installed. This consisted of a 
coolant-retaining ring located near the blade roots on the up- 
stream side of the turbine wheel. The ring was provided with 
holes to duct the coolant to a position near each blade root. 
Centrifugal force and the drag of the main gas flow then spread 
the coolant over the blade. The cooling was substantially poorer 

PERCENT WATER SPRAY than with stationary sources; plugging of the holes was also a 

serious problem. 


Fic. 5 Mean Brave Temperature Versus Spray Rate 
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Even though spray cooling may reduce blade temperatures 


See T satisfactorily, a question arises as to possible harm to the turbine, 
———— due to deposits or to fatigue. Fig. 7 shows typical deposits ob- 
'pumseecen these vei tained with tap water, for a running time of about 20 hr. The 
Ty *COOLED BLADE TEMP. . deposit is of the order of 0.002 in. thick over most of the blade and 
a em thee + aie can be scraped off readily. It is difficult to predict how much 


deposit might accumulate under long-time operating conditions. 
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twice as high for 5000 rpm as for 19,000 rpm. Thermocouple 
traverses were made in the hot gas just downstream of the turbine 
wheel, in various positions relative to the spray tubes. While not 
yielding any quantitative results, these tests indicated that an 
appreciable fraction of the water introduced remained liquid after 
passing through the turbine. 

Complete cooling curves for all gas temperatures between 1150 
and 2350 F are presented in Fig. 5; these are for the standard 
arrangement. The curves for 2050 and 2350 F were drawn so as 
to have the same shape as the lower-temperature curves. Fur- 
thermore, the uncooled-blade temperatures for 2050 and 2350 F 
were obtained by extrapolation of the relationship 7g — Tav = 
0.15 (Ta — 150), which was found to hold quite accurately at 
lower temperatures. 7'py and Tg, respectively, are the un- 
cooled-blade temperature and the gas temperature, in deg F. 
The ‘‘mean blade temperature” plotted in Fig. 5 is an average of 
the readings of thermocouples B and C. 

Each curve has an approximately linear region between the 
“‘shoulder’’ at the lowest water rates and the “toe’’ at the highest; 
it is likely that any spray-cooled turbine would be designed to _ .7 Deposits on Tursine BiapEs 
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The deposits also give an indication of the location of the water 
layer on the blade, inasmuch as the static tests showed that 
deposition occurs at the edge of a wetted area. The deposit com- 
pletely covers the concave side of the blade, while on the convex 
side it is limited to a fairly narrow region near the mid-line of the 
blade. Furthermore, the velocity triangle for the water indicates 
that the spray should strike the convex side of the blade over the 
leading half. Thus it seems likely that whenever a stable water 
layer exists on a blade, it covers the leading half of the convex 
side, extends around the leading edge, and covers a variable por- 
tion of the concave side, depending on the spray rate. Migration 
of the boundary of the wetted region over the concave side, as the 
water rate was changed, then appears to have been responsible 
for the deposit covering that side of the blade. 

It had been feared that premature blade failure might occur as a 
result of fatigue, because the change in stress of a blade passing a 
point of spray introduction would be greater than that normally 
occurring. (‘Normally occurring’’ refers to the passing of a 
blade from the high-velocity gas stream at a nozzle passage into 
the comparatively dead region opposite a nozzle vane.) The 
possibility also was considered that the blades might be damaged 
by the increased severity of thermal cycling which spray cooling 
imposes, 

One supercharger withstood 12 hr running time at 1750 F gas 
temperature, until a blade failure occurred; another machine was 
then put into service, to obtain further data. The high gas 
temperature can account readily for the short life, since the nor- 
mal operating life of 1300 hr is for a turbine-inlet temperature of 
1500 F. Micrographs of the broken blade revealed that failure 
was caused by creep to rupture and not by fatigue. Since the 
sprayed blades had undergone about 3 X 10’ stress cycles, it can 
be concluded that fatigue is not likely to be a serious problem in 
spray cooling. 

Similarly, it was found that corrosion was not excessive for the 
duration of the tests. However, it must be pointed out that the 
turbine was bladed with a heat-resistant alloy, whereas, if non- 
strategic materials are employed, corrosion might become a 
serious problem. 


AppITIVES TO CooLING WATER 


It is obvious that for marine applications, it would be desirable 
to use sea water for cooling. Consequently, tests were run using 
synthetic sea water, prepared according to the composition given 
in reference (3). A total of 22 different kinds of ions was added, 
down to those present as 0.00003 millimols/kg sea water. 
The change from tap water to sea water produced no appreciable 
change in the cooling. However, much heavier blade deposits 
were obtained; the melting point of these deposits was found to 
be 1450 F. Inasystem with salt-water cooling it might be desira- 
ble occasionally to raise the temperature in short bursts, so as to 
melt off any deposits which have formed. 

Tests were conducted with two “detergents”’ or ‘‘wetting agents’’ 
in an effort to improve cooling, since experiments (4, 5) have 
shown that the heat transfer from a solid surface to a boiling 
liquid can be improved materially by reducing surface tension. 
The detergents used were ‘“‘Dreft,’’ having as its active ingredient 
a sulphated normal primary aliphatic alcohol, and “‘Sapamine 
M-S,”’ a quaternary ammonium compound. No change in the 
cooling occurred with either of these two detergents. viel 

Heat TRANSFER IN A SpRAY-COOLED BLADE Reape 

The shape of the curves in Fig. 5 was analyzed on the basis of 
the known relationships for heat transfer from a solid surface to a 
boiling liquid. Work reported (6, 7, 8) has shown that the 
specific heat flux (Q/A) increases with increasing AT in the region 
of stable nucleate boiling, peaks sharply, and then falls off rapidly 


as the nucleate boiling becomes Finally, film boiling 
setsin. (It must be admitted that the conditions of such experi- 
ments are quite different from those prevailing in a water layer 
on a turbine blade.) The retention of a thin water layer on a 
blade, such as is necessary for stable nucleate boiling, has been 
calculated, and shown to be sufficient, even in the presence of the 
strong centrifugal forces. 

The typical spray-eooling curves consist of a gradual blade- 
temperature decrease at low water rates, followed by a much 
steeper decrease (or actual discontinuity) at water rates of be- 
tween 1 and 3 per cent, with a final flattening out to a value of 
about 250 F at high water rates. It appears that the steep por- 
tion of the curve can be accounted for by considering the minimum 
water rate at which a stable layer in nucleate boiling can exist 
over an appreciable part of the blade. This water rate would 
then correspond to the peak (Q/A) value of the nucleate regime. 
The extent of the wetted area is probably changing rapidly with 
variations in spray rate, on the steep part of the curve. 

Theoretical calculations of the cooling effect were performed 
for the 1750 F gas, 17,000-rpm condition, in which the heat was 
assumed to flow from the gas to the blade on the convex side, to 
be conducted through the blade, aiid then to flow from the blade 
to the water, where it served to evaporate the water layer which 
covered the concave side. The (Q/A) from the gas to the blade 
was calculated on the basis of data given by Ellerbrock (9). It 
was further assumed that the concave side remained at 250 F 
and had a specific heat flux of 350,000 Btu/hr ft®. It should be 
noted that for our purposes the value of the specific heat flux from 
the blade to the water (Q/A)sw is significant, rather than the 
heat-transfer coefficient, h. Furthermore (Q/A) can be meas- 
ured directly, whereas h must be calculated from highly uncertain 
measurements of A7'. Reported values of (Q/A)max vary from 
300,000 to 400,000 Btu/hr ft?, even though h varies much more. 
Furthermore (Q/A)max is virtually independent of pressure up to 
120 psia, as pointed out in reference (6). While the model 
assumed in these calculations no doubt differs considerably from 
what is actually taking place, the results should give a first 
approximation to the magnitude of the heat fluxes and the tem- 
perature differences. 

The heat-flow problem was solved with the aid of an electrical 
analog computer. The results showed that the hottest region 
of the convex side would be expected to be at 800 F, i.e., 550 F 
hotter than the side with the water layer. The total heat flow 
(from the gas to the blades, through the blades, and finally to the 
water) would be 180,000 Btu/hr, for the entire 142 blades of the 
turbine. This heat flow is sufficient to boil only 53 per cent of 
the water being sprayed in, assuming a 3.5 per cent water rate. 
The remainder of the water is made up of the following: (a) 
Coolant which passes through the turbine without striking a 
blade, (6) coolant which strikes the blades and then bounces off, 
(c) evaporation in the gas stream, and (d) water evaporated by the 
heat transferred from the gas to the free surface of the water layer 
on the blade. 

The foregoing model of a spray-cooled blade permits estimating 
the effect of turbine size on spray eooling. For this purpose a 
comparison is made of two turbines of different size but with 
similar blade shapes, and with the same gas velocities rela- 
tive to the rotating blades, and the same temperatures and 
pressures. 

Ellerbrock (9) has pointed out that, as a reasonable approxima- 
tion, Nu « ~/Re, where Nu and Re are the Nusselt and Reynolds 
numbers referred to the blade chord c. From the definition of Nu 
and Re it that 
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where Q is the rate of heat flow in Btu/hr, A is the area across 


which it flows, and the subscript GB refers to heat transfer from _ oe 


gas to blade. The problem is to determine, as a function of c, the 
water rate which will maintain A7Tos unchanged. The total 
blade area is proportional to c*, since the ratios of blade height to 
chord and of pitch to chord are held constant; consequently 
rotor disk are ignored, Qas = Qsw (the subscript BW refers to 
heat flow from blade to water). 

Since each pound of water that is boiled away will carry the 
same amount of heat, Qaw «< Ww, where W, is the rate of water 
flow. Letting M be the total mass flow of gas, it is found that 
M « ¢?, because of the assumptions of fixed velocity, temperature, 
and pressure. 


It is now possible to compute r, the water rate expressed as a 


the gas flow rate 


r= 100 W. We 
err. 3 


aye 


« 
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The effect of pressure on cooling roughly may be estimated by a 
method similar to that used in calculating the size effect. Here 
two turbines of identical construction are considered, with 
operating conditions the same except for pressure. The depend- 
ence on pressure of the transport coefficients and of the boiling 
point of the water is ignored. Then 

since the temperature is fixed. Since M « p, and Wy « Qpw, 

From these calculations it can be seen that the ratio of cooling 
water to gas flow in a turbine decreases with increasing turbine 


size and working pressure. 
CALCULATED Errect or TURBINE COOLING ON 


oud EFFICIENCY 

Calculations were made of the influence of spray cooling on the 
efficiency of a simple open-cycle gas turbine. It was assumed 
that a single water-introduction point, ahead of the first rotating 
row, could suffice for theentire turbine, the diminishing amount of 
liquid present in each succeeding stage being offset by the de- 
creasing amount of cooling required. 

The cooling water can detract from the turbine output in three 
ways: (a) Liquid droplets will absorb power from the blades in 
being accelerated substantially from rest up to the speed of the 
rotating blades. (6) When the water evaporates and comes to the 
same temperature as the gas, it absorbs heat; the working 
temperature is thus reduced, and furthermore, the heat of vaporiza- 
tion is not recoverable (since the water is never condensed). (c) 


If heat losses by radiation and by conduction to the ail ss 
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TN 2071, reference (10). The calculations for E = 0 were based 
on the losses due to wet steam, as presented by Kearton (11). 
Fig. 8 shows how the introduction of 4 per cent of water affects 
the cycle efficiency, for temperatures between 1500 and 3000 F 
and pressure ratios between 5 and 15. In all calculations both 
turbine and compressor were assumed to be 85 per cent efficient, 


combustion efficiency was taken to be 100 per cent, and pressure 
drops were neglected. 
The results of spray-cooling experiments are now introduced, 


The value of the adiabatic exponent is reduced, and so for the 
same pressure ratio in the turbine less enthalpy drop will occur. 
Although the proportions of liquid and vapor change as the 


i 


=, 


water passes through the turbine, it was not considered practical 
to take this into account. Computations were made for two 
limiting cases—one in which all the water instantly becomes 
steam upon introduction, and as such passes through the turbine, 
and the other in which the water remains liquid throughout. 
These cases are designated E = 1 and E = 0, respectively. It is 
likely that any actual case could be represented by some “‘equiva- 
lent’’ value of E, between the two foregoing extremes. 

In the case E = 1, the combusted gases, having attained the 
nominal turbine-inlet temperature, are mixed with the cooling 
water (as liquid at 60 F). The mixture of gas and steam comes to 
equilibrium, enters the turbine, and is expanded down to atmos- 


pheric mee These calvulations were made with the aid of 


obtaining the result presented in Fig. 9. The data in Fig. 5 were 
cross-plotted in Fig. 10 to give the water rates needed to main- 
tain various specified blade temperatures; the water rates re- 
quired to maintain the blades at 1300 F were used in plotting Fig. 
9. Any future studies with spray-cooled turbines could be used 
in plotting analogous curves, merely by suitably scaling the 4 per 
cent curves of Fig. 8. 

In Fig. 9 the curves for R = 5 and R = 7 (here @ is the cycle 
pressure ratio) show that for E = 1, roughly half of the efficiency 
gained in raising the gas temperature above 1500 F is lost as a 
result of cooling; for Z = 0, the loss is roughly one third the gain. 
It also will be noted that the optimum gas temperature is lower 


for any given pressure ratio, when spray cooling is employed. 
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Fig. 11 reveals that spray cooling detracts very slightly from the 
greatly increased output which results from higher turbine-inlet 
temperatures. 


CoMPARISON WitTH OTHER CooLiInc Metuops 


Various methods of turbine-blade cooling ,are discussed (1, 9, 
12, 13) which survey the entire field. A list of the more important 
methods follows, together with references devoted to a particular 
cooling method: Internal Air; Internal Liquid—Forced Convec- 
tion; Internal Liquid—Natural Convection, also known as 
Schmidt Cooling (14); Transpiration, also known as sweat or 
porous-blade cooling (15, 16); and Film, in which cool air flow- 
ing out of slots near the leading edge forms a protective blanket 
over the blade. 

All the internal cooling methods require that the rotor blades be 
provided with coolant passages; the resultant blades are expen- 
sive to peoduce and probably ciel than solid blades. Spray 


cooling, on the other hand, requires little if any modification of 
the blades. Furthermore, spray cooling offers the possibility of 
satisfactorily reducing the temperature of the trailing edge, 
whereas the cooling of the trailing edge generally is unsatisfactory 
with the other methods. The temperature distribution along 
the blade axis is virtually fixed with most cooling methods; 
however, with spray cooling, this distribution can be adjusted 
so as to provide approximately the desired amount of cooling 
for each axial location, taking into account the changing blade 
stress and the varying gas temperature. 

When internal liquid cooling is employed, if the coolant pas- 
sages in any blade become clogged, that blade will fail, possibly 
wrecking the whole machine. Furthermore, any blade with a 
leak will waste large amounts of water, probably causing failure of 
other blades. Conducting liquid into and out of the rotor also 
introduces mechanical difficulties. In aircraft applications, the 
radiator needed to reduce the temperature of the recycled coolant 
introduces undesirable weight and drag. Against this must be 
offset the advantage that only a moderate (permanent) amount of 
coolant is required, while spray cooling requires the carrying of a 
large amount of expendable coolant. 

Spray cooling, in common with certain other methods, differs 
from internal liquid cooling in that the heat removed from the 
blades is degraded, rather than being entirely lost to the cycle. 
Since al] cooling methods in which the heat is lost are equivalent 
thermodynamically, it is possible to calculate the corresponding 
loss of cycle efficiency, as pointed out in references (17 through 
20), when assumptions are made regarding the heat transfer from 
the gas to the blades. Comparison of these results with the cal- 
culations of the effect of spray cooling on cycle efficiency reveals 
that internal liquid cooling would be expected to produce substan- 
tially greater losses. In this comparison the spray-cooling water 
rates were taken from supercharger test results, whereas a practi- 
cal machine should require considerably less water and suffer 


correspondingly smaller losses. 1 
T 


APPLICATIONS OF SprRAY COOLING 


Since high gas temperatures greatly increase the power output 
per pound of air flow, spray cooling is especially attractive when 
occasional operation at very high load is required, e.g., in some 
classes of naval vessels where the power plant is operated at less 
than one-fourth load for 98 per cent of the running time (21). 
In marine plants using fresh water for cooling, some additional 
distillation facilities might be required; however, using the 
Kleinschmidt process (22) only 1 Ib of fuel would be consumed for 
each 200 lb of water to be purified. 

For a turbojet, no appreciable gain in efficiency can be obtained 
by raising the turbine-inlet temperature. However, high tem- 
peratures are desirable as a means of increasing the thrust per 
unit weight. Spray cooling might be attractive as an alterna- 
tive to afterburning, because of the high fuel consumption of after- 
burners, as well as their bulk and weight. One possibility is the 
use of fuel as the turbine coolant, the fuel to be later consumed 
in an afterburner. In addition to the advantages to be gained 
by spray cooling, this offers the possibility of shortening and 
simplifying the afterburner. Schmitt (23) has conducted after- 
burning tests in which the fuel was injected ahead of the turbine; 
however, use of fuel to cool the turbine was not considered. 


CONCLUSIONS 


For the gas turbines of the future, some method of cooling the 
rotating blades almost certainly will be necessary. Spray cooling 
should permit a simpler design and greater reliability than ap- 
pears possible with the other cooling methods; furthermore, 
the optimum blade-temperature distribution probably can be 
more readily. 
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A typical result of these experiments is as follows: With 1750 F 
gas a mean blade temperature of about 800 F can be attained 
with a water rate equal to 2.5 per cent of the gas flow. Data 
were taken for gas temperatures between 1150 and 2350 F. For 
the most useful range of spray rates at each gas temperature, the 
results of these tests can be summarized by the equations 
Tc = 0.15 (To — 150) and Ta = 438,000 
Here 7'su is the uncooled blade temperature in deg F, 7's is the 
cooled blade temperature, 7'g is the gas temperature, and r is the 
water-spray rate, as per cent of gas flow. Calculations indicated 
that in a turbine of several thousand horsepower, with larger blade 
chords and higher pressures, the percentage of water required 
should be only about one third of that given in the foregoing for- 
mula, 

The optimum configuration consisted of two spray tubes (180 
deg apart), each set into the middle of a turbine-nozzle passage. 
Each tube was equipped with one spray hole near the roots of the 
rotating blades, and so directed as to spray perpendicular to the 
gasstream. Varying the spray direction and the number of tubes 
had only a moderate effect on the cooling, but setting the tubes 
into the tails of nozzle guide vanes made the cooling much worse. 

Theoretical studies of the effect of spray cooling on cycle 
efficiency led to the conclusion that, for the spray rates required 
in the tests, approximately one third of the increase in efficiency 
made possible by higher temperatures is lost as a result of cooling. 
If cooling of a practical turbine could be accomplished with only 
one third as much water, these losses would be reduced propor- 
tionately. The large increases in output made possible by higher 


gas temperatures are virtually unaffected by spray cooling. ities * 
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Discussion 


J. C. Frecue.‘ The paper represents a pioneering effort in 
a field which offers definite possibilities as an effective cooling 
method for gas-turbine blades. The experimental data obtained 
are rather extensive including operation over a range of speeds 
and inlet-gas temperatures and employing various water-in- 
jection configurations. The authors are to be congratulated 
upon a thorough approach and excellent presentation. 

The results would be still more valuable if the experiments had 
been conducted on a larger blade. Rather serious limitations 
may be imposed on spray cooling if scale effects are a major con- 
sideration, a possibility which can only be determined with cer- 
tainty by actual test. Because of the basic behavior of the spray- 
cooling process, similar blade temperatures should result for 
larger blades where wetting of the blade surface occurs. How- 
ever, for an appreciable difference in blade size, uniform wetting 
of the blade surface may not be achieved with the same water- 
injection configuration. Unless satisfactory configurations are 
then achieved, the resulting large chordwise temperature differ- 
ences between the wetted and unwetted blade portions would 
result in the introduction of shear stresses capable of sharply 
curtailing blade life. 

As indicated by the authors, spray cooling also affords a method 
of achieving thrust increases in turbojet engines by reducing the 
blade temperature sufficiently so that the material will with- 
stand the higher gas temperatures required. It should be em- 
phasized, however, that water-spray cooling in flight applications 
is limited to brief intervals since there are definite limitations as 
to the quantity of coolant which may be provided. Neverthe- 
less, thrust augmentation may be provided with a minimum- 
weight penalty for such conditions as take-off, passing into the 
supersonic regime, or for high-speed maneuver. Length of 
application of spray cooling is, of course, not a limitation in 
most stationary installations. 


F. K. Fiscuer.’ The authors in their paper describe a 
method of cooling gas turbines in which the blades can be held 
at a relatively low temperature while operating in an extremely 
hot gas stream. This is accomplished by direct injection of 
cooling water into the gas stream ahead of the blades. On 
first thought the writer believes we would all tend to reject this 
method as being impractical what with problems of moisture, 
erosion, corrosion, fouling, and the like. However, when con- 
sidering a possible design of gas turbine using parts of ordinary 
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steel while operating at gas temperatures of the order of 2500 F, 
spray cooling appeared to be the only method offering a possible 
solution if we were to use structures essentially as we know how 
to build them today. 

The results which the authors describe were carried out on a 
supercharger modified and instrumented to permit water spray 
cooling to check the possibilities of this type of cooling on rotat- 
ing apparatus, The results were gratifying. 

In selecting a method of cooling where the blades are to be 
held appreciably below the gas-stream temperature, a difficult 
problem is to cool the trailing edge of the blade so that the 
temperature difference across the blade cross section is not too 
great. Theoretical studies indicated the difficulty of cooling 
the trailing edge effectively by internal cooling of the blade 
even with liquid as the coolant. Cascade studies on stationary 
blade packs indicated that direct water injection would cool the 
trailing edge satisfactorily. The supercharger tests indicated 
that spray cooling is effective on rotating apparatus. However, 
the supercharger blades are too small to permit accurate de- 
termination of temperature distribution across a blade cross 
section. 

The tests which the authors describe indicate that direct in- 
jection of water will cool turbine blades effectively. As to the 
problem of moisture erosion, this should not be too serious based 


Me 


on steam-turbine experience where exhaust end blades operate 
in up to 14 per cent moisture at high tip speeds. The problem 
of fouling could be serious. The tests described were of rela- 
tively short duration and indicated some build-up of salts. It 
should be noted that there is plenty of exhaust heat to evaporate 
water if necessary, but this means added apparatus. 

If appreciably higher temperatures than presently used in gas 
turbines are to be obtained, some method of effective cooling is 
necessary. Cooling permits the use of less-costly, less-difficult- 
to-fabricate materials thus reducing unit costs. This, combined 
with the other advantages of higher temperatures, such as 
increased efficiency and increased work per pound of air, re- 
sulting in smaller units, is so great that we will continue to see 
an increasing use of cooling of gas turbines. Water-spray 
cooling may well play an important part in this development of 
cooled gas turbines because of its extreme simplicity of applica- 
tion. 


CLosURE 


The authors wish to thank Messrs. Freche and Fischer for 
their comments on this paper. Furthermore, they wish to ex- 
press their appreciation to Mr. Fischer for his advice and en- 
couragement during the time when the research described in this 
paper was in progress. 
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Engine—A Cycle 


By A. L. LONDON,' STANFORD, CALIF. 


A simplified cycle analysis is presented for a compound 
engine of the free-piston type. To allow ready algebraic 
formulation, the assumption of perfect-gas behavior with 
suitably averaged specific-heat magnitudes is employed. 
The influence of compressor, turbine, and mechanical 
“inefficiencies” as well as the effects of valve-pressure 
drops and coolant-jacket heat transfer are included. The 
calculated parameters of specific flow rate, specific fuel 
consumption, and turbine-inlet temperature are conse- 
quently realistic performance estimates, as shown by 
comparison with available test information. Results of 
the analysis clearly indicate the importance of component 
losses on turbine-inlet temperature and plant specific- 
fuel consumption and point out the unique character- 
istics of the cycle. Consideration also is given to the 
“supercharged-intercooled” and the “reheat” variants of 
the simple free-piston compound engine. A study of 
methods of load governing leads to the important con- 
clusion that in order to realize a flat part-load economy 
characteristic, comparable to that of a diesel, it will be 
necessary to obtain a turbine design which achieves high 
part-load fuel efficiency. The reheat cycle has an excel- 
lent part-load fuel economy, but probably will require the 
use of a variable-area nozzle turbine. 


NOMENCLATURE 
The following nomenclature is used in the paper: ; 


¢, = air constant pressure specific heat for the com- 
pressor process, Btu/(Ib deg F) 
c air constant pressure specific heat for the turbine 
process, Btu/(lb deg F) 

h enthalpy, Btu/Ib 

k air specific heat ratio for the compressor process, 
dimensionless 

air specific-heat ratio for the turbine process, 
dimensionless 

fuel lower heating value at fuel supply tempera- 
ture, Btu/lb 

molal mass of air = 28.97 lb/lb mol 

exponent in engine indicated thermal-efficiency 
expression, Equation [7], dimensionless 

pressure, psia or psfa 

compressor-pressure ratio, dimensionless 

piston displacement, cu in. or cu ft per cycle 

coolant heat-transfer rate, Btu/hr sig 

coolant heat-transfer fraction relative to fuel- 
energy input, dimensionless 
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universal gas constant = 1545 ft #/ (Ib mol deg R) 

engine volumetric compression ratio, dimension- 
less 

specific air-flow rate for cycle, lb/net shphr 

specific fuel consumpticn for cycle, lb/net shphr _ 

air temperature, deg R Ha 

air temperature, deg F 

work rate, as qualified by subscript, Btu/hr 


vt 
A on P* means pressure-drop fraction > yatvioy 


) means difference 
” = efficiency as qualified by subscript mat off 
¢.(P*) = compressor-pressure function; bracketed term in 

Equation [5] 

turbine-pressure function; 
Equation [12] 

w = flow rate as qualified by the subscript, lb/hr. 

* denotes pounds “force” in distinction to lb for 

pounds ‘“‘mass”’ 


$,(P*AP*) bracketed term in 


Subscripts: 
engine 
compressor 
turbine 
net cycle 
thermal 


state points as defined by flow diagram, Fig. 1 


INTRODUCTION 


0, 1, 2, 2b, ete. 


There has been an accelerated interest in the free-piston engine 
in this country, largely as a result of two promising developments 
here and the commercial success of French “SIGMA” organiza- 
tion (1, 2, 3, 4).2_ However, only reference (1) touches lightly on 
the subject of thermodynamic-performance predictions; the 
others deal primarily with descriptive material and some test-per- 
formance figures. 

As with any new prime-mover system, optimistic claims are 
made for expected fuel economies. It is the author’s opinion 
that the major virtues of the free-piston compound-engine prime 
mover are low cost, mechanical simplicity, and flexibility in ap- 
plication as a result of the turbine drive, together with excellent 
thermal efficiency. It is only competitive with the diesel in this 
last respect, however, and to “‘sell’’ the development on the basis 
of extravagant fuel-economy claims is certainly undesirable as 
well as unnecessary. 

The free-piston-engine cycle has some of the inherent flexibility 
of the gas-turbine cycle in that variations such as supercharging, 
with or without intercooling, and reheating are possible. These 
variants have been suggested but no demonstration of the thermo- 
dynamic advantages has been presented. 

The objectives of this paper are as follows: (a) To present an 
algebraic formulation of the cycle analysis for the simple free- 
piston compound engine; (6) to demonstrate the system per- 


* Numbers in parentheses refer to Bibliography at end of paper. _ 
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formance which reasonably might be anticipated in the near fu- 
ture; (c) to show the influences of “losses’’ on performance; 
and (d) to demonstrate what gains if any can be realized from the 
supercharged cycle and the reheat cycle relative to the simple 
system. 

An algebraic formulation of the analysis has been used as an 
alternative to stepwise calculations using the Gas Turbine Gas 


Charts (5) or the Gas Tables (6). This results in some loss of 


accuracy, but as suitably averaged specific-heat magnitudes were — 
employed the errors are small. The virtue of the algebraic formu- 
lation is that important relationships are evident which otherwise 
would be masked in the details of the more rigorous analysis. 
Moreover, the stepwise calculation, using the best available equa- 
tion-of-state information, always can be accomplished once the 
algebraic formulation is understood. 

While major interest in all three cycles to be considered stems 
from the free-piston engine, it is worth while noting that these re- 
sults apply with equal validity to compound-engine systems in- 
volving crank-type reciprocating-engine and compressor com- 
ponents as long as the conditions described in the flow diagrams, 
Fig. 1, are satisfied. 


In this illustration, the “simple cycle” is described and defined 
by Fig. 1(a). The unique aspects of this cycle are: 


1 All the reciprocating-engine output is absorbed by the com- 
pressor 
Wkeng = 
2 The net work all derives from the turbine output 
Whkaet Wkturd 


The supercharged-intercooled cycle, Fig. 1(b), has been pro- 
posed as a means for reducing the bulk of the reciprocating-com- 
pressor component. Its failure in this respect is the subject for 
later discussions. Unique aspects of this cycle are the following: 


1 Reciprocating-engine output is absorbed by the reciprocat- 
ing compressor, as for the simple cycle, Equation [1]. 


2 The net work is less than the turbine work by the demand ~ 


of the booster supercharger 
Wknet = Wk upercharger 
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The reheat cycle, Fig. 1(c), has been proposed as a means of in- 7 : a 


increasing the power rating at a small sacrifice in fuel economy. 
A subject for later discussion is the substantial advantages to be 
gained. For instance a 40 per cent power boost appears feasible © 
with only a 10 per cent sacrifice in fuel economy at a compressor- 
pressure ratio P* = P,/Po = 6. 

Unique aspects of this cycle are as follows: 

1 Reciprocating-engine output is absorbed by the compressor, 
as for the simple cycle, Equation [1]. 

2 The net work all derives from the turbine output as for the 
simple cycle, Equation [2]. 

3 The total fuel input includes both the reheat combustion- 
chamber requirement as well as the reciprocating-engine require- 
ment 
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Fig. 1(a) serves to define the system under consideration and 
Fig. 2, a temperature-entropy representation, illustrates the 
idealized processes considered, These are described in more de- 
tail as follows: 

1 Process 0-1 is the adiabatic compressor process defined by 


the ambient-air state (Po, 7), the compressor-pressure ratio, 
P* = P,/Po, and a specified isentropic compression efficiency, 7.. 


EXHAUST 
wl? sof wiles 


Fig. 1 Turee Free-Piston CyYcLes 


This efficiency term, by the definition used here, relates to the 
over-all pressure rise Pg to P; and thus includes valve pressure- 
drop losses in the compressor. 

2 Process 1-2a, over-all, is the complex of processes occurring 
within the reciprocating-engine cylinder. As an adequate ap- 
proximation, one can consider that there occurs in sequence an 
adiabatic compression stroke, followed by part constant volume 
combustion, with afterburning during the power stroke. Follow- 
ing the exhaust-valve opening, a blowdown process occurs to 
state 2a at the turbine pressure. For the purpose of the cycle 
analysis it is not necessary to detail these processes. Instead, the 
over-all engine process is characterized in terms of an indicated 
thermal efficiency, mn eng, a fraction pressure-drop allowance for 
both the engine intake and exhaust-valve processes (AP/P;) = 
AP*, and a fraction heat transfer qg*, relative to the fuel LHV 
input. Note that only the air flow that partakes of the combus- 
tion pro e excess air flow (w, — 
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Fig. 2 Process REPRESENTATION FOR SIMPLE CYCLE 


must either by-pass the engine cylinder as shown schematically in 
the flow diagram or, more practically, serve the functions of 
scavenge air and an internal cylinder coolant. 

3 Process 2a-2b is specified as an adiabatic mixing process at 
constant pressure of the excess air from the compressor (w, — w,) 
and the engine exhaust (w, + w,). 

4 Process 2b-3 is an adiabatic turbine process characterized by 


the inlet state (P», 7»), expansion down to ambient pressure 


and an isentropic turbine efficiency 7. 

5 To allow for piston-cylinder friction for both the engine 
and the compressor, a mechanical efficiency 7,, will be intro- 
duced. 


In addition to the foregoing considerations, the working fluid 
in the compressor engine and turbine will be treated as possessing 
the properties of dry air with essentially perfect-gas behavior. 

Compressor Power. This quantity, in Btu/hr, may be ex- 
pressed conventionally as ni OF Fu 


where c, and k are suitably averaged magnitudes for the coms 
pressor process. 

Reciprocating-Engine Power. This quantity, in Btu/hr, de- 
livered to the compressed air, may be expressed in terms of the 
fuel-energy-input rate (w, LHV), the indicated thermal ef- 
ficiency of the engine cylinder 7th eng, and a mechanical efficiency 
Nm, to account for piston-cylinder friction in all the cylinders 


Wkcomp = @, — 3) 


Wkeng = 


(w, LHV) th ene Mm 


(2 LHV 1th eng Im 


it is to be very convenient to the indicated 
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thermal efficiency as an empirical function of the compression 
ratio in the form 


Nth eng = 

where an examination of test data of actual diesels, operating 
with air-fuel ratios in excess of 25: 1, suggests n = 0.23 as a reasona- 
ble approximation. Equation [7] is recognized as the form of 
the theoretical Otto-cycle efficiency with n in place of (k — 1). 
Its use here is justified by the fact that it yields reasonable mag- 
nitudes for nth eng, a8 it should since the magnitude of n has been 
arrived at empirically. Note that, as n is substantially less 
than the (k — 1) exponent in the Otto-cycle-efficiency expression, 
it may be considered to allow for the substantial amounts of 
afterburning that actually occur during the power stroke of a 
medium or a high-speed diesel. 

Compressor-to-Engine Air-Flow-Rate Ratio. This parameter 
is established by equating Equations [5] and [6] in accordance 
with the basic cycle Equation [1]. The result is 


= (wy /w,) LHV Nth eng Nm Ne 
o(P*) 


where ¢,(P*) is the compressor-pressure function, the bracketed 
term in Equation [5]. 

Energy-Balance Analysis. Application of the first law of ther- 
modynamics together with a material balance to the “system,” 
defined by the dotted boundaries of Fig. 1(a), will also yield an 
expression for w,/w, to compare to Equation [8]. On an hourly 
rate basis, equating energy “‘in’’ to energy “out,” as is the case 
for steady operation, yields 


who + w(LHV + h,) = (w, + + 


If it is specified that the fuel is supplied at 7'y, then the convenient 
enthalpy datum for both LHV and he is ho = 0. It is also con- 
venient to let the coolant heat-transfer fraction q/(w,; LHV) = q*. 
Then the foregoing equation yields 


LHV (1 — q*) — 
w, he» 


Turbine-Inlet Temperature. This parameter is obtained by first 
equating [8] and [9], then solving for the enthalpy at the turbine 
inlet 
wld oF 


1 — q*) 
Nth eng Mm Ne 


LHV 


The first term in the denominator is only about 1 to 3 per cent of 
the magnitude of the second term. Consequently, the turbine- 
inlet enthalpy, and hence temperature, is essentially independent 
of the fuel heating value (for LHV > 10,000 Btu/Ib). It also is 
independent of the air-fuel ratio and is primarily a function of the 
cycle-pressure ratio and coolant heat rejection for specified ef- 
ficiency parameters. After calculation of the enthalpy from 
Equation [10], it can be converted from the 7) datum just em- 
ployed to any other datum, as, for instance, 400 R, and then the 
Gas Turbine Gas Charts, reference (5), can be used to get the tur- 
bine-inlet temperature. Alternatively, the Gas Tables (6) can 
be employed. Thus 


from either reference (5) or (6). 
Turbine Power. The net cycle work for the simple cycle is 
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equal to the turbine power in accordance with Equation [2]. It 
may be expressed conventionally as 


Wkaet = Wkturb 


where ¢, and & are suitably averaged magnitudes for the turbine 
processes. 
Specific Air-Flow Rate and Fuel Consumption. The turbine-to- 
compressor flow ratio is 


‘The rate in Ib/net hphr then may 


from Equation [12] as 
2544/1 + | 
®, 


n&pT»o(P*, AP*) 


where ¢,(P*, AP*) is the turbine-pressure function, the bracketed 
term in Equation [12]. Since the fuel-flow rate can be expressed 


the specific fuel consumption, sfe = SAR (w,/w,), as dustued 
from Equation [13], becomes 


By making several approximations it is possible to derive the 
following simplified expression for sfc 
2544 .(P*) 1 
~ LHV $(P*, AP*) exe Inte + (1 — 


SAR = 


wal 


The simplification accomplished here over Equation [14] is that 
the sfe can now be calculated directly from the cycle-pressure 
ratio and specified efficiency parameters. The approximations 
used in this derivation are: (a) Specific heat, c, and k are con- 
stant for the range 7) to 7’; and (b) the fuel contribution to the 
turbine-flow rate is negligible so that w,/w, ~~ w,/w,. This equa- 
tion will be used later for discussion purposes only. 

Engine-Charge Density and Temperature. These parameters 
are of interest in considering the relative displacement of the en- 
gine and compressor cylinders, and also when considering the 
combustion problem. 

The engine-charge temperature can be evaluated from the 
compressor power Equation [5] as 


Ts 


Then the charge density is determined as 

Engine Indicated Mean Effective Pressure. The imep equation 
is obtained by first expressing engine work in terms of imep and 
the mechanical efficiency and then equating it to the compressor 
work in accordance with Equation [1]. The result is 
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T 
imep = o(P*) 
NmNe \ Po 
where @,(P*) is the compressor-pressure function in brackets from 
Equation [5]. Introducing Po/(R/m) for poT> from the perfect- 


gas equation of state and k/(k — 1) for c,/(R/m), another well- 
known perfect-gas characteristic, gives finally 


Po (; :) (*) (*) o(P*)... 


The imep parameter is of interest in evaluating the severity of 
the combustion process. However, as lean mixtures usually are 
employed in the free-piston-engine system, and because of the 
absence of bearings, one should be careful to avoid blind applica- 
tion of crank-type-engine criteria in this respect. 

Computations for cycle performance proceed readily in the 
following manner: 


(a) Specify 7., 9, q*, #;/w,, LHV, AP*, and r, magnitudes. 

(b) Calculate nen eng from Equation [7]. 

(c) Determine suitably averaged c,, k and 
noting an expression that must be satisfied is 


and of course, a similar equation for the & and @, relationship. 
(d) Determine w,/w, as a function of P* from Equation [8]. 
(e) Determine ha» from Equation [10], and then the turbine 
inlet temperature, 7, from Equation [11]. 
(f) Determine the specific air-flow rate from Equation [13]. 
(g) Determine the specific fuel consumption from Equation 
[14]. 
(h) Determine engine-charge conditions from Equations [15] 
and [16]. 


magnitudes 


Some interesting conclusions can be drawn from a study of 
Equations [8], [10], [13], and [14]. These are noted as follows: 


(a) From Equation [8] it can be seen that the compressor-to- 
engine air ratio, w,/w,, varies directly with the fuel-air ratio and 
the efficiency product (7th eng 7.7m): 


(b) From Equation [10] it is noted that the enthalpy of the 
gases to the turbine, hy», varies directly as the amount of adia- 
baticity (1 — q*), and inversely with the efficiency product 
(th eng -9,,). This means that more cooling results in a lower 
turbine temperature; on the other hand, greater component “‘in- 
efficiencies” result in a higher turbine-inlet temperature. This is 
similar to the “reheat effect” in turbomachinery. It already has 
been pointed out that the turbine-inlet temperature is indepen- 
dent of the air-fuel ratio and also of the heating value of the fuel. 
For given magnitudes of the efficiency parameters and coolant 
heat transfer, it depends only on the compressor-pressure ratio, 
pe: 

(c) From the approximate sfe Equation [14a] it is noted that 
for a given compressor-pressure ratio and heat-transfer fraction 


sfe « 1 
Mm + const] 


where the two terms in the brackets are approximately of the 
same magnitude. It is thus evident that owing to the reheat 
effect discussed in (6), a 1 per cent drop in the efficiency product 
(nth eng 7-%,) has only a '/; per cent influence on sfc whereas a 1 
per cent drop in the turbine efficiency (say, from 80 per cent to 
0.99 X 80 per cent) results in a full 1 per cent loss of fuel economy. 
This result also leads to the striking conclusion that from the 
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point of view of over-all system performance it is equally im- 
portant to attempt to improve all three component efficiencies 
Nth eng, 7,, and 7,, as they appear only in a product form. 

(d) With respect to the specific air rate, as SAR = sfc w,/w, = 
sfc (we/w,)(w,/w,), and since in item (a) it was pointed out that 
the w,/w, ratio varied with the efficiency pocemant, | it follows from 
Equation [18] that 


“a « 


E 


Thus, surprisingly, “losses’”’ within the gas-generator system tend 
to improve the SAR characteristic but at the expense of the sfc 


characteristic. 
= 


The foregoing analysis was employed to predict cycle perform- 
ance for compressor-pressure ratios from 2 to 12. The parameters 
given in Table 1 were specified for this calculation. The results 
are revealed graphically, Figs. 3 and 4, and in Table 2. Points to 
note are as follows: (a) The specific fuel consumption for P* > 4 
is competitive with that of the diesel (equal to or less than 0.40 
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SPEC. FUEL CONSUMPTION, LBS/SHP-HR 


TABLE 1 SPECIFIED PARAMETERS FOR BASE CYCLE CAL- 


CULATIONS 
Fue LHV, 18300 Btu/lb 


Inlet-air state, Pe = 14.7 pee, To = 530R(70F) 

Free-piston ciencies: Ane 
Compressor, = 80.0 per cent 
Mechanical, »m = 90.0 per cent a 
Engine indicated thermal, nth eng = 41.1 per cent “eo 
(corresponding to re = 10:1 and = 0.23 in fort 

Engine air-fuel ratio, we/ws = 30:1 a 

Coolant heat-transfer fraction, g* = 0.20 

Fraction pressure-drop total for both engines-valve events, Ap* = 10 per 


Destine efficiency, 7, = 80.0 per cent 
Working-substance properties: 
Air with R/m = 53.34 ft#/(Ib deg R) 
For compressor process, cp = 0.243, k = 1.392 ist y year 
For turbine process, tp = 0.255, & = 1.366 F 


Ib/shphr). (6) Turbine-inlet gas temperatures are desirably 
low compared to conventional gas-turbine-cycle practice. (c) 
The specific air rate is of the order of twice that of a diesel but 
only one half that of the intercooled gas-turbine cycle. (d) Ade- 
quate excess air is available from the compressor for engine 
scavenging for all pressure ratios less than 10, and for pressure 
ratios less than 6 the substantial amount of excess air could be 
used effectively for cooling the exhaust ports. (e) For pressure 
ratios in excess of 5, the engine-charge temperatures exceed 450 F, 
while charge densities are in excess of three times atmospheric. 
These factors undoubtedly will complicate the solution of the 
cylinder-wall-lubrication problem. 

The curve of charge-density ratio, p:/po, giving the ratio of 
engine-charge density to compressor-charge density, together 
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Compressor-pressure-ratio, P* 2 4 6 8 10 
Specific air-flow rate, SAR, I lb/shphr 
Turbine-inlet temp, deg 
Compressor-to-engine sir ratio, we/we 
Engine-charge density ratio, p 


Engine-charge temp, de 
Engine imep, psi a ji 473 536 


0.406 0.370 0.352 “339 


with the compressor-to-engine flow-rate ratio, w,/w,, may be em- 
ployed to estimate the relative piston-displacement volumes of the 
compressor and engine cylinders. For instance, for P* = 6 and 
a compressor volumetric efficiency of 70 per cent 


effective (PD)eng Po 0.70 0.70 


If then, as a result of engine-port valving, the effective piston 
stroke of the engine is only 75 per cent of the total stroke (which is 
equal to the compressor-piston stroke) the relative cylinder bores 


can be estimated as V/ 10 X 0.75 = 2.74. 


This is about as far as one can proceed in the design problem 
with a thermodynamic analysis alone. In order to specify cylin- 
der sizes for a given turbine-shaft output, a thermodynamic- 
dynamic analysis, as outlined in reference (1), must be employed 
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to establish the “‘natural”’ cyclic speed of the free pistons. 

It is of interest to observe the magnitudes of the engine indi- 
cated mean effective pressures as given in Table 2. Ata P* of 6, 
imep = 334 psi for the engine air-fuel ratio of 30. Equations [9] 
and. [17] demonstrate that imep varies inversely as the air-fuel 
ratio. Thus for 40:1 the imep would be reduced to 250 psi. It 
is important to note that this shift to a leaner charge, and conse- 
quently less severe combustion conditions, involves no sacrifice 
in thermodynamic performance, but only requires a larger engine 
cylinder relative to the compressor cylinder. Since the compres- 
sor cylinder is already much the larger of the two, no significant 
increase in engine bulk and mass results. 

The previous considerations apply only to the cycle analysis 
based on the parameters specified in Table 1. It is of interest to 
investigate by similar calculations the influence of the following 
parameters: (a) Engine air-fuel ratio; (b) engine volumetric-com- 
pression ratio; (c) compressor and mechanical efficiencies, 7, and 
"mj (d) total pressure-drop fraction for the engine-valve events; 
and (e) the coolant heat-transfer fraction q*. 

Air-Fuel Ratio. Reference to Equation [8] will demonstrate 
that the compressor-to-engine flow ratio w,/w,, varies directly 
with the fuel-air ratio. This means that lean-mixture operation 
is restricted to a lower P*max, because of a minimum scavenge re- 
quirement of w,/w, > 1.5. This is illustrated in Fig. 5. Thus, as 
previously indicated, if engine imep is used as an index of the 
severity of the combustion problem, imeps can be reduced by in- 
creasing the air-fuel ratio, but this in turn will restrict operation 
to lower P*max magnitudes. None of the other operating parame- 
ters, except w,/w,, shown in Figs. 3 and 4, will be affected. 

Engine Volumetric-Compression Ratio. In this analysis the 
indicated thermal efficiency of the engine 7th eng, Was taken as a 
unique function of the compression ratio r,. Consequently, 
variations in r, influence performance only through this ef- 
ficiency parameter. Keeping 7, and 7,, constant at 80 and 90 per 
cent, respectively, calculations were made for r, = 6 and 15 in 
addition to the base calculations for r, = 10. The corresponding 
indicated thermal-efficiency magnitudes (LHV basis) are as fol- 


COMPRESSOR AIR/ENGINE AIR, w,/w, 


3 8 9 10 
COMPRESSOR PRESSURE RATIO, 


Fie. 5 Inrivence or Arr-Fver Ratio 


(Same conditions as specified in Table 1, except item 4, we/ws = air-fuel ratio, 
is Vari 


The results of these calculations are given in Fig. 6 and are re- 
ported in terms of the change in the particular operating parame- 
ter, 6( ), relative to the base calculation results of Table 2 and 
Figs. 3 and 4. 

The most striking result is the relative insensitivity of plant 
sfe to changes in engine volumetric-compression ratio. Note 
also, that reducing r, reduces the w,/w, ratio with a proportional 
reduction in the engine imep. A major disadvantage of design- 
ing for a low r, is that the turbine-inlet temperature is substan- 
tially increased. For instance, at a P* of 6 there is'a 180 deg F 
increase of turbine-inlet temperature, from 970 to 1150 F, for an 
r, = 6as compared toanr, = 10 design. 

The Efficiency Product. It has been pointed out already that the 
operating parameters of turbine-inlet temperature, sfc, and spe- 
cific air rate are affected by the efficiency product (7th eng 1-%m); 
rather than the efficiency terms separately. The compressor 
efficiency by itself influences only the engine-charge temperature 
(and hence density) in a well-understood manner. 

Fig. 6 indicates the extent that the efficiency product affects 
cycle-performance parameters. The most striking influences are 
on the turbine-inlet temperature and the ratio of w,/w,, which in 
turn determine the maximum allowable P* for adequate scaveng- 
ing, as previously discussed in connection with Fig. 5. To demon- 
strate the influence of compressor efficiency alone, the following 
tabulation gives the corresponding 7, magnitudes for n,, = 90 
per cent and th eng = 41.1 per cent. 


The separate effects of mechanical and engine thermal efficiencies 
could be determined in a similar manner. 
Engine Valve-Event Pressure Drops. 


For convenience in this 
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analysis the influence of compressor valve-pressure drops were 
absorbed into the compressor-efficiency parameter. However, 
the corresponding engine-throttling effects were allowed for in 
terms of a total pressure-drop fraction AP/P,; = AP* for both 
the intake and exhaust events. 

Fig. 7 summarizes the results of calculations for 20 per cent 
and 0 per cent pressure-drop fraction relative to the base-cycle 
calculation. Only the sfe and SAR operating parameters are 
changed. There is no influence on the turbine-inlet temperature 
or the ratio of compressor-to-engine air flow. 

Note that for a cycle P* > 6 a sizable increase in AP*, from 10 
to 20 per cent, has only a 5 per cent influence on sfc. For lower 
P* magnitudes, as would occur at part-load operation, the in- 
fluence of AP* is more marked. 

Coolant Heat-Transfer Fraction. Nonadiabaticity of the free- 
piston system has an important adverse influence on both sfc 
and specific air-flow rate. These effects are revealed in Fig. 8. 

The g* fraction includes all the heat transfer to the coolant in 
the free-piston system, both from the engine as well as compressor 
cylinders. While adiabatic compression was assumed for deter- 
mining engine-charge temperature and density conditions, this 
restriction is not necessary in so far as the cycle parameters of sfc, 
SAR, and turbine-inlet temperature are concerned. This fact 
allows a subsidiary consideration of the cost of intercooling. For 
instance, at a P* = 6, if the heat transfer to the engine coolant is 
20 per cent, and if it is desired to precool the engine charge from 
500 to 280 F, an additional cooling fraction of 20 per cent will be 
needed. Thus the total g* will be 40 per cent. This amount of 
intercooling will cost about 18 per cent in additional fuel require- 
ment and the same amount in terms of a greater specific air rate. 
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- One advantage to be gained, however, is a lower turbine tem- 

perature by about the same extent as the charge temperature is 

reduced (220 deg F). 
« toa 


SUPERCHARGED CYCLE 


The eycle described in Fig. 1(b) has been proposed as a means 
of reducing the bulk of the reciprocating compressor of the free- 
piston system. In fact, such a system of 7000-hp rating was 
built and operated in Switzerland. Work on this project has been 
discontinued. 

The details of the cycle analysis will not be given here as it 
parallels the analysis already outlined for the simple cycle. The 
important difference to note is incorporated in Equation [3]. 

Calculations of performance were made for comparison with 
the behavior of the simple cycle. Parameters specified for this 
analysis are the same as those shown in Table 1, with the following 
additions: (a) Supercharger efficiency of 80 per cent. (6) Perfect 
intercooling with no pressure drop down to 7'» = 530 R (=7%). 
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The cycle described in Fig. 1(c) has been proposed as a means 
of increasing the output of the free-piston compound engine. 
This is done at the expense of providing a combustion chamber 
and a turbine, capable not only of withstanding high inlet-gas 
temperatures, but also of accommodating the higher volume flow 
rate of the reheated gases, i.e. variable-area nozzles or equivalent. 

The details of the cycle analysis duplicate those of the simple 
cycle all the way through the gas-generator system up to state 
2b. Additional calculations have to be made for the combustion- 
chamber fuel requirement, wz, for reheating up to some specified 
inlet turbine temperature, 7’. These additional steps are simple 
and conventional, and consequently will not be reported here. 
The important difference to note in this cycle analysis is incor- 
porated in Equation [4]. 

Calculations of performance were made for comparison with 
the behaviour of the simple cycle. Parameters specified for this 
analysis are the same as those shown in Table 1 with the following 


TABLE 3 PERFORMANCE OF SUPERCHARGED AND INTERCOOLED CYCLE 


pressure ratio, P* 2 


Specific fuel consumption, sfc, lb/shphr 
ific air-flow rate, , lb/shphr 
win Turbine inlet temp, deg 
a ratio, we/ we 
ait Engine-charge density ratio, Pic/ po 
p comp-c ree d ensity, Pib/ po 

Recip comp disp relative to simple cycle 

Engine disp relative to simple cycle 


(c) Pressure ratio for the supercharger equal to the pressure ratio 
for the reciprocating compressor equal to the +/ p* for the cycle. 

These results are summarized in Table 3 and graphically in Fig. 
9. The performance of the simple cycle, from Fig. 3, is superim- 
_ posed for comparison. Striking points to note are: (a) the 
specific flow rate is more than quadrupled, becoming greater than 
that of the conventional gas-turbine system. (b) The specific 
fuel consumption is increased substantially. (c) There is a bene- 
ficial reduction in turbine-inlet temperature. 

The expectation that the bulk of the reciprocating compressor 
can be reduced by supercharging may now be examined. Relative 
compressor sizes will be in the ratio 


[SAR/(pw/po) Jeup. ch. cycle 
SAR simple cycle 


GQ 


This ratio is given in Table 3 and it is noted that no oe 


obtains relative to the simple cycle operating with a P* equal to 


the over-all pressure ratio of the supercharged cycle. 

In addition to a very low turbine-inlet temperature, however, a 
second advantage of the supercharged cycle is the lower charge 
temperature to the engine. 

The reason for the poor behavior of the supercharged cycle is 
that if part of the compressor function is removed from the free- 
piston system, the only way the reciprocating-engine work can 
be absorbed is to pump a larger excess of air, i.e., a large w,/w, 
ratio. This in turn results in more dilution of the engine exhaust 
prior to turbine expansion, increasing the irreversibility of the 
mixing process. Consequently, a substantially lower expansion 
energy is available at the turbine per lb of flow, and the net work 
is reduced even further by the supercharger demand, Equation 
[3]. Countering these conditions is the greater flow available per 
lb of fuel expended; nevertheless, there is still a substantial 
penalty in fuel economy. Because of the larger SAR, the gain in 


_ reciprocating compressor charge density is more than nullified. 


The disadvantages of the supercharged cycle may be reduced 


as the intensity of supercharging is reduced below the V P* over-all over-all 
magnitude specified for the foregoing comparison. i 
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additions: (a) Reheat of the free-piston exhaust gases is carried 
up to a temperature 7:. = 2000 R (1540 F), a constant for all 
pressure ratios, P*. (b) A combustion-chamber efficiency of 100 
per cent is assumed. (c) Zero pressure drop is specified for the 
combustion chamber. However, this last effect can be included 
by increasing AP*. 

The results are summarized in Table 4 and in less detail in Fig. 
10. It is noted that for P* > 6 the penalty on sfc is less than 10 
per cent. Moreover, the specific flow rate is improved sub- 
stantially, and it is the ratio of (SAR)simpie cycle 10 (SAR )reheat 
that is a measure of the power boost obtained. Reference to 
Table 4 will show that at a P* = 6 the power boost is 42 per cent 
and at P* = 4 it is 68 per cent. 

The main drawbacks to the reheat cycle are (a) the require- 
ment of a high-temperature turbine, and (b) the requirement of a 
variable-nozzle-area turbine. Of course the temperature problem 
can be alleviated to some extent by not reheating to as high a 


TABLE 4 PERFORMANCE OF THE REHEAT CYCLE 
mis n Compressor-pressure ratio, P* 2 4 6 8 10 12 Ly ‘ 

fuel consumption, sfc, lb/shphr.... . 0.927 0.495 0.406 0.370 0.349 
oat ific air-flow rate, SAR, Ib/shphr.... 8.9 0.9 9 

‘ bine-inlet temp,s deg F............... 1540 1508 1540 1540 1540 1540 
Comp-to-engine air ratio, we/we..........-- 6.48 13 1.53 1.38 

ne-charge temp, deg F............... 7 
latinas (same as for the simple cycle) 
vihateanaed it Power boost relative to simple cycle, percent 141 68.5 41.3 25.0 12.4 7.0 cd sad Poe 
yt gery e Turbine-inlet temperature was specified as fixed for this analysis at 2000 R (1540 F). : a 

ue 7 bere 
o% T | ne) __ diserepancy occurs in the specific fuel consumption for the two 
a 1500 + baary ial BLH units. When it is considered that these models were de- 

velopmental units and probably suffered from low compressor 
iit efficiency, larger engine-valve losses, and combustion difficulties, 
ed 1300 * _ urea this 23 per cent poorer sfc performance is understandable, and at 

B00 B. the same time indicative of the improvements that can be ex- 
he = x — peeted. Note that the early SIGMA tests of March, 1948, as re- 

sported by Eichelberg (7) also showed somewhat poorer sfc per- 

1000 Ls formance, whereas the commercial version, derated to a lower 
P* 80 as to operate with less severe engine-combustion 
vw ST _ shows much closer to predicted performance. cr 
ot 700 ft P* deg F sfc SAR 

ASE CELE SIGMA GS-34. Merch, 1048, tests, ref.(7) 4.9 945 0.43 27 
s00 iismilton Model 1600: 
/ 5 hp test pt, ref. 7.7 1200 0.425 18.5 
400 Ba dwin- Lima Hamilton Model A, ref. (4) 7.9 1300 0.40 17 

a 
860 t 0.50 5 rs The somewhat higher turbine-inlet temperatures probably may 
of a oaszd be attributable to engine volumetric-compression ratios less than 

3 IN SFC S 5 the magnitude of r, = 10, used in the prediction. For instance, 
estimates of r, for the SIGMA GS-34 from engine compression- 
70 pressure measurements result in r, = 8 to 8.5. Reference to Fig. 6 
“ y me Pr will demonstrate that this change would tend to increase the tur- 
ora \ 030 bine temperature by 50 to 100 deg F and also make for a slightly 
ie 50 a poorer sfe. No information is available on the r, magnitudes 
ty 40 \ | ne applicable to the BLH units but one may surmise that since the 
we eompressor-pressure ratios are relatively high, the severity of the 
30 combustion problem was alleviated by operating with r, magni- 
ft = 20 —N ho = ie eo tudes of the order of 6. This would account for both the higher 
turbine-inlet temperature and at least half the discrepancy 
e Wu 10 | et shown for the sfe. Of course since it is not mh eng alone, but 
- rather the efficiency product (in eng 7, that is controlling, 
wl COMPRESSOR PRESSURE "R ATIO ins ’* it may well be that the poorer performance may be attributable 
& S to a combination of mechanical and compressor losses. Accu- 
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temperature. Not as much power boost will be obtained, but 
then too, the sfc will be better. 


Comparison Wits Test Resvutts 


The validity of the many assumptions made in the cycle 
analysis, Table 1, can be verified only by comparison with test 
performance. Fortunately, some such information is now availa- 
ble in the literature. As these results are usually given in terms 
of pressure to the turbine in psi(g), to convert to the compressor 
pressure-ratio parameter employed here, the assumption of AP* 
= 10 per cent, and an ambient pressure of 1 atm was used. Also, 
all results were converted to a common basis of an 80 per cent 
efficient turbine, with no allowance for auxiliary-drive require- 
ments. These data are summarized in Table 5 and also are 
superimposed on the predicted performance curves, Fig. 3. 

The disagreement between predicted and test performance 
is not too great when expressed on a percentage basis; the largest 


rate indicator cards would provide the information needed to re- 
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Part-Loap Economy 


The part-load sfc characteristic can be estimated readily from 
the foregoing cycle-study results. This was accomplished for the 
simple cycle at a full-load P* = 6, operating with a fixed-area- 
nozzle turbine, and an assumed variation of turbine efficiency 
with per cent of full-load available energy input as follows: 


Per cent full-loadinput.. 100 75 50 25 0 
ef Aer 80 79 75 67 0 


This estimate is shown, Fig. 11, along with a typical curve for 
a medium-speed diesel. It is to be noted that the part-load 
economy characteristic is somewhat poorer relative to that of a 
diesel. One may argue, however, that the assumed turbine- 
efficiency variation is too pessimistic, but on the other hand, this 
calculation assumes that the gas-generator heat-transfer fraction, 
q*, and the efficiency product (th eng remain constant, 
which may be optimistic. es, 


PERCENT OF FULL-LOAD SHP 


Fic. 11 PartLoap Speciric Fue, Consumrrion 


(Based on fixed turbine-nozzle area for simple cycle and variable turbine- 
nozzle area, or a eee] — for reheat cycle for reheat boost portion of 
bove 70 per cent of full-load.) 


The reheat cycle was considered in a similar manner, but the 
assumption was made here that turbine efficiency was constant 
for all the boost power available from the reheat. This condition, 
in addition to the requirement of retaining a constant P* = 6 for 
all the loads associated with the boost, calls for either a separate 
boost turbine, or, alternatively, a variable-area-nozzle turbine, to 
accommodate the extra volumetric flow available from the reheat. 
Under these conditions a quite favorable part-load economy char- 
acteristic is realized. 

Part of deterioration of the fuel-economy characteristic of the 
simple cycle at light loads is associated with the poorer gas- 
generator thermal efficiency at low P*, see Fig. 3. ‘Turbine part- 
load inefficiencies account for the remainder. If a variable-area- 
nozzle turbine is employed, then a constant P* at the full-load 
magnitude can be maintained with reduced load until the scavenge 
limit is reached, Fig. 5. Further load reduction would then have 
to be accomplished with a reduced P* and somewhat poorer sfc 
as a consequence. Nevertheless, the net result would be an ex- 
cellent part-load economy characteristic, providing only that the 
turbine efficiency does not drop off seriously. 

For constant-speed applications a variable-area-nozzle turbine 
possesses the additional advantage of high part-load turbine ef- 
ficiency because, with constant P*, the jet-to-blade velocity 
ratios are maintained constant. On the other hand, for a cubic 
shp-speed load variation, as realized from a geared drive fixed- 
pitch propeller, a fixed-area-nozzle turbine also may give good 
part-load efficiency. In this case the drop of P* — also tur- 
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bine-inlet temperature) with load reduces the jet velocity in a 
compensating manner so that the jet-blade velocity ratio does not 
change too much. 

In marine applications, to avoid the complication of reversing 
gears, or worse yet, the high-windage loss associated with a re- 
verse-drive turbine, the use of a reversible and a 
propeller appears to be very attractive. = a 

Concuusions | 


An algebraic formulation of a cycle analysis applicable to a 
free-piston-type compound engine has been presented. In this 
form it permits of ready calculations and also an appreciation of 
the unique characteristics of this system. Some conclusions that 
may be drawn from such cycle studies follow: 


1 The results presented here can be used effectively in pre- 


_ liminary design to fix those parameters needed for the more de- 


tailed thermodynamic-dynamic design considerations which in 
turn lead to the structural layout of the free-piston gas generator 

2 Turbine-inlet temperature is primarily a function of the 
hale pressure on the gas generator and does not depend on the 
engine air-fuel ratio. 

3 As a consequence of the foregoing behavior, good specific 
fuel consumption does not depend on low air-fuel ratios, approach- 
ing stoichiometric conditions. This allows a substantial modera- 
tion of the severe combustion conditions, normally accompany- 
ing high engine supercharge, by the use of lean mixtures—30:1 
However, lean operation imposes an upper limit on 

cycle pressure ratio as the compressor-to-engine air-flow ratio 
must be greater than about 1.5 to insure adequate scavenging, 


‘Fig. 5. 


4 The high engine-charge temperatures, associated with high 
cycle pressure ratios, Fig. 4, may restrict the practical use of the 


simple cycle to P* < 6. Alternatively, intercooling may be re- 


sorted to, which will appear, in so far as the cycle studies reported 
here are concerned, as an increase in the coolant heat-transfer 
fraction q*. 

5 The reheat cycle appears to be quite attractive. It serves, 
at a P* of 6, and a turbine inlet of 1540 F, to provide a power 
boost of the order of 40 per cent, with only moderate penalty on 
specific fuel consumption. This cycle can be used to best ad- 
vantage with a variable-area-nozzle turbine. 

6 The supercharged and intercooled cycle, for a high degree 
of supercharge, contrary to intuitive expectations, offers no ad- 
vantage in terms of compressor size, and possesses many disad- 
vantages in terms of specific fuel consumption and system com- 
plexity. The increased density of the charge to the reciprocating 
compressor is more than nullified by the great increase in specific 
air-flow rate. 

7 While the full-load fuel economy of the simple cycle is com- 
parable to that of a diesel, the part-load economy characteristic 
is not as flat. This deficiency can be remedied in part by the use 
of a variable-area-nozzle turbine, particularly for a constant- 
speed type of load. 

8 Much attention needs to be given to the design of the tur- 
bine if a good part-load sfc characteristic is to be achieved. The 
turbine-design problem is related directly to (a) the type of cycle, 
e.g., simple or reheat; (b) the gas-generator pressure and tem- 
perature limits (P*, 7); and (c) the power-speed characteristic 
of the load. For fixed-speed applications the variable-area- 
nozzle turbine appears to be the best suited, although for a cubic 
hp-speed characteristic the fixed-area-nozzle turbine may be 
quite satisfactory. 

9 The chief advantages of the free-piston compound-engine 
system relative to the diesel, reside in the features of (a) mechani- 
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cal simplicity with the associated reduced first cost and reduction 
of maintenance; (>) lower specific weight, especially for the reheat 
cycle; and (c) the desirable torque-speed operating characteristics 
of a fluid-coupled turbine drive, with zero “flywheel inertia” in 
the gas generator and only a small inertia in the turbine. 
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Schweizerische 


A. J. Enrat.? The author must be complimented for present- 
ing a paper which is one of the most valuable yet given in the 
gas-generator field. It groups many important fundamentals in 
one clear assembly, and should not fail to promote a better under- 
standing of the free-piston cycle. 

In his study of cycle variants the author shows that, at a fixed 
cycle-pressure ratio, supercharging a given size machine pro- 
vides a minor power increase at the expense of a major cycle- 
efficiency loss. On the basis of the implied assumption that 
cycle-pressure ratio alone fixes the power limits of a gas gener- 
ator, the supercharged cycle becomes unattractive. 

However, considering the beneficial temperature reductions 
noted by the author, the suitability of the fixed cycle-pressure- 
ratio concept may be reviewed. Operational experience with 
diesel engines and free-piston machines indicates that temperatures 
and thermal loads as well as pressure loads have a major influence 
on engine life. Although exact effects are best determined by 
test and development, the general premise that lower thermal 
loads permit higher pressure is reasonable. 

Also, the temperatures in the free-piston gas generator must 
be considered beyond their tie to thermal loads. For instance, 
simple cycle operation becomes less inviting above a certain 
limiting range of pressure ratios because of the attendant higher 
scavenge-air temperature. This higher temperature may cause 
carbon formation in the compressor valves and in the scavenging 
system, and in certain designs it might even effect combustion 


8’ Development Engineer, Baldwin-Lima-Hamilton Corporation, 
Hamilton. Ohio. 


_THE FRE £-PISTON-AND-TURBINE COMPOUND ENGINE—A CYCLE ANALYSIS 


within the scavenge receiver. If, therefore, we reconsider the 
question from the broader angle of pressure and temperature, 
supercharging is seen in a different light. 

Supercharging in the free-piston cycle generally has been 
interpreted along the idealized lines of the definition: 

“Supercharged, as opposed to naturally aspirated, operation 
of a free-piston gas generator is that operation in which air at 
above-atmospheriec pressure is supplied to the gas generator com- 
pressor cylinders and in which the pressure ratios of the gas gener- 
ator itself are equal to those of the naturally aspirated condition.” 

Several theoretical studies of such supercharged operation with 
perfect intercooling indicate that the useful power of a gas gen- 
erator-turbine plant increases from that of the basic plant in 
near proportion to the supercharger pressure ratio, if the speed 
of the gas generator is held to its simple cycle value. If the 
speed is allowed to rise, the power increases in proportion to the 
1.5 power of the supercharger pressure ratio. 

For example, a moderate supercharger pressure ratio such as 
1.5 could result in useful power 50 to 84 per cent greater than that 
of the limiting simple cycle plant, with fairly equal cycle effi- 
ciency, temperatures, and thermal loads. Practical experience 
may show the lower expectation of 50 per cent to be the more 
realistic because of the possible need for limiting firing pressure 
and for strengthening reciprocating masses to withstand higher 
pressures and accelerations. In any event, however, to neglect 
such a promising approach toward higher power would be most 
unfortunate. 

Although the power boost obtainable from the reheat cycle 
is primarily a function of the ratio of permissible turbine-inlet 
temperature to gas-generator exhaust temperature, reheat has 
definite value even without a variable-nozzle-area turbine. Let 
us suppose that, to obtain the greatest simple cycle power in 
keeping with satisfactory life, a fixed-area turbine were matched 
with a gas generator supplying full gas flow at the limiting pres- 
sure ratio and temperature. This combination could give no 
additional power using the simple cycle but, as illustrated by 
the following example, it could by using the reheat cycle. 

Assume, for uniformity with the paper, a limiting simple cycle 
compressor-pressure ratio of 6 and a turbine-inlet temperature of 
971 F. Then when we reheat to a turbine-inlet temperature 
of 1540 F and hold the gas weight flow constant, the pressure ratio 
rises to 7 and the power increases nearly 50 per cent at the slight 
expense of a 5 per cent increase in specific fuel consumption. 
Admittedly, such operation would exceed the limits chosen for 
long endurance, but in services requiring maximum power for 
only minor periods this consideration loses significance. A cycle 
such as this could, therefore, be used to advantage on naval 
combatant vessels as well as on locomotives which occasionally 
meet high-percentage grades. 

From an over-all point of view, at this time we cannot draw 
conclusions as to whether reheat or supercharging affords the bet- 
ter cycle. We can observe only that each has its merits and 
should be judged only in the light of each specific application. 


A. K. Oppennerm.* The paper describes the over-all effect of 
independent design variables on the performance of a compound 
prime-mover system—a result which, of course, a thorough thermo- 
dynamic cycle analysis should produce. It supplements previous 
publications of the author with a set of data which should prove 
to be of great value to the designer. Whereas the dynamic an- 
alysis of the free-piston system, which was presented previously, 
provides the designer with unit design data such as the size of the 
system and the frequency of operation, the present analysis in- 
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plant thermal efficiency (or specific fuel consumption) the gas- 
flow rate, and the temperature level (or more specifically, the 
turbine-inlet temperature) are influenced by modifications of the 
basic cycle or of its operating conditions, notably, the compressor 
pressure ratio and the engine volumetric compression ratio. 
Thus the designer is supplied with specific indication as to where 
to direct his efforts in order to produce a successful design. 

One of the fascinating results of this analysis is the notion 
that the increase in engine compression ratio has a more bene- 
ficial effect on the performance than that in the compressor 
pressure ratio. This is evident especially with respect to tur- 
bine-inlet temperature which normally imposes the limit on the 
improvements of gas-turbine cycles. As shown in Fig. 6 of the 
paper, this temperature decreases with increased engine com- 
pression ratio, while, on the other hand, it increases quite rapidly 
when the compressor pressure ratio is raised (see Fig. 7). 

This result is quite important since it indicates that the future 
trend in the development of free-piston engines should be di- 
rected more toward the increase of the engine compression ratio 
than that of the compressor pressure ratio. The question, there- 
fore, of how accurately it is predicted by the analysis acquires a 
particular significance. 

In the absence of experimental evidence such a question can 
be answered only by inquiring into the reasonability of the ideali- 
zations on which the analysis is based. In the paper the effect 
of the engine compression ratio is accounted for by assuming that 
the relationship between the compression ratio r,, and engine 
thermal efficiency, 7th eng, is the same as in typical high-speed 


compression-ignition engines, i.e. 


The most characteristic feature of a free piston-engine cycle 
is the afterburning during the expansion process which is caused 
there by the much shorter time available for “‘constant-volume” 
combustion than in crank engines. The foregoing equation ac- 
counts for this by a comparatively low value of the polytropic 
exponent, n = 1.23, whereby, in effect, a detailed analysis of the 
engine cycle is avoided. Strictly speaking, however, the after- 
burning introduces primarily a fundamental difference between 
the expansion and the compression processes. 

Some time ago we attempted to determine the implications of 
this feature by analyzing a variety of cycles, each characterized 
by a markedly nonadiabatic-expansion process while all other 
processes remained the same as in the Otto cycle. Of these, a 
cycle with an isothermal expansion was considered to be most 
representative for the free-piston engine. 
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forms him to what extent the performance parameters, i.e., the 
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this cycle at a compressor pressure ratio of 4.85 (same as in the 
SIGMA GS-34 unit). This is compared there to the correspond- 
ing result deduced from Fig. 6 of the paper. It appears that the 
effect of compressor ratio on the turbine-inlet temperature is 
much less pronounced in the case of the isothermal expansion 
cycle than that predicted by the author, but it is still evident. 
Most probably the actual effect lies in between the two limits 
shown in Fig. 12, so, it seems, the trend toward the increase of 
the engine compression ratio should prove to be attractive, al- 
though, probably, to a somewhat lesser degree than inferred 
from the paper. 

Of course this argument could be settled best by experimental 
evidence and this points out the need for more information on 
actual indicator cards obtained from controlled tests of free- 
piston engines operated at variable engine compression ratio. 


C. H. Wu. The author is to be complimented for the fine 
thermodynamic analysis of the free-piston engine. This engine 
certainly has a bright future and will fit into a number of appli- 
cations. The writer would like to mention its possible use for 
aircraft propulsion. Some work has been done at NACA Lewis 
Laboratory along this line.*? Although these investigations 
consider the use of an axial-flow compressor in the compound 
engine, the proposed engine is thermodynamically equivalent to 
the free-piston engine when the degree of compounding is such 
that the piston-engine output is equal to the compressor input. 
For mechanical simplicity and lower cost, the axial-flow compres- 
sor could be replaced by the piston compressor. 

It may be of interest to mention some results obtained in these 
investigations. The analysis reported by Tauschek and Bier- 
mann* indicates that an engine of this type should be capable of 
operation at moderate altitude with a brake specific fuel con- 
sumption of 0.32 lb per hp hr, and should have an installed 
weight comparable to that of a typical turbine-propeller engine. 
These authors and Sather? consider engine performance with 
various degrees of compounding. For the case where the piston- 
engine output is equal to the compressor input, the following 
results are obtained: (a) For a peak cylinder pressure of 1200 
psi and a turbine-inlet temperature of 1860 R, the bsfc is 0.313, 
and the specific weight is 0.88 lb per bhp; (6) For a peak cylinder 
pressure of 1600 psi and a turbine-inlet temperature of 2260 R, the 
bsfe is 0.315, and the specific weight is 0.75 lb per bhp. These 
values are obtained for a flight speed of 400 mph and an altitude 
of 30,000 ft. 

It is realized that not much work has been done on the diesel 
aircraft engine in this country. However, the possibility never- 
theless exists. If the performance just cited can be realized, 
it would be a better engine than the Napier Nomad NNm6 and it 
would be hard to find a comparable engine for use in transports 
of moderate range and for cargo planes. 


H. A. Sreicer® and P. pe Hauuer.' Since Professor London 
briefly mentions the fact that Sulzer Brothers have also made 
considerable efforts to shed light upon the specific problems and 
technical merits of the free-piston-type gas generator, it may be 
opportune to add a few comments to his paper from our side as 
well. 

We can only encourage and applaud every sincere effort to 
analyze thermodynamically the complex problem of the highly 


* Professor of Mechanical Engineering, Polytechnic Institute of 
Brooklyn, Brooklyn, N. Y. 

“An is of a Piston-Type Gas-Generator Engine,” by M. J. 
Tauschek and A. E. Biermann, NACA, RM No. E7110, 1948. 

7“‘An Analysis of a Highly Compounded Two-Stroke-Cycle Com- 
pression-Ignition Engine,” by M. J. Tauschek, B. I. Sather, and 
A. E. Biermann, NACA, RM No. E8109, 1949. 

* Sulzer Brothers, Ltd., Winterthur, Switserland. 
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supercharged diesel engine, in general, and the free-piston-type gas 
generator in particular. The much-used method of extrapolating 
the critical design data from the nonsupercharged diesel engine, 
as well as the plain trial-and-error method, will certainly never 
lead us straight to the best solution, and it will do little to further 
the development of an adequate understanding of the governing 
principles and ultimate possibilities of the hot-gas generator. As 
to the analytical method used by Professor London, we might 
mention that his straightforward algebraic approach has the 
advantage of a great deal of eye appeal, both to the engineer in 
charge of the analysis and to the reader, since it is easily under- 
stood, clear, and simple. In fact, it may even be somewhat too 
simple, thus being a rather dangerous tool in the hands of a non- 
experienced or noncritical engineer, since much of the outcome 
depends on the assumptions made and the rigorous simplifications 
to be taken into consideration while judging critically the results 
obtained. 

If we, for instance, follow the conclusions drawn from Figs. 3 to 
7, we must bear in mind that ¢* was held at a constant value over 
the whole range of compressor pressure ratios. In reality, g* is 
closely related to the change in the charge density and pre- 
sumably drops off more than 50 per cent at the highest values of 
P* considered, thus affecting—in conjunction with the variation 
of the basic assumption of 71h eng—practically every single curve 
shown in these graphs. It further seems necessary to point out 
quite generally that an analysis of such a complex subject, in 
which practically all the variables are interrelated, cannot be done 
satisfactorily by independent changes in some convenient parame- 
ters as long as these affect any of the values supposed to be con- 
stant, as is the case with the values just mentioned or with 
the value of AP*. Then, too, caution is advisable in such over- 
simplifications as relating mt» eng solely to the changes in com- 
pression ratio of the diesel cylinder, particularly if this sole rela- 
tion is of a strictly empirical nature. There is hardly any need to 
point out that the combined influences of the relative values of 
ignition pressure to compression pressure, air-to-fuel ratio, rela- 
tive cooling rate, and the ratio betweeen effective expansion stroke 
to compression stroke cannot be neglected altogether. 

Incidentally, it is surprising that such a comprehensive paper 
as that of Prof. P. H. Schweitzer and J. K. Salisbury (SAE Quar- 
terly Transactions, October, 1949) on the subject of compound 
power plants, is not cited in the references given. This paper in- 
cludes an analysis very similar to the one under discussion, but 
containing results based on actual thermodynamic computations 
of the combustion processes involved. 

At this point it may be permissible to raise the question of 
whether the supercharged free-piston gas generator is actually 
such a hapless creation as it would appear to be from the present 
paper. Backed up by considerable experience with highly super- 
charged diesel engines and gas generators, we have reached the 
conclusion that one of the foremost considerations to be taken into 
account in designing such engines is the thermal load imposed 
upon pistons, rings, and cylinders. Of the several means availa- 
ble for controlling thermal load, just two may be mentioned in 
this connection—first, low temperature of the scavenging air, 
and second, extra-lean mixtures. As pointed out by Professor 
London, aftercooling would be a rather impractical way of 
accomplishing the first objective, but two-stage compression 
with intercooling is a different matter. It permits the total com- 
pression work to be substantially reduced and the heat flow to the 
coolant of the diesel cylinder to be reduced also, both effects tend- 
ing to improve the 7h eng. In order to attain the second objec- 
tive, one has only to raise the air-to-fuel ratio above the normal 
rate of, say, 30:1. Sucha step would not only slightly improve 
Neh eng due to the resulting improvement in combustion efficiency, 
but at the same time would reduce the relative diesel power, thus 
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alleviating the need for an increased compressor air flow as en- 
visaged in Table 3. This means that we have obtained several 
advantages over the nonsupercharged version, i.e., a reduction of 
the thermal load of the diesel cylinder, together with less trouble 
at the compressor exhaust valves (lower compression end tem- 
peratures) and a reduction in the bulk of the piston compressor, 
all this at roughly the same sfc as with the nonsupercharged ver- 
sion. To prove this point, it may be helpful to compare the per- 
formance data of several simple hot-gas generators with a super- 


charged version, as in Table 6. 
ted TABLE 6 tay 
Pressure 
for Temp for 
Cyl. bore, Bmep, turbine, turbine, Dig. 
Make in. psi psia deg F (lb/ Bip hr) 
161 64 930 0.399 
Cooper-Bessemer 14 185 87 1000 ee 
228 104 1300 0.40 
Sulzer 
(Superchpress. : 
23.5 psia)....... 15.75 269 100 840 0.381 


On the other hand, we heartily agree with Professor London 
that it would be foolish to recommend the free-piston gas genera- 
tor on the basis of low-fuel consumption only. There is very 
little chance that it will ever match today’s figures of 0.32 lb/Bhp 
hr and lower as obtained with supercharged diesel engines. As far 
as the other merits of hot-gas generators are concerned, we cannot 
help feeling that they will continue for some time to be a matter 
of controversy. 

Of course, if one compares free-piston power plants with steam- 
turbine or steam-engine power plants, it is understandable that 
considerable interest can be aroused. Yet from the European 
point of view, which is based on the widespread dieselization of 
large ship-propulsion machinery, on the acceptance of the super- 
charged two-stroke engine as a seaworthy proposition by Euro- 
pean shipowners and, last but not least, on the rapid advance of 
the straight gas-turbine power plant, it is not so easy to become 
very enthusiastic about possibilities of the free-piston gas gen- 
erator as a prime mover. 


AuTHor’s CLOSURE 


Mr. Ehrat’s discussion helps to clarify the position occupied 
by the supercharged-and-intercooled cycle (hereafter abbreviated 
to the S-and-I cycle). 

From the point of view of a development engineer who has an 
existing model of a simple-cycle unit and is faced with the re- 
quirement of “‘souping it up” to get more output there is a clear 
gain to be realized by supercharging. Equally clear, however, 
is the fact that substantially higher combustion loadings will be 
encountered. 

Another valid point of view is the one a design engineer may 
elect when faced with the decision as to whether to develop a 
simple cycle or an S-and-I cycle. Here one is inclined to consider 
that since the engine cylinder is supercharged for both cycles the 
term applied to the cycle as a whole has special relevance only as 
it relates to the charging of the compressor cylinder. Moreover, 
engine charge pressure and engine air-fuel ratio are the main 
parameters influencing “thermal loading” and consequently 
these might be considered, superficially at least, as the power- 
limiting factors for both cycles. From this point of view studies 
support the conclusion that the S-and-I cycle has only a 
minor advantage in regard to power compactness of the recipro- 
cating cylinder. This gain can hardly compensate for the in- 
creased complexity of the centrifugal supercharger, its turbine 
drive, the intercooler, and the associated ducting. 

Fig. 9 of the paper, unfortunately, shows the performance for an 
pt, = VP*. Fig. 13 
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and Table 7 of this discussion present the similar results for a more 
moderate supercharge, constant at P*, = 1.7. As can be seen 
from Table 7, there is a small gain in cylinder displacement for the 
8-and-I cycle after a cycle pressure ratio of P* = 8 is attained. 

Professor Oppenheim raises the pertinent question as to the 
justification of the assumption of Equation [7] with a constant 
n = 0.23. In so far as the procedure for the simplified-cycle 
analysis is concerned, and this is the main objective of the 
paper, any relation between 7m eng and the diesel parameters of 
air-fuel ratio, cylinder supercharge, and engine volumetric com- 
pressions ratio may be assumed. As pointed out by the discusser, 
a basis for design which will have high validity must await accurate 
test indicator cards. 

Messrs. Steiger and de Haller point out the fact that there is no 
substitute for experience and critical judgment in evaluating the 
results for an analysis; and these requirements are needed to a 
higher degree the greater the number of idealizations employed. 
One can only heartily concur with this view. It is worth while 
in this respect tha all of the more refined 
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their illuminating comments. 
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TABLE 7 P*, = 1.7—PERFORMANCE OF SUPERCHARGED-AND- 
INTERCOOLED CYCLE 
pressure ra- 
, p* 2.89 4 6 
fuel con- 
sumption sfc, 
lb/shphr 
Specific _air-flow 
rate 
shphr. . 
Turbine - inlet 
temp., deg F. 333 497 715 
Comp. to engine 
air ratio, we/we. . 
Engine charge 
ensity ratio, 


0.990 0.566 0.439 0.396 0.373 


248 84.2 41.5 29.2 23.3 


882 1020 


8.34 4.95 3.15 2.46 2.08 


2.87 3.76 


Engine charge 
temp., deg F... 4 
Recip comp charge 
ratio, 
pib/ po. 
Recip comp > displ 
relative to sim- 
ple cycle 
Engine displ rela- 
tive to simple 


1.07 0.965 


1.03 0.989 0.969 0.970 
with respect to g* and 7th eng that the discussers note, may be in- 
corporated into the cycle-analysis procedure with no difficulty 
whatsoever, once this information is available. 

The information provided by the discussers regarding the 
Sulzer S-and-I free-piston plant is well worth while. Unfor- 
tunately, it is too sketchy to really demonstrate their point that a 
“reduction in the bulk of the piston compressor” was achieved 
relative to some simple-cycle units. The bore alone of the diesel 
cylinder is hardly the criterion of compressor displacement and 
bulk. Moreover, information regarding the specific air-flow rate 
(SAR) would be particularly relevant in this respect. 

Assuming an atmospheric pressure for the Sulzer tests of 14.2 
psia (1000A altitude) and 10 per cent total pressure drop for the 


_ two diesel cylinder-valve events, the following results may be 


_ deduced for comparison with the predicted behavior shown in Fi 


Pe 1.655 
P*/P*, = 4.73 


Trurd = 840 F 


There is no discrepancy evidenced which cannot be attributed to 
actual cycle parameters differing slightly from those used in the 
predictions (see Table 1 of the paper). Moreover, it may be 
noted that identical performance with respect to sfe and turbine- 
inlet temperature also could be anticipated from a simple-cycle 
system operating with a P* = 4.73 instead of 7.83. 

The Schweitzer-Salisbury paper referred to by the discussers 
was not reported in the Bibliography because it dealt only inci- 
dentally with the free-piston and turbine-compound engine; and 
furthermore, important details of the thermodynamic analysis 
were omitted, being sacrificed apparently for a more complete 
presentation of predicted performance and descriptive informa- 
tion. As a point of interest, the reported predicted sfe for the 
free-piston cycle differs substantially from that given in this 
paper and the reasons for this difference are not at all clear. 

As a concluding remark, the author thanks the discussers for 
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Kinetic Theory of Evaporation Rates 


The rate of evaporation of a liquid is calculated from the 
Polanyi-Wigner theory of the escape of molecules from 
the surface of a solid body. In particular, the rate of evapo- 
ration of a “pseudocrystalline” fluid, such as water, is ob- 
tained from Volmer’s extension of this theory to the case 
where the molecules escape only from isolated locations, 
creating holes in the surface. The rate of condensation 
on the surface of a pseudocrystalline fluid is obtained 
by applying the kinetic theory of gases to the case where 
condensation occurs only in the holes created by this 
process of evaporation. The energy of escape is in con- 
formity with the virial theorem as applied to the Lennard- 
Jones-Devonshire equation of state. Mass and heat 
transfer calculated from these laws for phases of unequal 
temperatures, when applied to the pseudocrystalline 
substance water, agree closely with Jakob’s and Der- 
garabedian’s experiments on boiling water. 

“s NHE purpose of this paper is to explain, from theoretical 
considerations, the surprisingly low rates of evaporation of 
water found in numerous reliable experiments of various 
observers. Since, at thermodynamic equilibrium, the evaporation 
rate is equal to the condensation rate, any theory explaining the 
former simultaneously must be able to explain the latter. This 
can be accomplished by approaching the problem with the 
methods of the kinetic theory. Experience indicates that the 
molecular arrangement of liquids may show various degrees of an 
orderly structure. The two extremes are ‘‘ordinary liquids’’ with- 
out orderly structure, and “pseudocrystalline liquids’’ with a 
structure almost as orderly as that of a crystal. A large number 
of liquids belong to the first group, while water belongs to the 
second. 

The relations controlling the vapor-liquid equilibrium formerly 
have been calculated from the kinetic theory of gases for the case 
where all molecules striking the interface from the vapor phase 
condense and become part of the liquid phase (1).* While the 
evaporation and condensation rates obtained experimentally for a 
large number of liquids can be explained satisfactorily by these 
oversimplified relations, there are known substances for which 
the observed rates of evaporation or condensation are considerably 
less than would be required by these relations. A particularly 
large discrepancy exists in the case of water where the condensa- 
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1 Based on the author's paper, ‘‘Liquid-Vapor Phase Transitions in 
Pseudo-Crystalline Fluids,” presented at the Eighth International 
Congress for Theoretical and Applied Mechanics, held at Istanbul, 
Turkey, August 20-28, 1952. 

2Senior Research Engineer, Armour Research Foundation of 
Illinois Institute of Technology. Mem. ASME. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., November 29—December 4, 1953, 
of THe AMERICAN Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
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tion and evaporation rate obtained by a number of reliable ex- 
periments (2 to 11) is of the order of 1 per cent of the value calcu- 
lated from conventional theory. It is remarkable that water 
which exhibits this anomaly is also distinguished in other re- 
spects: It is believed (12, 13) that hydrogen bonds extend 
through the entire mass of the liquid giving it what is called a 
pseudocrystalline structure. Evaporation and condensation of 
such liquids seem to occur by means of a particular mechanism 
which is irrelevant in those liquids where such a structure is either 
weak or missing. 

The existence of liquids with pseudocrystalline structure sug- 
gests the application to liquids of the theory which has been de- 
veloped in the study of the equilibrium between a crystal and its 
vapor. The concept of formation of holes in the surface of the 
solid by the escaping molecules has been introduced in that 
theory. In analogy to that theory, it is assumed that evaporation 
of pseudocrystalline liquids likewise occurs by the mechanism of 
hole formation. The conditions of equilibrium require certain 
adjustments in the laws of condensation of the vapor as obtained 
from The Kinetic Theory of Gases (1). 

Therefore the rates of evaporation and condensation will be 
derived from the laws of phase equilibrium in conjunction with 
the Polanyi-Wigner theory (14) of escape of molecules from the 
surface of a solid; the case of the pseudocrystalline liquid will 
then be treated by means of Volmer’s application of this theory 
(15) to the mechanism of hole formation. These laws will then be 
used for the calculation of the exchange of mass between phases 
not in equilibrium; it is this phenomenon which is best accessible 
to observation and which therefore permits comparison of theory 
with experiment. 


EVAPORATION AND CONDENSATION OF ORDINARY LIQUIDS 


An idealized mechanism which would explain how the removal 
of molecules from the surface of a solid ordinarily might occur 
has been described by Volmer (16). Since this mechanism yields 
evaporation rates as observed with many ordinary liquids, in the 
following it will be used as a simplified interpretation of this 
phenomenon. According to Volmer, the surface of a crystal may 
be idealized as consisting of identical cubes arranged in chess- 
board pattern, each cube representing a molecule, and attached 
by binding forces to its neighbors at all five faces, the top face 
being free. Evaporation could occur by removing these cubes 
piece by piece starting with one row, and continuing this process 
row by row over the entire surface until the top layer has been 
removed. What distinguishes this process of evaporation is that 
the work of removing a cube is always the same since each cube 
has to be separated from its neighbors at the same three faces, 
i.e., the bottom, the one touching the next cube in the same row, 
and the one touching the cube in the neighboring row. The energy 
required to remove 1 mol in this manner can be identified with the 
internal heat of evaporation per mol AU, and the energy to re- 
move one molecule in this manner is equal to the molecular inter- 
nal heat of evaporation 
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layer on top of an existing suriges piece by piece and row by row, 
each step releasing the identical amount of energy, A. 

The number of molecules which under these conditions are 
able to escape from the surface of the solid has been calculated by 
Polanyi and Wigner (14). The energy of evaporation, including 
the work of expansion from the volume of the solid phase to that 
of the vapor phase, is 


te 
The number of molecules eav ing unit surface in unit time is, from 


treme example is the ‘setideervstiiies liquid water which has 
an evaporation rate of the order of 1 per cent of that of an ordinary 
liquid. This observation leads to the conclusion that the escape 
of molecules from the surfaces of these liquids must occur by a dif- 
ferent mechanism which again may be found from the analogy to 
solids. 

There is another mechanism of removing molecules from the 
surface which is of particular interest for the phase equilibrium of 
pseudocrystalline liquids and which Volmer (15) believes is the 
one primarily responsible for the evaporation of crystals. Re- 
ferring to the previously mentioned chessboard pattern of the 
surface layer, evaporation could be accomplished by removing 


Equation [37] in the Appendix, according to the Polany i-Wi igner 
ces 
sit! 
ted: 


only cubes which are surrounded at all four sides by neighbors. 
The energy required for this kind of evaporation is found by means 
of the following consideration: 

Evaporation of the top layer can occur by first removing all 
those cubes which are surrounded at all four sides by neighbors; 
these cubes would correspond to all black squares of the chess- 
board and would comprise one half of all molecules in the surface. 
Each one of these would leave a hole in the surface, after being 
removed. Afterward, the remaining half of the cubes would be re- 
moved; these cubes are no longer surrounded by neighbors and 
would correspond to all white squares of the chessboard. They 
are attached by binding forces at the bottom only. The energy 
required to remove 1 mol in this manner is also equal to AU; 
there are N/2 pairs consisting of one molecule of the first group 
and one molecule of the second group; thus the combined energy 
required to remove each of these pairs is 2A. It follows that re- 
moving a molecule in the first group requires as much energy above 
the average internal heat of evaporation, A, as removing a 
molecule in the second group requires energy below A. This can 
be understood from the fact that in addition to separating each 
molecule from the neighbor underneath, a molecule in the first 
group has to be separated from four neighbors in the surface layer, 
and a molecule in the second group from no neighbors at all in the 
surface layer, while in the process of evaporation discussed pre- 
viously, each molecule had to be separated from two neighbors in 


a = most probable velocity at temperature T 
k = Stefan-Boltzmann constant 
? = average vibration space of molecule in solid 


The kinetic energy of these Z’ molecules is, from Equation [39] 
of the Appendix 


K’ = Z'ma’... 


The number of vapor molecules striking unit surface of the solid 
in unit time is, from Equation [26] 


~ 


where N, = N/V = number of molecules in unit volume of 
vapor. The kinetic energy of these Z” molecules is, from Equa- 
tion [32] 


When both phases are in equilibrium, the thermodynamic relation 
. 7 ‘a 
is satisfied (17). Substituting Equation [7] in Equation [3] gives 
the equilibrium conditions 


In the equilibrium state, as many molecules must condense on the 
surface as evaporate from the surface. It follows from Equation 
[8] that Z” molecules must condense per unit surface and time. 
Therefore all vapor molecules striking the surface of the solid 
must condense if the process of evaporation occurs by the pre- 
viously described mechanism. Equilibrium of kinetic energy is 
then established. 

The evaporation and condensation rates observed with a large 
number of liquids are in close agreement with Equations [3] and 
{5}. Therefore the mechanisms from which these equations are 
derived may be considered a suitable basis for the study of phase 
transitions in fluids. 


EVAPORATION AND CONDENSATION OF PSEUDOCRYSTALLINE 
Liquips 


There are certain fluids with rates of evaporation and conden- 
sation considerably smaller than would be expected if these 
processes were equivalent to the mechanism described. The ex- 


the surface layer. 

If u is the additional energy above the average value A required 
for the removal of a surface molecule by the formation of a hole, 
then the number of molecules escaping from unit surface in unit 
time is obtained by replacing in Equation [3] the quantity \’ by 
\’ + u. The number of evaporating molecules becomes (15) | 

2 D 
For the case of phase equilibrium, Equation [7] yields — 


Z.’ = 

Accordingly, the kinetic energy of all these Z’ molecules is, from 
Equation [4] 


ron 


It is obvious that phase equilibrium is possible only if the proc- 
ess of condensation is also different from the one which prevails 
in the condensation of ordinary liquids. The existence of phase 
equilibrium requires that the number of condensing molecules be 
equal to the number of evaporating molecules, and that the energy 
lost by an evaporating molecule in overcoming the binding forces 
in the surface is equal to the energy gained by a condensing mole- 
cule in submitting to these binding forces, namely, A + wu. 

The second requirement could be satisfied if the condensing 
vapor molecules would settle in the holes torn in the surface by a 


K.’ = Z,.’ma’* 
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previous evaporation, whereby they would gain the energy A + u. 
The simplest mechanism to accomplish this is one where, of the 
vapor molecules striking the surface, only those which strike a 
hole condense while all others return into the vapor space. Now 
we must examine whether such a mechanism satisfies the require- 
ment that the number of condensing molecules be equal to the 
number of evaporating molecules. 

If \ is the energy required to remove a molecule from the sur- 
face without creating a hole, and \ + wu is the energy required to 
remove a molecule with formation of a hole, then u is the energy 
spent in creating a hole. For this case the fraction of the surface 
which is covered by holes has been calculated by Frenkel (18); 
according to Equation [42] of the Appendix, this fraction equals 
e~“/kT| The number of molecules striking the surface, multiplied 
by this quantity, gives the number of molecules striking the holes, 
which becomes, from Equation [5] 


Na, 


It is seen, that indeed - 


Therefore the equilibrium requirement is satisfied. Furthermore 
K,” = Z,"ma? 


Tht 


Thus it has been shown that the mechanism of evaporation by 
means of hole formation conforms to the equilibrium require- 
ments. The magnitude of the quantity u has been calculated by 
Volmer (15) for various crystal lattices, whereby he found the 
average value 


whence 


al 


Thus the internal energy required for the evaporation of a mole- 
cule is (3/2) for evaporation with hole formation, and (1/2)A for 
evaporation at a position free from neighbors in the surface layer. 
The latter quantity, therefore, represents the binding energy of 
the surface molecule to the layer underneath. 

If Equations [10] and [12] are applied to water which comes 
nearest to a pseudocrystalline liquid, good agreement between 
theory and experiment is found. It can be assumed, therefore, 
that evaporation and condensation of pseudocrystalline liquids 
occur by means of the mechanism of formation of holes. This 
mechanism has in its favor that it is the most probable one to 
occur; since the breaking out of a molecule in the surface follows 
statistical laws, and only a small number escapes in unit time, it 
is more likely that the sites of escape are distributed at random 
than that they follow the regular geometrical pattern of the row- 
by-row evaporation. On the other hand, a vapor molecule strik- 
ing a hole in the surface is in a location of a greater binding force 
and is more likely to be retained than a molecule striking the 
surface elsewhere. 


DETERMINATION OF QUANTITY u From VIRIAL or Liquip 


It is not necessary to employ a definite model of the structure 
of the condensed phase in order to show that the energy binding 
a surface molecule to the layer underneath is equal to \/2. This 
result also may be derived from the Theorem of the Virial. Ac- 
cording to this theorem (19), the total virial of a homogeneous 
system is equal to its mechanical energy. Furthermore, Bakker 
(20, 21) has shown that in a homogeneous system which is sub- 


jected to intermolecular forces, the virial B of these forces is equal 
to 3/2 times the work W required to separate the molecules 


“ae atT 2 wire ai poe 


Conforming to the previously employed idealization of the 
molecules as cubes in contact with their neighbors on all six faces, 
it is seen that the work of separation consists in overcoming the 
binding forces at the molecular surface which become free after 
separation. These forces appear always pairwise, since for each 
severed bond two free surfaces are created. Therefore, while the 
internal energy A is lost by each separated molecule, the work 2 
must be spent to accomplish separation of a single molecule, and, 
for the entire homogeneous system, the work of separation is 
equal to twice the internal heat of evaporation =_—> jo ead 
wpil egithiice nei 
bing 
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W = 2AU 
Therefore the virial of the intermolecular forces is 
B = 3AU 


This result is in agreement with the Lennard-Jones-Devonshire 
equation of state of a liquid (22) where the contribution of the 
intefmolecular forces to the virial is likewise 3 times the internal 
heat of evaporation. 

According to the virial theorem, the contribution of the binding 
forces to the mechanical energy of the homogeneous liquid system 
is equal to3AU. The share of this mechanical energy for a single 
molecule is 3A. Owing to pairwise appearance of this energy, 
a molecule leaving the interior of the liquid loses the mechanical 
energy (3/2)A in overcoming the binding forces. 

Conversely, if a group of vapor molecules condense, these 
molecules come within the range of each other’s intermolecular 
forces, and the gain in mechanical energy per molecule will be 
(3/2)A. This is supported by the result given by Fowler and Gug- 
genheim (23) obtained from the Lennard-Jones-Devonshire model 
of the liquid where the potential energy of a molecule in the liquid 
phase is given as 1.475 X. 

Because of the short range of intermolecular forces, it can be 
assumed that the homogeneous liquid phase extends right up to 
the molecules underneath the surface layer. According to Equa- 
tion [1], a vapor molecule, upon condensation on the surface, 
gains on the average the binding energy A. As long as this 
molecule forms part of the surface layer, it still has its free upper 
face. When, by continued condensation, a new layer of molecules 
is deposited on top of the previous surface layer, the upper face 
gains its binding energy. Furthermore, by attaching a neighbor 
to its upper face, the former surface molecule has become part of 
the homogeneous liquid; according to the virial theorem, its 
mechanical energy must now be greater by (3/2)A than in the vapor 
phase. It follows that the binding energy on the upper face must 
have been (1/2)A. The same holds for the binding energy on the 
bottom face of the condensing molecule. The relation u = /2 in 
Equation [14] has thus been derived from the Theorem of the 
Virial, without the use of any particular model of the structure in 
the liquid. 

In the foregoing discussion, two rates of phase transition have 
been derived, one for ordinary liquids, the other for pseudo- 
crystalline liquids. However, the existence of intermediate trans- 
fer rates also has been observed (24). These could be explained 
easily by a partially inhibited (25) mechanism for ordinary liquids 
without employing the concept of migration of molecules on the 
surface which plays such an important part in the condensation on 
the surface of crystals aad 
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— 
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TRANSACTIONS OF THE ASME 


Rate Processes FOR Not 1n EQuILIBRIUM 


If a temperature difference is maintained between the liquid 
and the vapor, then the two phases are no longer in equilib- 
rium, and more molecules and more energy are carried through 
the interface in one direction than in the other. The result is a 
visible process of either evaporation or condensation. The rate 
of such a process depends on the temperature difference between 
the phases, and the direction is from the warmer phase into the 
colder one. 

The flow of mass and energy between two systems of different 
pressures and temperatures has been calculated by Knudsen (27) 
by applying the equilibrium relations, Equations [3] and [5], to 
each system separately and determining the balance. The same 
method has been used by Stodola (28) in calculating the mass and 
energy exchange of undercooled droplets in a saturated atmos- 
phere of their own vapor. In order to test the relations derived 
for solidlike liquids, the mass exchange between a superheated 
liquid containing bubbles of its own saturated vapor, calculated 
from these relations, will be compared with experimental results 
obtained by Jakob (3) and Dergarabedian (34) with steam bubbles 
rising through slightly superheated, boiling water at atmospheric 
pressure. 

Stodola’s method is applicable to this case by interchanging the 
role of liquid and vapor; since the bubbles observed by both 
authors were of visible size, the effect of their curvature op the 
saturation pressure is negligible; however, Equation [10] must 
now be used instead of Equation [3], and Equation [12] takes the 
place of Equation [5]. 

Transforming Equations [10] and [12] to more common units 


by writing 


N Mv 


« 


Furthermore 


where 


weight of liquid or vapor crossing unit area per unit time 
acceleration due to gravity 
molecular weight of liquid and vapor paneer ns 
mass of molecule 
gas constant per unit weight in mechanical units 
= volume per unit weight of vapor 
internal energy of evaporation per unit weight in mechani- 
cal units 


Equation [15] represents the condensation rate as well as the 
evaporation rate. The amount of liquid evaporating at the sur- 
face of the bubble is obtained from Equation [15] by taking the 
quantities 7’, v, AU for saturated steam at the temperature 7’ of 
the superheated liquid. This gives 

uy, 


or 
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The amount of vapor making contact with the surface of the 
bubble is obtained from Equation [15] by omitting the ex- 
ponential term and taking the — T and » for saturated — 
steam at the temperature 7” as ale 


iis 
Qr 


The amount of vapor condensing at the surface of the bubble 
is obtained by multiplying this quantity by the ratio of the 
aren 5 holes to the total area of the surface of the liquid, nomey, 


e This gives for the amount 


Qe 


The net evaporation rate is G = G’ — G’, or 


\ 


Since, according to the principle of minimum free energy, the 
fraction of the surface covered by holes has the constant value 
= . this value must be maintained even when, in the process of 
visible evaporation, molecules are continually removed from the 
surface under formation of holes. While, in thermodynamic 
equilibrium, all holes left by the evaporating molecules are filled 
immediately by the condensing molecules, in nonequilibrium 
evaporation most holes are still filled in by condensing molecules. 
Those holes, however, which correspond to the excess of evapora- 
tion over condensation are, according to Gurney (33), closed by a 
moving together of neighboring molecules of the liquid. In this 
manner the area ratio of the holes to total surface is kept con- 
stant. 
In creating a hole, the energy 4/2 must be supplied jointly to 
the molecules bordering on the hole. This energy is not imparted 
to the evaporating molecule but remains in the liquid. When 


these molecules move together, the excess surface energy of \/2 is 
released and thus cancels out of the net balance of energy required 


to support nonequilibrium evaporation. Therefore the effective 
heat of evaporation per mol is NX’ for evaporation with or with- 
out formation of holes. 

Jacob’s results are given in terms of heat-transfer coefficients. 
Multiplication of the net evaporation rate by the heat of evapora- 
tion AH gives the amount of heat transferred from liquid to 
vapor per unit area and time; dividing this quantity by the tem- 
perature difference between liquid and vapor gives the heat- 
transfer coefficient h. Thus , 


— — , 
gui T’—T’ Nor v” 


where AH’ is the heat of evaporation per unit weight. 

Steam Tables (29) give for the average conditions of Jakob’s 
experiments (0.5 deg C superheat, 1 atm pressure) the following 
data: 


100.0 C 

373.16 K 

10,332 kg/m? 

1.673 m3 /kg 

47.06 mkg/kg deg C AH’ 
9.81 m /sec? 


h 
vide T’—T’ 


[17] 


v 


100.5 C 

373.66 K 

10,520 kg/m? (interpolated) 
1.645 m*/kg (interpolated) 
538.6 keal /kg (interpolated) 
212. 667 /kg 
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— 
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' 
Substituting these data in appropriate units in Equation [17] 
gives 


h’ = 9261 (11.751 — 11.547) 0.002364 = 4.466 kcal/m? sec deg C 


h = 16,000 kcal/m? hr deg C. 


_ This value of h is in good agreement with Jakob’s average (2) of 
17,000; it is smaller than BoSnjakovi¢’s h = 36,000, ob- 
tained from heat-conduction calculations (30). 
If the conventional theory had been used, the exponential term 
in Equation [17] would have been omitted, and the result would 
_ hav e been 


* h’ = 9261 (11.751 — 11.547) = 1890 keal/m? sec deg C 


h = 6,800,000 keal/m? hr deg C 
which is 400 times as large as the observed value. 
Dergarabedian’s results are given in terms of growth of bubble 
radius. According to the definition of the quantity G, the rate of 
growth of the weight of the vapor bubble can be written 


3 S = bubble surface 
Tea V = bubble volume 
ig = specific weight of saturated vapor 


_ Assuming the bubble to be spherical (radius r) gives 


4rr? 


4 
V = - gr’, S = 
3 


Substituting these values in Equation [18] yields, with y’ 
1/v” 


According to Equations [16] and [19], the rate of growth of the 
bubble radius depends, for any given substance and a given ex- 
ternal pressure, on the degree of superheat alone. For each super- 
heat temperature, the quantities @ and dr/dt have a constant 
value. These values, calculated from Steam Tables (29) are 
plotted in Fig. 1. 

A comparison of theory and experiment is presented in Fig. 2. 
Graph (a) shows Jakob’s (3) heat-transfer coefficients observed 
on various steam bubbles in water boiling at 0.5 deg C superheat. 
The calculated coefficient, h = 16,000, appears as a reasonable 
average of the observed values. Graphs (6) to ({) show Dergara- 
bedian’s (34) observations of the variation of steam bubble 
radius with time at five different degrees of superheat: 1.4, 2.1, 
3.1, 4.5, and 5.3 deg C. The calculated rate of growth of the 
bubble radius is entered as a straight line in all five graphs. This 
line represents the bubble growth during most of the time very 
well. While, according to the foregoing theory, the rate of 
bubble growth is constant for each superheat temperature, the 
experiment shows a slight variation with time, particularly in the 
beginning. This still remains to be explained from the viewpoint 
of the kinetic theory, while an explanation on the basis of dy- 
namical equilibrium is already available (34). mis 
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Fic. 2 Comparison oF THEORY AND ExpeRIMENT 


(a, Jakob's heat-transfer experiments; 6 to f, Dergarabedian’s experiments on growth of vapor bubbles. All experiments are for superheated water 
boiling at atmospheric pressure. ) 
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Appendix 
NuMBER oF MoLEcULEs StrikiInGc Unit SurFAcE IN Unit TIME 


The number of molecules with a velocity between c and c + dc, 
striking the surface ds during the time dt, originating from an ele- 
ment r? sin 6 d@ d@ drofa spherical shell of thickness dr erected over 
ds in the distance r is, according to The Kinetic Theory of Gases 
(31) 


r 
~ L sin 8 cos 0d0d@ dr de dt ds. . [20] 


-Se 
L 


N, 
df= ce 
where 
N, = number of molecules in unit volume 
L = mean free path 


a = most probable velocity a 


Equation [20] is valid for a uniform gas with the Maxwellian 
velocity distribution 


In order to strike ds, the molecules may originate in the entire 
half space above the plane containing ds; if, however, their ve- 
locity is between c and c + dc, then they cannot come from a dis- 
tance greater than a certain value z in order to reach ds within a 
given time t. This value of z is given by 


Therefore the number of molecules with a velocity between c and 
ec + dc striking the surface o during the time 7 is obtained from 
Equation [20] by integration over all variables except the 
velocity as 


= sin 6 cos 6 d@ 
iar) (28) 
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On account of Equation [22], this can be written 


z'dc = —— c*e (: —e dt 
ate 0 


or, integrated 


er 
= adc [ (: i) to. . [24] 
ail r cT 


The total number of molecules, with velocities anywhere between 
0 and ~ which strike the surface o during the time 7, is obtained 
by integrating over all velocities as 


cT 
> a ry 


fore 


om 


aT 


ety 


or, integrated 


ive 
at 


For all values of t which are large with respect to the time be- 
tween two collisions—and only for such periods of time are the 
laws of the kinetic theory valid—the quantity — becomes a very 
large number. In this case, expansion of the integral in Equation | 


[25] yields, in first approximation 
Na 1 (24) 
ar 4 4 \ar 
For tT = 1 sec, the term (2L)/(ar) is of the order of 10~*; there- 


fore the number of molecules striking the surface ¢ in the time rt 
is 


as 


This result could have been obtained by introducing in Equation 
[24] the approximation that for all values of ¢ and r 


L _ 
cT 


Vevocity DistrRIBUTION AND Kinetic ENERGY oF MOLECULES 
STRIKING THE SURFACE 


bes 


[27] 


The distribution function expresses the probability that the 
velocity of a molecule lies within the limits ¢c and ¢ + de. For 
the molecules striking the surface this probability is the ratio of the 
number of molecules with velocity between c and c + dc striking 
the surface to the total number of molecules striking the surface. 
Thus their distribution function is given as 

all lo D(c)de = — 

if ta 2 
Introducing in Equation [24] the approximation Equation [27] 
gives 

af 


al 
= 
| 
J 
jz 
Dale) de = — =e — 
22 
> 
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TRANSACTIONS OF THE ASME 


Substituting Equations [26] and [29] in [28] yields 
2 
D(c) dc = — c*e 
a 
The velocity distribution of the molecules striking the surface is 


not the Maxwellian distribution (32). 
The mean square velocity of the molecules striking the surface 


is defined as 
0 


cp* 


or, with the distribution function according to Equation [30] 


where a is the most probable velocity for Maxwellian distribution, 
The latter gives, as is known, for the mean square velocity 


The kinetic energy of the molecules of mass m striking the surface 
is given by 


K'de = ct! de 
2 
Substituting Equation [29] and integrating gives 


Nymto 


where 

€ = ma? 


is ie average kinetic energy of a molecule striking the surface. 
This energy can be written, according to Equation [31], as 


NuMBER or Mo.Lecutes Escapinec From Unit SurFace In UNIT 
TIME 


According to the theory of Polanyi and Wigner (14), a molecule 
in the surface of the solid body vibrates in a spherical space of 
radius ro under the influence of a force which is proportional to the 
distance r of the center of gravity from the center of this sphere, 
i.e., F = —ar. This force is assumed to vanish at the distance ro. 
The portion f of the surface of this spherical cell is available for 
escape of the molecule from this space. 

A molecule will escape during the time dt if, during that time, it 
is capable of gaining the distance rp normal to the surface of the 
solid. This will occur if: 
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1 The molecule has a radial velocity between c and c + de in 
the direction of the upper half of the enclosure of its spherical cell. 
2 Its distance from the enclosure is less than dr, such that 


where @ is the angle of the direction of c with the normal to the 


surface of the solid. 
The probability of the first event is, from Maxwell’s distribution 


law 


ap, dO de = a*sin 6 dé de 


r 


The probability of the second event is (17) 
aro? 
ar? 


fe dr 
2kT dr 


2kT 
f ree 


Integration gives, with Equation [33] 


dt = 


ia 


(ar) 


The probability of escaping during the time dt is 


or, from Rgfetiom [34] and [35], by integration 


w'dt = 2kT dt 


a \'* 
f 
From the two relations (17) 


a = 


~ 


bo 


wi 


w'dt 


Therefore 
a? 


The number of escaping molecules is, per unit surface and tine 


where 


5 =vibration space 
\’ = latent heat of evaporation per a 
vy = frequency of vibrations of molecule 


(erg: 

4 

g to Eq ——) = 4 
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Kinetic Enercy or Escarinc From SuRFACE 
in Unit Time 


The kinetic energy of these Z’-molecules is obtained by multi- 
plying in Equation [36] under the integral by (m/2)c*. There- 


bop 


Integration gives 


or, from Equation [37] 


The average kinetic energy of the escaping molecules is ma’. 


DISTRIBUTION OF SiITEs IN SURFACE oF LIQUID 


‘The surface of the liquid may be imagined as consisting of two 
different kinds of sites, each of the size of a molecule. There are 
N-sites of the one kind, and N’-sites of the other; the total num- 
ber of sites in the surface is then N + N’. If the creation of each 
of the N’-sites requires the expenditure of the energy u, then the 
ratio of the N’-sites to all the N + N’ sites in the surface can be 
determined from the thermodynamic principle that the free 
energy resulting from the presence of the N’-sites must be a 
minimum. This was shown by Frenkel (18). The free energy is 


= — TS’ 


Since the number of possible distributions (thermodynamic proba- 

bility) of the N’-sites in the interface is 

en 
wig 


the entropy due to the presence of these NV ’-elements is 


kin 


and the foe energy of the N’-elements is 


(N + 


_ 
NIN’! 


(N + N’)! 


F’ = N’u—hkT In 


or the free energy to be a minimum, there must be 


Differentiating Equation [41] with respect to NV’, using Stirling’s 

theorem, yields 
oF’ 
oN’ 

This expression beoc becomes zero when 


= u—kT [In (N + N’) —In N’| 


N +N’ 


fiom which the ratio of the N’-sites to all sites is obtained as 


The free energy of each of the N’-elements is, from Equations 
[41] and [42] 


and the entropy of each is 
tf 


C. F. Bonriua‘ aNp B. Misra.‘ Should the definition of v read 
“volume per unit weight of vapor’’ (not liquid)? 

In applying Equation [16] to condensation of a superheated 
vapor it will be seen that the parenthesis can be negative unless 
the liquid is supercooled. For instance, if vapor at 1 atm abs 
is at 300 F, the liquid would have to be below 208.5 F to show 
any condensation. At temperatures between 208.5 and 212 F 
would it evaporate? Also, would the vapor at 300 F and 1 atm 
abs condense on a dry surface at 210 F? 


F. BosSnsakovic.' The author assumes that, in dynamic 
evaporation, the vapor originating at the surface of the liquid is, 
in statu nascendi, in saturation equilibrium with this surface, at 
the temperature 7’. He also assumes that the surface tempera- 
ture 7” is superheated relative to the temperature 7” of the vapor 
space. The first assumption is in contradiction to the conclusion 
that the vapor in statu nascendi would then have to be at a vapor 
pressure p’ higher than the pressure p” in the vapor space, which, 
in the absence of supersonic flow, cannot be motivated satisfac- 
torily. Furthermore, the temperature of the vapor space is 
assumed to be 7” and not 7’, and the cause of the temperature 
drop from 7” to 7” is not evident. The latter assumption also 
contradicts the experimental data of Jakob who measured in the 
escaping vapor a saturation temperature corresponding exactly 
to the vapor pressure p”. In the writer’s opinion, it would be more 
correct to assume for the vapor in statu nascendi the same state as 
in the vapor space and to attribute the required temperature jump 
to the phase transition liquid-vapor. 

At present, the application and examination of this theory is 
still very difficult, since but little is known about the temperature 
T’ at the surface of an evaporating liquid. In dynamic evapora- 
tion, this temperature must not be substituted by the temperature 
T, in the interior of the liquid phase which has been measured 
precisely by Jakob and other investigators. Between the interior 
of the liquid phase and the evaporating surface is an interface 
with steep temperature gradient of the order of approximately 
10‘ to 10° grad/m. This gradient provides the flow of the neces- 
sary heat of evaporation from the superheated bulk of the liquid 
into the evaporating surface. The few reasonably accurate meas- 
urements of the surface temperature proper (by H. Mache and 
his pupils) indicate that for water the surface temperature 7” is 
in the proximity of the vapor temperature 7’, and not of the tem- 
perature 7', of the superheated interior of the liquid. 

For a theory which is based on the phenomena in the surface of 
the liquid, the surface temperature is predominant, and this 
should find expression, e.g., in Equation [17] and the subsequent 
numerical calculations. Since these calculations have been car- 
ried out not with the surface temperature but with the tempera- 
ture of the superheated interior of the liquid, they are not quite 
convincing unless it is shown that the previously mentioned sub- 
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stitution of temperatures has little effect on the results obtained. 

In addition, the liquid-phase temperatures as measured in con- 
ventional evaporation experiments seem to be fundamentally 
unsuited for the verification of a theory of the evaporation phe- 
nomena at the surface. The thermal resistivity in the previously 
mentioned interface is considerably greater than the resistance 
to the energy conversion of the evaporation in the surface proper. 
This compares to measuring the unknown thermal resistivity of a 
thin copper slab by means of a heat-flowmeter made from thick 
cork slabs. Such an arrangement would be extremely unfavorable 
to the test result because it would be immaterial for the over-all 
heat flow if in place of the copper slab a steel slab or something 
similar would be inserted, the main resistance being in the flow- 
meter itself (cork). 

In order to verify the theory presented in the paper, it might 
be advisable to rely on experiments in which the surface tempera- 
ture of the liquid had been measured. Such measurements, how- 
ever, might be extraordinarily difficult if they were to be reasona- 
bly reliable. 


Peter Gairritu.’ There does seem to be an error in the ex- 
perimental! verification. The data of Dergarabedian verified the 
equation of Plesset and Zwick, in which the principal resistance 
to bubble growth was offered by the conduction in the liquid sur- 
rounding the bubble. Using an interface temperature corre- 
sponding to the saturation temperature for the water vapor exist- 
ing within the bubble, and taking into consideration the variation 
of this pressure with the size of the bubble and its rate of growth, 
they were able to predict the shape and location of the radius-time 
curve. 

The author’s theory, using an interface temperature equal to 
the superheat temperature existing in the main body of liquid and 
a vapor temperature equal to saturation temperature and assum- 
ing no temperature drop between the main body of the liquid and 
the bubble interface, represents a maximum mass rate of flow for 
those temperature conditions. Yet the mass rate of flow for the 
data of Dergarabedian is considerably greater during the initial 
stages of growth. For the data of Gunther and Kreith,’ using the 
maximum temperature differences, the measured mass rates of 
flow were 8.85 kg/m? sec, while the maximum calculated values 
by the author’s theory are 0.99 kg/m? sec. 


R. F. Larson.’ This discussion will center about qualitative 
concepts with no aim in view to credit or discredit the hypothesis, 
the theory, or model used by the author in explaining observed 
low evaporation rates of some liquids. An alternate hypothesis 
will be offered or described briefly for consideration without the 
inclusion of an exact mechanism, and which seems to satisfy many 
of the observed phenomena in connection with boiling, evapora- 
tion, and condensation. 

In agreement with the author of this paper, and the general 
consensus, this writer considers the equilibrium at the plane 
liquid-vapor interface a dynamic one with myriads of vapor mole- 
cules striking this interface and an equal number of liquid 
molecules leaving per unit time. In this manner the energy in 
the interface and in the adjacent bulk phases is kept constant as 
required. However, in our view this interface is not an abrupt 
discontinuity in density—the principal difference between the 
phases—but rather consists of a film or layer several or more 
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molecular spacings thick, based on liquid-phase average molecular 
spacing, in which this density change takes place. This concept 
arises from the accepted form, Fig. 3, of the force-field and po- 
tential-energy curves as calculated to represent the interaction 
between adjacent molecules and was described more completely 
in a paper which the writer presented at the 1953 Heat Transfer 
and Fluid Mechanics Institute.® 

This layer or zone being one of intense exchange and transfor- 
mation of energy—both kinetic and potential—between molecules 
and aggregates, could not very well be one having any degree of 


by od T 
fib 
to 


tee 


marly rage 


ce 
STRAIN 


Fie. 3 


order or pattern of molecular arrangement, but one in which 
molecular bonds are made and fractured at high frequency and 
might well be called a fracture zone. In this zone the latent heat 
which is the potential energy of separation, is absorbed and re- 
leased as molecular spacing changes. The net attractive-force 
curve rises to a maximum in this zone and accounts for the inter- 
facial or surface tension observed tangent to this interface, being 
but an integration of the force field across the zone, and set up by 
the interacting molecules within this zone. This definitely estab- 
lishes the relationship between total interfacial energy and the 
normal latent heat, long suspected, and accounts for the variation 
of surface tension with pressure or curvature, actually being of no 
consequence except at very high pressures or curvatures approach- 
ing molecular dimensions as referred to the liquid or condensed 
phase. 

The concept of holes is perhaps acceptable when referred to 
solids where an orderly and semirigid arrangement is known to 
exist, particularly in true crystals. Thus vacancies, dislocations, 
and stray atoms and molecules account for local concentrations 
of force or stress within a solid; and similar irregularities in the 
surface of a solid may account for nucleation and growth of the 
solid phase in a particular manner. Even so, our increasing and 
yet imperfect knowledge of the atom and molecule and their 
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interrelationship in the solid, liquid, and gaseous phases leads us 
to revise our concepts from time to time. 

In the solid there is apparently sufficient looseness, softness, 
flexibility, or resiliency in structural bonds to account for relaxa- 
tion or migration of these stress or potential-energy concen- 
trations, especially at higher temperatures. In liquids where 
shearing takes place so readily it becomes difficult to imagine any 
orderly or semirigid structure existing for any length of time, 
especially at the dynamic interface previously described. 

After all, matter consists almost entirely of empty space as 
evidenced from the observed penetration of light particles, for ex- 
ample neutrons, and of high-frequency radiations. The detection 
or experimental observation of surface irregularities, or arrange- 
ment patterns or spacings of molecular magnitude such as water, 
is as yet beyond the resolving capacity of existing optical or radia- 
tion methods including electron diffraction, and thus their exist- 
ence can only be deduced. 

Returning to the case of the plane-surface evaporation from a 
liquid, this appears to be a case of chemical kinetics in which the 
driving force is chemical potential or Gibbs free energy, neither 
temperature nor vapor pressure alone being adequate since both 
pressure and temperature differences are involved. Clearly, when 
equilibrium does not exist and net mass transfer occurs with 
accompanying energy exchange, metastability of one or the other 
of the phases exists. Once either or both of the phases has been 
established in sizable amounts—above the so-called critical size 
which depends upon the degree of metastability—the potential 
barrier to phase transformation essentially has disappeared, and 
the only resistance to evaporation or condensation from the 
bulk phases exists in the rate of energy diffusion through the bulk 
phases to supply or dispose of the necessary latent heat. These 
processes can be and generally are slow, especially in the vapor 
phase. 

Other than this, a possible explanation of the unduly low evapo- 
ration rate observed in the case of water may lie in the establish- 
ment of a local equilibrium at the interface even though one of 
the phases may be metastable. It is easy to develop liquid super- 
heat and suppress evaporation across a plane liquid-vapor inter- 
face if the vapor is simultaneously superheated. This phenome- 
non was described in the previous reference. It may be equally 
easy to supersaturate a vapor by subcooling the adjacent liquid 
phase simultaneously, provided a suitable vessel surface can be 
found. The curious thing about this equilibrium is that in order 
to satisfy the Gibbs criterion for equilibrium a definite tempera- 
ture difference must exist between the phases and across the inter- 
is nota of the second law when its 
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most general form. Temperature equality does not appear to be 
a requirement for equilibrium for these cases, Fig.4. Furthermore, 
the Gibbs free energy may take on negative values relative to the 
thermodynamic surface of stable states for the case of super- 
saturation. 

How could this state come about, say in the case of growing 
bubbles in a superheated liquid? The only mechanism whereby 
the enclosed vapor could become superheated, thus limiting the 
rate of bubble growth, would appear to be by exchange of energy by 
the radiation phenomenon. An experimental confirmation of the 
existence of this type of local equilibrium is again made difficult 
because of radiation to the temperature-measuring device re- 
quired in the vapor phase which generally indicates a temperature 
too high. Further study and consideration of the equilibrium 
between liquid and vapor phases at the plane interface, and in the 
presence of catalyzing solid surfaces whose presence greatly 
affects the boiling temperature, is needed, and the writer hopes to 
be able to elaborate further on this phenomenon in a paper or 
publication at a later date. 


M. 8. Piesser.'® The author divides liquids into two classes: 
“ordinary liquids” and ‘“pseudocrystalline liquids’ where the 
former are presumably nonpolar liquids and the latter polar 
liquids. For ordinary liquids he assumes the value unity for the 
coefficient of evaporation or condensation (see Equation [5}), 
and for pseudocrystalline liquids he deduces for this coeffi- 
cient the value 


where AU is the internal heat of evaporation per mole, R is the 
gas constant, and 7’ the absolute temperature (see Equations 
[12] and [14]). Not only are many of the ideas of liquid structure 
expressed in the paper quite dubious, but the Expression [43] 
deduced for the coefficient of evaporation is too small by several 
orders of magnitude. In water, which is a polar liquid, the coeffi- 
cient of evaporation has the measured value of 0.04 in the neigh- 
borhood of 20 C. The author’s formula gives for water at 20 Ca 
value less than 2 X 10-‘. In this connection, the writer would 
like to call attention to a paper by Wyllie,"! in which experimental 
data on this coefficient are given for several liquids. Wyllie’s 
paper also gives a theoretical argument that the evaporation 
coefficient is equal to the free-angle ratio of the liquid molecule. 

Since the writer has been associated with Dr. Dergarabedian in 
his experimental observations on the growth of vapor bubbles in 
superheated water, he would like to comment on the comparison 
made by the author of his theory with these experiments. The 
author assumes that the vapor in the bubble is always at 100 C 
and that the liquid at the bubble wall is always at the bulk super- 
heat temperature. This notion of a temperature discontinuity 
between the vapor and the liquid boundary with which it is in 
contact appears to the writer to be unacceptable. 

The author’s formula gives a straight-line growth for the radius 
of a growing bubble as a function of time. Actually, there is a 
significant curvature in the radius-time curves which would be 
made more evident if smaller values of bubble radius were shown. 
The theoretical analysis of the growth of a vapor bubble in a 
superheated liquid which has been made’ shows that the slope 
of the radius-time curve is proportional to (time) ~'/*. 

The author appears to get slopes for the limited range of 
Dergprebedion' s published observations which have the right 
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order of sulle it is believed ‘that this rough agreement is 
merely accidental. If the author’s formula were checked under 
more extended conditions, even this rough agreement would dis- 
appear. In this connection, it may be remarked that, at the 
writer’s suggestion, Dr. Dergarabedian has measured the growth 
rate of vapor bubbles in superheated carbon tetrachloride. Car- 
bon tetrachloride is a nonpolar liquid with a coefficient of evapora- 
tion equal to unity. Since the coefficient of evaporation for water 
as given by the author’s formula is approximately 10-* at the 
boiling point, vapor bubbles in carbon tetrachloride for corre- 
sponding superheat conditions should grow at a rate approxi- 
mately one thousand times faster than vapor bubbles in water. 
The theory of Plesset and Zwick, on the other hand, predicts a 
growth rate in carbon tetrachloride approximately one third as 
great as in water for the same superheat. Dr. Dergarabedian’s 
unpublished results are in excellent agreement with our theory. 
He also has continued these experiments with other liquids with 
similar agreement with the theory. 


AuTHOR’s CLOSURE 


The author appreciates greatly the interest which the dis- 
cussers have demonstrated for his paper. The task of answering 
them is complicated by the fact that the discussers not only dis- 
agree with certain aspects of the author’s theory, but that they 
also disagree in important points among each other. 

The primary objective of the theory as presented in the paper 
is, as recognized by all discussers, a rationalization of the quantity 
frequently referred to as “evaporation coefficient’’ or ‘‘condensa- 
tion coefficient” for the special case of the “pseudocrystalline”’ 
liquid. The only liquid of this species known to the author is 
water and no applicability of the theory to other liquids, polar or 
nonpolar, is claimed. The x-ray diffraction pattern of water puts 
this substance into a class by itself, and this unique situation is 
correlated to its abnormal value of the evaporation coefficient. 

There already is available a theory by Plesset and various co- 
workers (see Bibliography reference 34) which explains the ob- 
served growth of vapor bubbles in liquids by combining the laws 
of hydrodynamics and heat conduction. Since the phenomenon 
of evaporation is also subject to the laws of thermodynamics, 
many workers have treated it by various thermodynamic methods 
requiring the use of specific models of the structure of the liquid 
phase. These theories have not yet successfully explained the 
abnormally low evaporation rate of water. However, an ap- 
proach by the kinetic theory, using the theorem of the virial 
without requiring a specific model of the liquid, had not been at- 
tempted before. 

When the kinetic theory is chosen as the approach to the prob- 
lem, it is necessary to derive for the liquid and vapor phase inde- 
pendently the number of molecules leaving the phase and the 
kinetic energy carried along, and it has then to be shown that, 
under conditions of equilibrium, the number of molecules and the 
kinetic energy leaving either phase is equal to the value of these 
quantities entering either phase. However, a test of the theory 
against the experiment can be made only for the case of a net 
transport of mass and energy, when equilibrium is disturbed. 

The physical conditions for which the theory is derived are best 
realized in Dergarabedian’s experiments. The experimental con- 
ditions used by other workers in the field are different in various 
respects which makes their experiments unsuitable for a verifica- 
tion of the present theory. Comparison with Dergarabedian’s 
published data shows a good agreement between the calculated 
and experimental values of the rate of bubble growth as well as its 
temperature change over most of the reported range. The 
author does not concur in that this “agreement is merely acci- 
dental”—this paper is not a movie script—though discrepancies 
remain which willbe discussed. 


FEBRUARY, 1955 


The author was aware that the temperature at the bubble sur- 
face cannot be identical with the bulk temperature of the boiling 
liquid, and he was surprised when he obtained reasonable values 
for the rate of bubble growth by taking in Equation [16] all quan- 
tities pertaining to the liquid phase at the bulk temperature of the 
liquid. However, this merely indicates that in the case of water 
the difference between the temperatures at the bubble surface 
T’, and in the interior of the liquid 7;;, is so small that it does not 
make much difference which temperature is used. 

The kinetic theory has not yet been used to calculate the tem- 
perature of the bubble surface or its change with bubble radius. 
Without allowing for this change in surface temperature, the rate 
of growth of the bubble is obtained as a constant. All that can 
be said on the basis of the kinetic theory is that if the bubble 
surface has the temperature 7’ and the vapor within has the 
temperature 7”, then the rate of evaporation of a pseudocrystal- 
line liquid is given by Equation [16]. The problem of determin- 
ing the temperature at the bubble surface as well as its change 
with increasing radius of the bubble has been treated as a heat- 
transfer problem by Plesset and Zwick; their result is given in 
Equation [12] of reference (34) which was mentioned in the last 
sentence of the paper. These authors have integrated a linear- 
ized equation of heat conduction with heat source for the non- 
steady state; their approximation holds for ary 4a 


and they have found this requirement satisfied under the condi- 
tions of their experiments with water. Assuming that the mean- 
ing of Equation [44] is that the term on the left should not be 
larger than 5 per cent of the term on the right, it follows that 


It can now be shown that, for the conditions of Dergarabedian’s 
experiments, the temperature of the bubble surface was very 
close to the temperature of the bulk of the liquid. The tem- 
perature drop toward the bubble surface is confined to a thin 
boundary layer around the bubble and can be determined from 
the equation of heat conduction. For the sake of argument, an 
instantaneous steady state of the bubble may be considered; 
the steady-state heat-conduction equation is, in spherical co- 


ordinates 


where the origin of the co-ordinate system is at the center of the 
bubble. The boundary conditions are as follows: The heat flow 
through the bubble surface is GAH’; therefore the gradient at 
the bubble surface is given by 


oil ve 


thermal conductivity and R = radius of bubble. 


where k = 


Furthermore, the temperature of the liquid has the value 7’; right 
up to the boundary layer which forms a spherical shell around the 
bubble with outer radius ¢R (e slightly larger than unity); there- 


Integration gives 
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The temperature at the bubble surface is 


GAH'R (: 
k € 


al a salts of 0.2 mm radius, and the example of Fig. 2(b) of 
the paper is 7; = 101.4 deg C, AH’ = 538 kcal/kg, k = 0.587 
keal/m hr deg, R = 2 X 10-4 m. From Fig. 1 is obtained for 
T’ — T" = 14 deg C: G = 0.012 kg/m? sec. Then, from 


Equation [46] 
1 
€ 


Assuming that the boundary layer has the largest thickness 


compatible with the Restriction [45], there would be € = 1.05, 
and 
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T,—T' =04degC 


= 101 deg C 


and, | from Fig. 


= 0.015 mm/msec 


This value, superimposed on the experimental points in Fig. 2(6), 
would still show a satisfactory agreement. Therefore, neglecting 
the temperature drop in the boundary layer does not affect ma- 
terially the values for the rate of bubble growth. The very small 
temperature drop in the boundary layer seems to be characteristic 
for water. Professor Plesset’s remark with regard to CCl, indi- 
cates that the temperature drop was a much larger one for the 
boundary layer of that liquid. Contrariwise, Wyllie’s formula for 
the evaporation rate of water is 


G = 0.04 


For the example of Fig. 2(b) the saturation pressure at the bubble 
surface wi be calculated from Equation [47] 

Va 
0.05 
Assuming atmospheric pressure inside the bubble (p” = 10,332) 
yields p’ = 10,364 kg/m? and a corresponding saturation tem- 
perature 7’ = 100.086 deg C. Consequently 7;— T’ = 101.4 
— 100.1 = 1.3 degC. It can be seen that Equation [47] yields 
the result that the surface temperature is practically equal to 
the vapor temperature, and the temperature discontinuity dis- 
appears. For the previous example (bubble radius 0.2 mm), 
Equation [46] yields for the thickness of the boundary layer 


oir 


0.012 
p'’—p’ = 132.5 = 31.8 kg An 
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and e® — 1 = 0.725 


The much larger temperature drop requires a much thicker 
boundary layer since the temperature gradient, fixed by the rate 
of evaporation, is the same for the same experimental conditions. 
The value of €? — 1 in Equation [48] is considerably larger than 
what is compatible with Equation [44]; however, Equation [44] 
was found to be valid for the evaporation experiments. This may 
indicate that the surface temperature was not as low as 100.1 C 
which is, for all practical purposes, identical with the temperature 
of the saturated vapor. In this connection, attention may be 
called to Professor Larson’s remarks regarding the temperature 
discontinuity between metastable phases in equilibrium. Since 
the entire group of problems connected with the actual value of 
the surface temperature has not yet been made accessible to treat- 
ment by the kinetic theory, they were not touched in the paper. 

The comment made by Professor BoSnjakovié in the first para- 
graph of his discussion may be due to a misunderstanding. The 
author’s concept of the evaporation process is that from the super- 
heated-liquid surface with temperature 7” saturated vapor is re- 
leased with saturation temperature 7”; the equation for the 
amount of evaporating liquid G’, following Equation [15] of the 
paper, is not meant to imply that the vapor formed actually is at 
the temperature 7”. 

The author regrets that he was not able, within the available 
time, to secure the report by Gunther and Kreith. The evapora- 
tion rate quoted by Mr. Griffith as having been observed by these 
authors is so far beyond the range of the experiments under dis- 
cussion in the present paper, that they might be due to a mecha- 
nism quite different from that to which this theory applies. 

The dilemma reported by Messrs. Bonilla and Misra possibly 
could be resolved by the assumption, made by various workers in 
the field, that there is a layer of saturated vapor adjacent to the 
liquid surface, and that the condensation process occurs between 
the liquid and this layer. Under suitable conditions, condensa- 
tion may also be possible on surfaces of strong curvature; this 
would alter Equation [16]. 

Professor Larson’s interesting contribution illustrates how 
divergent the ideas about phase transitions still are. Besides that 
group of workers who consider the surface of the liquid as quite 
similar to the solid state there are many others who believe that 
surface layers of evaporating liquids are not in any state of order. 
Such theories in conjunction with his ideas of studying phase 
transitions from the viewpoint of the thermodynamic potential 
may show the way to a solution of this kind of rate process by 
general thermodynamic principles. It is to be hoped that these 
ideas will lead from their present qualitative state to quantitative 
results which will throw further light on the problem of phase 
equilibrium and phase transition. 
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_ Pulsation Absorbers for Reciprocating Pum ps 


wie 


Pulsation absorbers (or surge bottles) are often required 
in reciprocating-pump installations where pipe vibration, 
flowmeter errors, and other disadvantages of pulsating 
flow must be eliminated. Graphs are presented, based on 
theoretical analyses, for sizing such absorbers for any given 
installation and desired pulsation amplitude. Experi- 
ments with a laboratory unit as well as a few full-scale 
plant installations confirm the theoretical results. Rec- 
ommendations also are made for certain important design 
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The following nomenclature is used in the paper: 


wir 
her be 
length of connecting rod of pump, 
number of harmonic | be 
piston area (head end) ite the 
piston area (crank end) wo ot of 
see Equation [10] p shed, Yee 
see Equation [11] 
instantaneous flow rate from pump, cfs 
instantaneous flow rate downstream of surge chamber, 
constant in flow Equation [1] relating flow rate and 
pressure drop in pipe 
instantaneous gas volume in surge tank, cu ft 
gas volume in surge tank at pressure po, cu ft 
variable defined by Equation 
average of Z defined by Equation [6] 
ratio of specific heats of gas in surge chamber 
indicates small variation from mean 
circular pump frequency (rad/sec) = 24 X crankshaft 


sus 


we 


Q 


ei 


cfs 
subscript denoting gas 
(Ap, — Ap,)/(Ap, + Ape) 
8/2h 
total volume swept out by one pump cylinder per crank 
shaft revolution, cu ft 
Fourier coefficient 
Fourier coefficient 
variable part of Z 
= volumetric efficiency of pump 
1 Engineer, Shell Development Company. Assoc. Mem. ASME. 
Contributed by the Fluid Meters Research Committee and pre- 
sented at the Annual Meeting, New York, N. Y., November 29- 
December 4, 1953, of Toe AmeriIcAN SocreTy oF MEcHANICAL ENn- 
GINEERS. 
Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received at ASME Headquarters, 
August 6, 1953. Paper No. 53—A-81. 
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order to find ‘the pulsation amplitude ude which is to be ex- 
pected from a certain pump-pulsation absorber installation, find 
the average pulse amplitude (Ap/po) value from Fig. 1. Then 
(in Fig. 5) find the appropriate correction factor and multiply 
the pulsation amplitude found previously by this factor to obtain 
the correct value. If it is desired to find the properly sized pulsa- 
tion damper to give a certain pulse amplitude, proceed in the 
reverse manner, by first finding the correction factor (from Fig. 
5) dividing it into the desired pulsation amplitude, and, with the 
result, determining the necessary gas volume (Vo) in the pulsa- 
tion damper from Fig. 1. 
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Note: 
VGo = Volume of gas in surge chamber at 


avg pressure P, 
= Total swept volume for one cylinder 


pur Vs 
ds (head end + crank end) 
7 = Volumetric efficiency of pump 
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Fic. 1 Rexation Between Gas VOLUME SuRGE CHAMBER AND 
Pr A 


A annsaiinds single-acting reciprocating pump produces in- 
herently pulsating flow, for it discharges at varying rates during 
approximately half its cycle while no discharge takes place dur- 
ing the remaining half. While the situation can be improved by 
increasing the number of cylinders, staggering them around the 
crank, and making them double-acting, flow variations still re- 
main due to the continually varying speed of the pistons. If 
such a pump discharges into a pipe, fluid inertia and pipe friction 
tend to prevent the liquid from following the flow-rate variations 
demanded by the pump and, instead, will try to compress the 
fluid. Since most liquids have high compression moduli (i.e., re- 
quire high pressures for small changes in volume), this action 
causes high local overpressures in the line during times when the 
pumps attempt to accelerate the flow. Conversely, appreciable 
underpressures occur during flow deceleration. 

While the foregoing is a somewhat simplified account, it de- 
scribes the essential causes for the large pressure fluctuations fre- 
quently observed in pump lines. The effects of such pulsations 
are perhaps even better known: pipe vibration, flowmeter 
error, partial flashing of the liquid in the low-pressure ranges, 
valve hammer, and so on, are among the most general deleterious 
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effects. These have = for a long time and, in so far 
as the petroleum industry is concerned, were already discussed 
by Delavan (1)? in 1926 and later, in great detail, by Diederichs 
and Pomeroy (2). A special case is described by Wachtman (3) 
who notes the deleterious effect of mud-pump pulsations in oil- 
well drilling operations on the chip-raising capacity of the mud 
stream. The related problem of pulsation in gas-compressor in- 
stallations has been covered by the authors (4) in a report which 
also contains many literature references applicable to liquid-pump 
pulsations. 

Various methods have been used to alleviate these pressure 
pulsations, such as that of Harshman (5), but the use of gas- 
cushion-type surge chambers has been recommended almost as 
long as the problem has been recognized. In so far as the authors 
are aware, no reliable method for sizing these surge chambers is 
available, and it is the purpose of this paper to present such a 
method, based on the assumptions stated herein. A detailed 
mathematical analysis is given in the Appendix, while the es- 
sential results are shown in graph form in Fig. 1. 
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ASSUMPTIONS 


1 The surge chamber is connected to the line close to the 
pump and in such a way that the liquid can flow without friction 
in and out of the surge chamber. 

2 The gas in the chamber compresses and expands adiabati- 
cally. 

3 With the surge chamber in operation, pulsation amplitude 
(peak to peak) is small in comparison to the average absolute 
pressure. 
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The equipment used in the laboratory experiments, ae 
diagram of which is shown in Fig. 2, consisted of the following: 


Fic. 2 APPARATUS 


Pump. Single-acting, duplex, laboratory pump of Shell De- 
velopment Company design, with constant-speed electric drive, 
and with the stroke variable to zero permitting operation simu- 
lating a single or double-acting single-cylinder pump, at a speed 
of 60 rpm. 

Pressure Vessel. Constructed such that it could be installed in 
the flow line from the pump discharge and also permit the mount- 
ing of a pressure transmitter, sight glass, and safety devices. 

Instrumentation. Statham pressure transmitter as the sensing 
element for a Shell Development dynamic pressure amplifier and 
Brush recorder. 


—— Theoretical Curves 
O Single Cylinder - Single Acting Pump - 
Lab. Experiments 
© Single Cylinder - Double Acting Pump - 
Lab. Experiments 
4 Duplex - Double Acting Pump - 
Refinery Inst. 
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The pump flow rates with Turbo 27 oil were calibrated at vari- 
ous stroke settings and operating pressures; the sight glass was 
calibrated to indicate gas (air) volume in the assembled unit. 

In the series of tests which were conducted, the pump was oper- 
ated as a single-acting single-cylinder as well as a double-acting 
single-cylinder pump. For pumping rates from 65 to 215 
ec/min/cylinder, the pulsation in the pressure vessel was meas- 


ured for gas volumes rangingfrom50to250ce. 
boot 
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RESULTS 


Results of the mathematical computations are shown in Fig. 1 
as a relation between the ratio of peak-to-peak pulse amplitude to 
average absolute pressure and the ratio of the gas volume in the 
surge tank (at the average absolute pressure) to the volume dis- 
charged by one piston during 1 crankshaft revolution. Curves 
are given for single-cylinder pumps, single and double-acting, 
and for duplex and triplex double-acting pumps. The curves 


100 aP/Po 
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small changes in this value will not affect the curves appreciably. _e 
Calculations were made for both laminar and turbulent pipe 
flow, and the results are sufficiently alike so that a single line can 


are computed for a ratio of specific heats of 1.4 in the gas, but 


? Numbers in parentheses refer to the Bibliography at the end of the 


represent both cases. 
Fig. 3 illustrates fair agreement between the calculated and 
experimental results, both on the laboratory installation and on a 
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few full-scale pumps in some of the refineries of the Shell Oil 
Company. 
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= Discussion AND DEesIGN RECOMMENDATIONS 

Despite the fundamental simplicity and effectiveness of gas- 
cushion-type dampers, there remain several important ob- 
jections to their use. The most important of these is concerned 
with the maintenance of the gascushion. To charge the chamber, 
gas at a pressure somewhat higher than the average line pressure 
must be provided. If no membrane is supplied between the 
liquid and the gas, some of the gas will be carried continually 
away from the chamber by the liquid—partly by dissolving in it, 
partly by mixing due to turbulence in the tank—and must be 
replenished. Mixing can be reduced by so designing the surge 
chamber that the liquid level is not appreciably agitated, while the 
proper choice of a gas will minimize losses by dissolving. Diede- 


richs and Pomeroy (2) describe successful tests with a float in- _ 


serted in the surge chamber to minimize the contact area between 
gas and liquid. In cases where pressurized steam or air is availa- 
ble and slight contamination of the liquid with either can be 
tolerated, a simple automatic arrangement can feed enough gas 
continually into the chamber to maintain a constant amount of 
gas cushion. 

Where contamination with any gas must be avoided or where it 
is impractical to supply pressurized gas to the surge chamber, the 
use of a flexible membrane between liquid and gas is indicated. 
The choice of a proper membrane material here presents an ap- 
preciable problem, for not only must the membrane withstand 
chemical action by the fluids under continuous flexing, but it also 
must be sufficiently pliable so as not to restrain the motion, for 


any such restraint is equivalent to a reduction in the effective gas — 


volume. In hydrocarbon service the use of some of the synthetic 
rubbers is indicated if the membrane is so designed that, in flex- 
ing, 8 minimum of stress reversals takes place in it which would 
fatigue the material. 

No restriction to flow should be inserted in the surge chamber 
at any point; for if such a restriction is in the main line, it will 
consume pumping power while it will not generally improve the 
pulse amplitude. If placed between the line and the surge 
volume, a restriction, such as an orifice or a series of orifices, will 
always reduce the effectiveness of the surge chamber. 

Further work is needed not only in the detail design of surge 
chambers for particular installations but also in some determina- 
tion of what constitutes a satisfactory and allowable pulse ampli- 
tude. This information, which can come only from the many 
and varied actual pump installations, together with the present 
paper, will, it is hoped, prevent pulsation trouble in future 
designs. 
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ANALYsIS OF PULSATIONS IN Pump SysTeMsS 


Basic Relations. Referring to Fig. 4 which shows a diagram- 


matic sketch of a surge-tank installation, let the volume of gas in 
the tank at any time be Vg and the volume corresponding to the 


qh 
aa 


Ap, * Piston Area (headend) = 


A P.* Piston Area (crank end) 
(Ap, + Ap.) x Stroke = Vg 


Fic. 
Actine Pump 


average line pressure, Vg. Let the volumetric inflow rate be 
given by F;, which is a periodic function of time and which will 
be more closely defined later. 

Let the outflow rate, Fo, be related to the pressure by a simple 
power law of the form 


= Kp,..... 


Equation [1] assumes that pulsations have been reduced to so 
low a magnitude that inertia in the line can be neglected. The 
value of the exponent r depends on flow type. 

For adiabatic compression of the gas in the surge tank 


[2] 


when pp is the average pressure (corresponding to volume Vo) 
and 7¥ is the ratio of specific heats of the gas.* 
Finally, from continuity 


Combining Equations [1], [2], and [3] we arrive at the differential 
equation 


Veo (4) 


po p = po~ 
Go 


* Changes in exponent due to difference in gases or more nearly 
isothermal expansion and compression do not affect results ma- 


World Oil, vol. 132, 1951, p. 94. 


4 Duacram or SurGe-CHAMBER INSTALLATION ON DOoUBLE- 


7 
‘ 
 GHILTON, HANDLEY—PULSATION ABSORBERS FOR RECIPROCATING PUMPS 227 
‘ 
— 
— 
7 


4 


which, to a first approximation, is 


de K 


1 
to. dt ( Yr Z = [8] 


after rearranging 
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where 
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and let 


Then Equation [4] becomes 


In order to linearize this equation, assume small pressure pulsa- 
tions so that if p = po + Ap, Ap<pp at all times.‘ (In this no- 
tation Ap varies with time while pis constant.) Then, similarly 
we can write Z = Zp») + €, where Zp is as defined in Equation [6]. 
To check if € is also small in relation to Z>, we expand 


series 


Then the solution of Equation [8a] becomes 
“qh iin 2 

yy (a, cos nwt + B, sin nwt) 
n=0 


Since Ap ¥ 1 terms become very small 


and can be neglected. Then, by use of Equation [6] oe 


-yolt 


where 


do awit ai 


Substituting into Equation [4a] 
de K 


—— — €)~ 7 = 
Vos + €) 

‘Calculations for the magnitude of the error involved in this 
linearization show that as long as Ap/po < 0.10, the error on the cal- 
culated value of Ap/po is less than 8 per cent. 

SIMPLEX SINGLE-ACTING PUM 
Coefficient s/h 0 0.2 0.4 0.6 


Nevs: s/h = stroke-connecting rod ratio 


= an/w7VsB 
= bn/w 


It has been pointed out already that F; is periodic. 
therefore write the right-hand side of Equation [8a] as a Fourier 


BOF; + C) = 


Flow From Single-Acting Pump. 
slip and valve leakage, the outflow from the cylinder is propor- 
tional to the piston velocity at any one instant, and, since it is 
assumed that the surge tank will be located close to the pump, 
F; also will be proportional to piston velocity. 

The method of expressing F; as a Fourier series and of obtain- 
ing the values of a, and 6, in Equation [12] are well known (4) 
and need not be repeated here. The results are given in Table 1. 


de 
— + Ae = B(F; + C) 
mad? 


We can 


a, cos nwt + b, sin nwt). . (12 
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B, = - 


a, = 


If it is assumed that despite 
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FOURIER COEFFICIENTS OF EQUATION J?! FOR FLOW FROM A sf 


See Appendix, ‘‘Determination of Constant A” 
0.0106 0.0214 0.0324 0.043 


well 


Let a new variable 
tty [80] 
— K K 
— | 
— Ap 
— 
1 Ris, € 
—— ie, /—/ Slaad........ {7 
a 
= 
i 
a) 
> 0 0.0064 0.0129 0.0198 0.0272 0.0352 
0 0 0 0 0 0 

0.2500 —0.2500 —0.2500 -0.2500 —0.2500 —0.2! : 

A a an and bas quation [12]; for other notation see Nomenclatur 


Detailed computations with values of s/h (the ratio of the 
stroke to the connecting rod) between 0 and | have shown that its 
effect is so small that it can be neglected readily, and calculations 
with s/h = 0 suffice. 

Determination of Constant A. The constant A is determined 
from the average conditions, i.e., from the values at n = 0. The 
average volume flow per unit time out of the cylinder must equal 
the volume flowing out, fo, under average pressure po or, from 


Equation [1] 


reat 


auld nV, 


Combining with Equation [9] 


on Po 


ad 


tis 

_ Flow From Double-Acting Pumps. The effect of connecting- 
rod length cannot be neglected in these cases, and calculations are 
presented for s/h = 0 to 0.4 and for a range of values of head to 
crank-end piston-area ratios. 

Such calculations were made for single-cylinder, duplex (90- 
deg crank) and triplex (120-deg crank) double-acting pumps, and 
the results are incorporated in Figs. 1 and 5. 

These computations are lengthy and time-consuming and are 


not reported here since they are reiatively well known. ae 
a) 


S*=-s Stroke/Length of Connecting Rod 


Note: 
Ap, -A 
: 


Ap, + Ap, 


_ Difference Between Head and Crank End 
* Piston Areas/Sum of These Areas 

ade , 
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Triplex Double 
Acting Pumps 


Duplex Double 
Acting Pumps 
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C. B. Haventon, Jr.§ The gear-type pump is used extensively 
in the jet-engine fuel-control and accessory-testing field, where 
pump pulsations frequently affect not only the accessory being 
tested, but also pressure and flow-measurement apparatus in the 
rest of the system. Hence users of this equipment would be par- 


ticularly interested in knowing whether or not the data of the © 


authors’ paper can be extended easily to the sizing of pulsation 
absorbers for gear-type pumps. 


H. W. Iversen. The design information presented for sizing 
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ing Corporation, Stratford, Conn. Mem. ASMF. 
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gas-surge chambers covers the normal applications of reciprocat- 
ing-pump types with air (or gases with y = 1.4) in the chamber. 
The influence of the value of on the necessary gas volumes is of 
interest since gases other than air may be used in special cases, or 
the compression may deviate from the assumed isentropic con- 
ditions. 

A simple analysis’ is possible to show the influence of y on the 
required gas volumes. Consider a single-cylinder single-acting 
pump with a surge tank, Fig. 6 of this discussion. The assump- 
tion of a small pressure variation in the surge tank (as in the 
paper) also specifies that the flow-rate variation is small in 
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the discharge line dewestucn of the surge tank. Since the ae 
delivers liquid for one half of the cycle, in order to have an es- 
sentially constant discharge-line flow rate, one half of the piston 
displacement must be stored in the surge tank to be released dur- 
ing the suction stroke of the pump. Thus the total change of 
gas volume in a cycle is one half of the piston displacement, and 
the change from the mean volume is one fourth the piston dis- 
placement. For the change of volume from the mean volume, 
the corresponding change of pressure is one half of the peak to 
peak pressure change. 

Applying Equation [2] of the paper, for a polytropic compres- 


sion 
A V,\" 


This reduces to 


ve 


Veo 


Table 2, herewith, shows the comparison between Equation 


7 “Notes on the Theory of Pumping Machinery,”’ by M. P. O’Brien 
and R. G. Folsom, of California Berkeley, Calif. 
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[16] of this discussion and the authors’ solution. Also shown in 
Table 2 are the gas volumes for isothermal compression with 
n = 1, 


TABLE 2 VALUES OF V./Vq@ FOR SELECTED PRESSURE 
PULSATIONS 


V:/Va@o 

1 Eq. Eq. [16] 


0.015 0.02 
014 


Single-cylinder—double-acting 
0.065 0.07 0.095 
0.6 0.66 j 0.91 


The comparison of Equation [16] and the authors’ results 
shows Equation [16] to be a reasonable approximation for the 
selected, single-cylinder, single-acting pump. For isothermal com- 
pression, considerably smaller gas volumes result. For other 
values of the polytropic exponent, Equation [16] may be used. 
It should be noted that the authors’ results for isentropic com- 
pression are on the conservative side for actual systems where the 
compression is probably between isentropic and isothermal. 

The simple analysis leading to Equation [16] also was applied 
to a single-cylinder double-acting pump with S = 0 and R = 0, 
Table 2. In this case the ratio of the liquid volume introduced 
to and released from the surge tank to the piston displacement is 
0.21. The corresponding change in volume from the mean volume 
is one half of 0.21 or 0.105. 


I. O. Miner. The authors are to be complimented for pre- 
senting in such clear and concise a manner results which are be- 
lieved accurate within the limits of their assumptions. 

There is one common problem for which their assumptions do 
not apply. This is the case of metering the flow from reeiprocat- 
ing boiler feed pumps. Equation [1] of the paper can be modified 
to the following form for such installations 

Fy = K(p — py 
where p, = boiler pressure. 

If, as is generally the case, the boiler pressure is high relative 
to pipe friction, water inertia, and pressure drop through the 
boiler feed meter, a surge chamber sized by the authors’ Fig. 1 
might be almost useless. 

If a restriction is placed between the surge chamber and the 
boiler, the effectiveness of the chamber can be restored to a con- 
siderable degree. Usually a valve is used, and it is closed slowly 
until surges are sufficiently reduced. 

The authors also have neglected inertia. In some piping ar- 
rangements inertia tends to by-pass the surge chamber. It is 
preferable to mount the chamber on a tee, with the pump-dis- 
charge pipe pointing into the surge chamber. A baffle to prevent 
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any water frum entering the discharge pipe without first entering 
the surge chamber has been found to reduce the required size 
of the surge chamber. 

The writer’s company has long been recommending surge 
chambers with a gas volume of 5 to 6 times the displacement of 
one pump plunger except for single-cylinder, single-acting pumps. 
The greatest pulsations, in accordance with these recommenda- 
tions, would be caused by a single-cyclinder, double-acting pump, 
and, according to Fig. 1, the pulsations would be 4 per cent. If 
we assume that the differential pressure across a flowmeter varies 
directly as the pressure from the surge chamber, the resulting 
error would be 1 per cent. If the piping is laid out as recom- 
mended, or more cylinders are used, the error will often be lower. 
Successful metering of liquids from reciprocating pumps for over 
40 years indicates that the authors ’ results can be relied on, pro- 
vided the simple precautions set forth herein are taken. ae 


AvuTtuors’ CLOSURE 


The authors wish to thank Messrs. Haughton, Iversen, and 
Miner for their interesting discussions. 

In answer to Mr. Haughton’s question regarding pulsation ab- 
sorbers for gear pumps, the authors have not made a study of the 
flow-rate variation (F;) from such a pump, but believe it would be 
fairly well approximated by a duplex double-acting pump with 
R = 0, s/2h = 0, and V, = total discharge volume/number of 
teeth in one of the gears. This is true if the tip thickness of the 
gear teeth is small. Otherwise, some suitable value of s/2h can be 
chosen to allow for the periods during which no discharge occurs 
from the gear. 

Professor Iversen’s comments are well taken and it is important 
to note that the use of a polytropic constant of 1.4 gives con- 
servative results. The authors believe that, in general, the true 
behavior of the gas is more nearly isentropic than isothermal since 
the time available for heat transfer from and to the gas during a 
cycle is usually small. 

Mr. Miner’s first comment regarding the form of F» is most im- 
portant and stresses a point not sufficiently well clarified in the 
paper, i.e., the neglect of the downstream pressure. However, 
the authors differ with Mr. Miner’s conclusion. It should have 
been made clear that taking account of the average downstream 
pressure does not alter the effect of the surge chamber provided 
again that the remaining pulsation amplitude is small. This can 
be shown as follows: 

Replacing Equation [1] by the form Mr. Miner suggests, we 
have = K(p— = Kp" (1 — p,/p)’ = Kp" [1 — (pp/poX1 
+ Ap/po*....)]’ which is very nearly = Kp’ (1 — p,/po)’ as long 
as pulsations are reduced to a value sufficiently small to make 
Ap/po< 1. Then Fy = K'p* where K! = K(1 — p,/po)’ is the 
constant that replaces K throughout the development without 
changing any of the conclusions. 

Mr. Miner’s suggestion regarding the design of the line-surge 
chamber combination is well taken and is a method of implement- 
ing No. 1 of the assumptions in the paper. _ worngaall 
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Pulsating-F Measurement—A 


| By A. K. OPPENHEIM! ann E. G. CHILTON? 


Technical publications on the measurement of pulsating 
flow are reviewed. Fundamental aspects of the subject 
are stressed, and applications of pressure-differential 
meters are emphasized because of their importance to 
industry. Problems related to these meters are classified 
into those concerned with flow through the meter test 
section, the effect of the flow system on the meter, and the 
transmission of the signal from meter to recorder. Opera- 
tion and application to pulsating flow of other meters such 
as the turbine type and electromagnetic flowmeter, the 
hot-wire anemometer, and the so-called “true mass-rate 
flowmeter” also are outlined. A summary of information 
available in codes and manuals is included. 


NOMENCLATURE 


The following nomenclature is used* in the paper: 


cross-sectional area of flow 

velocity of sound 

coefficient of discharg 

capacitance 

diameter 

electric potential 

force 

frequency 

acceleration of gravity 

pressure difference 

unit enthalpy 

electric current 

unit internal energy 

over-all steady-flow coefficient (proportionality factor be- 
tween the square root of pressure difference and the 
flow rate) 

ratio of specific heats 

length 

= inductance 

= measurement 

= mass 

= Hodgson number 

= Strouhal number 

= pressure‘ 
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1 Assistant Professor of Mechanical Engineering, University of 
California, Berkeley, Calif. Mem. ASME. 

? Research Engineer, Shell Development Company, Emeryville, 
Calif. Assoc. Mem. ASME. 

3 Symbols used only once are defined in the text where they appear. 

4 Capital letter denotes the instantaneous value; the bar above the 


1 
symbol denotes the time average T ( ) dt; small letter denotes 


the perturbation of the quantity due to pulsation. 

Contributed by the Research Committee on Fluid Meters and pre- 
sented at the Annual Meeting, New York, N. Y., November 29- 
December 4, 1953, of Toe AMERICAN OF MECHANICAL EN- 
GINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 6, 
1953. Paper No. 53—A-157. 
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radius 

compression ratio i 

cross-sectional area of the unidimensional stream cd 

unit entropy 


ratio of the effective pulse duration to the pulsation period 
pulsation period 
| 
bon 
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velocity‘ 

flow rate* 

volume 

displacement variable 

parameter defined by Equation [23] 

damping coefficient 

error in measurement defined by Equation [11] 

error in result defined by Equation [9] 

time-dependent component of velocity defined by Equa- 
tion [7] 

density 

ratio of local to convective acceleration 

time-dependent component of pressure difference 

angular frequency yr arnt) to 


INTRODUCTION 


The objective of this paper is to describe the present status of 
the problem of pulsating-flow measurement, with the purpose of 
providing a suitable background for the development and analysis 
of flowmeters used for this service. The paper is based on a criti- 
cal review of available literature and the emphasis is placed on in- 
dustrial rather than laboratory applications. Since most indus- 
trial installations utilize orifices and nozzles, the major portion 
of the paper is devoted to these types of meters. At- 
tention is directed primarily to analytical aspects of the subject. 
The paper consists of a description of the fundamental features of 
problems associated with the use of pressure-differential meters, 
an account of the effects of the flow system on the metering error, 
and a discussion of problems involved in the translation of signals 
from the sensing to the recording element. The application of 
other types of meters to the measurement of pulsating flow is then 
treated only in a descriptive manner. A summary of information 
available in metering codes and in publications of a comprehensive 
character is included. 

Pulsating flow is defined as flow with periodic fluctuations of the 
bulk mass-flow rate. It occurs most severely in inlet and exhaust 
ducts of reciprocating engines, or in pipe lines fed by reciprocating 
pumps and compressors, or in systems whose operation is based 
on the wave action such as the pulse-jet and comprex (42, 49);5 
but it may originate also from instabilities in flow systems com- 
pletely devoid of reciprocating or wave-forming components 
under certain conditions favoring self-excitation (17, 33, 43, 48). 

The industrial problem of metering such a flow is that of deter- 
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5 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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passing through a 
section of 


mining the time-average mass » foy rate, W, 
given cross-section area A, of the duct forming the te ~: 
the meter. The result can be expressed as 


where p, is the instantaneous local point value of density, U; the W = CA — 


instantaneous local particle velocity component normal to cross- 
section A, 7’ is the period of the velocity fluctuations, and ¢ is the 


time. 
For the purpose of relating any inferential measurement with 
the flow rate, the latter is expressed usually in terms of the bulk 


average density 
f = 


[2] 


WPS 


This approach characterizes all the published analyses of this 
problem. The system is treated as unidimensional by considering 
only the flow equations in axial direction expressed in terms of p 
and U; the differences between the actual momentum and energy 
flow rates and those corresponding to U are thus neglected and, 
with the exception of a few particular cases (47, 61), the question 
of time dependence of velocity and density profiles is left open. 


PRESSURE-DIFFERENTIAL METER APPLICATIONS 


The system diagram of a pressure-differential meter, applicable 
in principle to any instrument responding to the pressure gradient 
across the test section, is represented in Fig. 1. 

The system is usually analyzed as if the flow were ideal and the 
results are then corrected by the introduction of a discharge co- 
efficient (40). For the purpose of the present discussion, a con- 
venient interpretation of this coefficient can be obtained by 

magining that the flow consists of a unidimensional, inviscid, con- 
be 
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tinuous stream of cross-section area S, enclosed in a boundary 
layer where all the irreversibility as well as velocity and density- 
profile effects are lumped together. The average flow rate is then 
related to the known area A, by means of the discharge coefficient 
so that Expression [1] becomes 


4 pU dit = CA (pU)s 


where no enol 


(W denoting the total flow and Ws that of the unidimensional 
stream) is treated as a constant expressing the effects of irreversi- 
bilities and profile gradients. Under these circumstances, the 
flow of a homogeneous substance is fully described by the uni- 
dimensional continuity equation 
| 
— (pUS) = 0 

prem litte volwo ni 


to v4 


op 


and the equation of motion 


pu —— 
The stream-flow system is conservative in character (reversible), 
and, for an adiabatic boundary, the energy equation is reduced to 
the condition of constant entropy. The general characteristics of 
a nonconservative, unidimensional flow system are described in 
Appendix 1, providing, in particular, a detailed proof for the fore- 
going statement. 

Since, in contrast to steady-state flow, the effects of irreversi- 
bilities in pulsating flow cannot be treated as constants (or, more 
specifically, as depending only on the mass flow rate, geometry, 
and viscosity as expressed by the Reynolds number), some efforts 
were made to analyze their influence on the metering problem 
(62, 63, 68). This was done either by treating the orifice as a 
discontinuity whose behavior is determined on the basis of the 
acoustic theory or by assuming that irreversibilities are uniformly 
distributed over the flow field. In both cases the flow was treated 
as a unidimensional, compressible stream. 

The over-all problem of specifying the limits of applicability of 
steady-state solutions to unsteady flows is of general importance. 
Equation [5] suggests the criterion for such a limit in the form of 
the ratio of the local acceleration to the convective acceleration 
o. For the case of a stream-flow system, this ratio can be shown 
to be directly related to the nondimensional frequency or the 
Strouhal number (67, 73) based on the orifice diameter D, which, 
for the applicability of the steady-state solution, must be suf- 
ficiently small, i.e., for 


where f is the frequency of pulsations, and U is the average flow 
velocity. 

The required solution for the problem depends on the method 
of recording pressure differences. There are two alternatives— 
the result is based either on the instantaneous measurement or on 
its time average. Most papers are concerned with the latter, since 
then the metering can be accomplished with the use of existing 
instrumentation, designed for steady flow, and the problem is re- 
duced to the determination of the error introduced by pulsations. 
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Incompressible Flow. The case of incompressible flow attracted 
most of the attention in engineering literature. The flow Equa-— 
tions [4] and [5] integrated between the boundaries of the test 
section are then 


U(a,t) S(ai,t) = U(xe,t) S(r2,t) 


and at a given instant 


Neglecting the possible variation of the stream cross section, S, 
with time and taking the time averages, Equation [4a] yields 


= O(22)S: 
Fog 


so that 
U(z,t) = O(x)[1 + v(t)] 


where v(t) is a symmetrical periodic function of time; i.e., 
satisfies the conditions 


as required by Equation [4b], and 


“T)— = 0 


by the definition of pulsating flow. 
Performing the time-averaging operation on Equation [5a], the 
first term vanishes by virtue of Equation [7b] and the result is 


— 2 
UZ = 


ihe ole 


where H = P; — Pz. Whence, by the same procedure as used 
in the derivations of Equation [1b] 


If the result of the measurement is expressed by the use of the 
steady-flow equation 


then, assuming that the flow irreversibilities are not affected by 
pulsations (i.e., K’ = K), the error in the result, i.e., the error in 
the flow rate due to the difference between its measured and the 
time-average value is rn hue 


_ 


—1.... 


W, = K' VA 


is the “correct” average pressure drop. 

The error in the measurement, i-e., the error in the pressure drop 
because of the difference between its true and the correct 
average value i 
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Ww? 
the Hy 


In terms of the time-dependent velocity component v, or the 
mass-flow rate perturbation, w = W— W } 


since, by [7a], w = = 0. 


Thus both errors, as defined by Equations [9] and [11], are 
always positive; the relationship between bss 7 follows imme- 
diately from these equations as 


The papers reviewed in this section are concerned with the 
problem of determining or eliminating these errors solely in terms 
of measurable local conditions without any reference to the char- 
acteristics of the pulsation source. 

Early contributions to this problem dealt with the dependence 
of the error on local velocity fluctuations (2, 5, 13, 16, 17, 18). 
The results follow directly from Equation [12]; if, for instance, 
the velocity fluctuations are represented by a simple harmonic 
function with an absolute value w,, then the error in measurement 


However, the local velocity fluctuations are not known, and, 
consequently, the majority of papers were concerned with the 
more practical problem of determining the influence of the local 
pressure pulsations on the meter error (6, 16, 18, 26, 34, 53). All 
of these were based on the quasi-steady-flow assumption according 
to which 


W(t) = K V Hit). 


whence, the correct average pressure differential was evaluated as 


Example of an early result (6, 16) obtained from such an analysis 
is reproduced in Fig. 2, representing the error in measurement due 
to local rectangular pressure pulses, 

In general, the error depends on the frequency of pulsations 
and on the wave shape. Only the latter can be studied on the 
basis of the quasi-steady-flow analysis, since, when the term repre- 
senting the local acceleration in the equation of motion is neg- 
lected, the frequency is eliminated by performing the time- 
averaging integration of the remaining terms. This is demon- 
strated in Appendix 2 where the approximation involved in the 
quasi-steady-flow assumption is qualitatively analyzed. 

By performing the integration indicated in Equation [15a] for 
a number of simple waves, Lindahl (34) demonstrated that the 
effect of the wave shape can be neglected if the problem is re- 
stricted to the question of how small the amplitude of the pres- 
sure pulse should be so that the metering error will not exceed 1 
per cent (see Fig. 3). Although his analysis is restricted to sym- 
metrical waves, it for a number of 
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conditions as a sufficient argument for the adaptation of a me- 
chanical pulsometer, developed by Beitler, Lindahl, and Mc- 
Nichols (31) for the measurement of local pressure peaks. 

Hardway (53) introduced an electronic computer for the 
measurement of the root-mean-square value of pressure fluctua- 
tions which he related to the average flow rate on the basis of 
the quasi-steady-flow theory. He demonstrated convincingly 
the accuracy of his results for a number of radically different 
wave patterns. 

The first rational approach to the application of quasi-steady- 
flow theory to the measurement of pulsating flow was made by 
Schultz~-Grunow (30) who introduced, as a measure of unsteadi- 


ness, a nondimensional parameter defined as te 
jo 


spectively 
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Ns, defined in Equation [6]. On the — of an experimental in- 
vestigation, he recommended that for @ > 510(Ns < 2 X 107) 
{ the ‘‘dynamic”’ effects are negligible; i.e., the flow can be treated 
as quasi-steady. For the measurement of flow rate in this 
regime, Schultz-Grunow recommended the use of an orifice with 


_ an upstream bleeder, Fig. 4, through which a constant known 


L 


AY 


rate of flow uw, can be withdrawn from (or added to) the stream. 
If the steady-state orifice calibration applies, the measurements of 
average pressure differences without and with bleeding yield, re- 


Mr = W 


and 


Mu = (W— py)? = W?— + pt = Mi— + 


(u is negative if fluid is added to the main flow upstream from the 
orifice.) The average flow rate is then simply obtained as 
M,— Mu + p? 
As a result of a detailed analysis of error, Schultz~Grunow derived 
_ criteria for the required minimum value of yu for both the incom- 
_ pressible and the compressible flow. For the latter case he ob- 
tained also an additional criterion for the minimum allowable 
ratio of peak to average pressure. 
A similar method for the elimination of the error due to the 


F measurement of average pressure drop was proposed recently by 
_ Brand and Ginsel (46), who developed a meter fitted with a 
_ rotating cylinder, Fig. 5(a). 


The operation of the meter is based 
on the assumption that the circulation around the cylinder is a 
function of the rotor speed w, only. Under these circumstances 
the velocities i in the two gaps are 


Oe = U(t) — U{w) 


5 (Us *— = 2pl 


Brand and Ginsel used their instrument for the metering of 


6 This criterion was used earlier by Estel (22) for the correlation of 
experimental data on the flow of pulsating liquids in pipes. Schultz- 
Grunow also recommended for this purpose the use of a related 
parameter expressing essentially the ratio of the relative velocity in- 
crease, dU /U, to the nondimensional distance traveled, Udt/D 

where Ue is the amplitude of the velocity fluctuation, = omarcyes 
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liquid oil and demonstrated, Fig. 5(b), that the result is only a 
function of the rotor speed and is independent of pulsations. 

Grey and Liu (75) presented recently an analysis, suggested by 
Crocco, of the phase shift between the instantaneous pressure and 
velocity, which, of course, is of interest only if instantaneous-pres- 
sure measurements are available. Their result is restricted to the 
case of smal] perturbations in velocity. 

Compressible Flow. If the Strouhal number is so large that the 
term representing the convective acceleration in the equation of 
motion can be neglected, then the flow can be treated, in principle, 
as conforming with the acoustic theory. An attempt to take ad- 
vantage of this notion was made recently by Baird and Bechtold 
(68). They put forward only qualitative arguments, and, conse- 
quently, their treatment is, as yet, inconclusive. 

Hall (63) presented an analysis based on the application of the 
unidimensional flow equations over the entire flow cross section. 
Following the conventional procedure of accounting for the fric- 
tional and heat-transfer effects, as used satisfactorily in the 
applications of the method of characteristics to the transient-flow 
phenomena (42, 49, 50), he introduced the irreversibility effects in 
form of the Fanning friction factor so that in Equations [50] and 
[51] (Appendix 1) 


G8? td after 
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F,(z,t) =f, 


Hall’s results are again only qualitative so far. On the basis of 
the equation of motion, he demonstrated some general features 
of the corrections introduced to the steady-state orifice coefficient 
by the pressure and velocity perturbations. By considering the 
energy equation, he pointed out the inadequacy of applying 
the conventional steady-flow procedure for the computation of 
energy loss from pressure drop. 

Two practical methods of measuring pulsating flow by the use 
of a pressure-differential meter deserve mention. These are based 
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on the application of the viscous linear-resistance flowmeter and 
of the critical-flow nozzle. Both are restricted essentially to 
laboratory service. The critical-flow nozzle is further limited to 
installation between a pulsating stream and a steady-flow up- 
stream reservoir, as in the case, for instance, of air-flow measure- 
ment to the intakes of reciprocating internal-combustion engines 
and some compressors. 

The linear-resistance flowmeter is based on the principle that, 
for viscous flow, the average pressure drop is proportional to 
average velocity. The test section of such a meter may consist 
of a honeycomb of long narrow passages as in the Alcock Viscous- 
Flow Air Meter (Alcock’s contributions to discussions of ref- 
erences 27 and 52) or of a porous-plug made up, for instance, of 
curly glass wool as used in the recently reported investigations of 
Fleming and Binder (52). Kastner and Shih (55) showed quite 
satisfactory results obtained with viscous meters measuring 
pulsating air flow. 

The use of a critical-flow nozzle (for references, see Stearns et 
al., 56) is based on the principle that pressure disturbances cannot 
be propagated upstream if a supercritical ratio is maintained be- 
tween the pressure in the upstream reservoir and the pressure 
peak immediately downstream from the throat.?’ This principle 
is utilized actually in the engine test installation for the CFR 
supercharge method of fuel rating (66), where the orifice is placed 
between two reservoirs maintained at a pressure level of 55 psia 
and the air passes through a critical-flow valve operating between 
the downstream reservoir and the supercharge tank before it is 
admitted to the engine. 


Errect or System oN METERING ERROR 


The historically most significant problem, since it was the sub- 
ject of the earliest contributions (1, 3, 4, 7, 8) and was studied 
most exhaustively, is the relationship between the characteristics 
of the flow system and the error in the measurement of pulsating 
flow. All published analyses of this problem are based on the 
assumption that the flow through the test section of the meter is 
incompressible, while the substance between the pulsation source 
and the meter is subjected to the attenuating effects of com- 
pressibility. The characteristic features of the system are shown 
in Fig. 6. Although only the flow to the intake of a reciprocating 
machine is indicated there, the analysis applies also to the ex- 
haust, since it is not essentially affected by the direction of 
motion. 
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Hodgson (7, 9, 11, or 12) was the first to point out that the 
characteristics of such a system can be represented most con- 
veniently by a nondimensional parameter which became known 
later as the Hodgson number 


pee. He 


where V is the volume of the receiver (or more generally of the 
whole flow system between the meter and the pulsation source); 


7 An orifice is not suitable for this purpose—Cunningham (51). an0 
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f, the frequency of pulsations; # and P, the average specific 


volume and pressure in the receiver; and Py) — P, the average 
pressure drop between the inlet to the meter and the receiver. 
Scheel (14) developed nomographs for the evaluation of the 
Hodgson number. 

Hodgson was interested mainly in the measurement of steam 
consumption by reciprocating steam engines. He presented the 
relationship between the metering error €,, and the Hodgson 
number in the form of a diagram reproduced in Fig. 7. It applies 
to a single-cylinder engine and includes the effect of the cutoff 
ratio (or, more generally, the ratio of the effective pulse duration 
to the pulsation period) as a parameter. Hodgson has never 
published the details of his analysis, and it was found later 
(18) that his values of the Hodgson number are 60 times too large. 
Fig. 7 represents the corrected diagram. 
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{In the original publication the Hodgson numbers were erroneously 60 times 
larger than indicated here (7, 9, 11, or 12)] 


The first analysis of the flow system of Fig. 6 was published by 
Lutz (15) with particular application to the measurement of the 
flow rate at the intake to an internal-combustion engine. It can 
be summarized as follows: 

The continuity equation for the receiver 
dM 
W.—W, =0.... 

dt + 2 1 
combined with the incompressible nozzle equation 


the quast-stendy-state assumption, by which 
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ant the condition of an isentropic process in the receiver 


7 


v M 


(since v = V/M and V = const), transforms into 


kP 


Under the assumption that a = const, the general solution of 
Equation [22a] is 


ws = (c Qa We ext at). 


where the integration constant € is determined from the con- 
dition 


Equation (24] expresses the attenuation of flow pulsations be- 
tween the engine (w:) and the metering station (w,). The con- 
stant a can be shown to be directly related to the Hodgson num- 
ber by noting that M = V/v, T = 1/f, multiplying the numerator 
and denominator of Expression [23] by W; and expressing each 
term by its average value. With the use of Equation [19], the 
expression for a then becomes 


On the basis of Equation [24], Lutz investigated a number of 
simple, sinusoidal, and rectangular wave patterns which were 
spaced appropriately to represent the idealized intake con- 
ditions for the following cases: 


(a) A four-cylinder four-stroke engine or a double-acting 
single-cylinder compressor. 

(b) A two-cylinder four-stroke engine or a_ single-acting 
single-cylinder compressor. wo! 


(c) A single-cylinder four-stroke engine. 


The results are given in Fig. 8 where, for comparison, Hodg- 
son’s curve corresponding to s = 100 per cent has been replotted 
from Fig. 7. 

Lutz checked the results of his analysis with experiments per- 
formed on a single-cylinder four-stroke engine and found that 
practically all the experimental points lie between curves 5 and 6, 
Fig. 8, which correspond to this case. He then synthesized the 
results by correlating the minimum required value of the Hodgson 
number for 1 per cent error in measurement with the “source 
pulsation parameter’ defined as 
« 


ved alt T 0 W 


and recommended as a sufficient design criterion for the flow-pul- 
sation damping system 
au 


Nu > x** for £ 1% or 0.5%..... [27] 
Lang (19, 21) restricted his attention to the case of 
W2 = wa + cos wt) [28] 
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Curves 1 and 2: 
Curves 3 and 4: 2-cylinder 4-stroke engine or single-acting compressor 


Curves 5 and 6: Single-cylinder 4-stroke engine 
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for which the solution of Equation [22] yields 


W, = — tan (a) 


War 


represents the damping coefficient. He noted that the latter is 
related to the metering error as follows 


which follows immediately from Equations [29], [12], and 
[13a]; and demonstrated that Hodgson’s results, Fig. 7, can be 
correlated satisfactorily by the following relationship 


[32] 


where s denotes the ‘‘cutoff ratio’’ expressed in per cent. He did 
not disclose, however, the details of his analysis. 

The most satisfactory rationalization of Hodgson’s result was 
presented by Herning and Schmid (24) who based the solution of 
Equation [22] on the pulsation-source wave pattern expressed in 
form of a Fourier series 
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qh... ms = r+) (a, sin wt + b, cos wt) 


n=1 


In this case the constant of integration in Equation [24]: C = 0 
and the error in measurement becomes 


n=] 


1 


Herning and Schmid restricted their attention then to a 
“chopped”’ sinusoidal wave pattern and derived a relationship of 


the form 


1.263 k 
1.0162)" 
where k denotes the specific-heat ratio, €. the error in result, and 
s the ratio of effective pulse duration to pulsation period, both 
expressed in per cent values. This relationship coincides almost 
exactly with Hodgson’s data for steam, Fig. 7, if k = 1.28. 

The authors pointed out that these results can be considered to 
include conditions investigated by Lutz, since, especially for small 
errors, the relationship between the error and the Hodgson num- 
ber is much less sensitive to the wave shape than to the effective 
pulse duration expressed by s. To illustrate this point, the curve 
for s = 50 per cent, from Herning and Schmid’s data, has been re- 
plotted in Fig. 8 where, it is seen, it falls exactly in the middle be- 
tween the two corresponding approximations considered by Lutz. 
The design criterion recommended on this basis is reproduced 
here in Fig. 9 which can be used with sufficient accuracy for any 
practical value of the specific-heat ratio, k. 
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The foregoing analysis applies only to the case when the flow 
at the source is reduced periodically to zero. Schmid (28) gen- 
eralized it later for cases of double-acting two and three-cylinder 
compressors which, for high values of s, result in small-amplitude 
fluctuations about a comparatively large average flow rate, Fig. 
10. Schmid noted that for such cases the results can be corre- 
lated by using the ratio of maximum to minimum flow rate at the 
pulsation source as a parameter replacing the effective pulse- 
duration ratio s, used in previous investigations, Fig. 11. 

More recently, Kastner (36) presented the results of a very ex- 
haustive experimental investigation of error in the measurement 
of the flow rate at the intake to a single-cylinder four-stroke en- 
gine. He correlated them on the basis of a modified Hodgson 
number, expressed in terms of the engine data as follows 
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on teen: INDIVIDUAL SUPERIMPOSED where 7 denotes the volumetric efficiency; V, the receiver volume 
Bs W. ‘ (cu ft); V,, the cylinder-swept volume (cu ft); N, the engine 
speed (rpm); n, the number of cylinders; 0, the absolute tem- 
perature (R); D, the orifice diameter (ft); and p, the number of 
strokes per cycle. Expression [36] is obtained by basing Nu’ on 
the atmospheric pressure instead of the receiver pressure used in 
Equation [17] defining Ny; the difference between Ny’ and Ny 
is negligible for Kastner’s system where the orifice was attached 
_ directly to the receiver without the valve indicated in Fig. 6. 
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Fig. 12 Kastner’s Resoits 
[According to (36) .] 


ak. [Schmid (28) | 
me ee Phe numerical constant corresponds to the orifice coefficient C = 


0.6 and the perfect-gas constant for air R = 53.18 (ft-lb,/lb,,°R). 

9 ey" The results are presented in Fig. 12 where both the co-ordinates 
are expressed in logarithmic scales which were employed by the 
author in order to “minimize scatter.” It is of interest to note 
that Lutz’s curve 6 of Fig. 8 fits exactly the full-line curve of Fig. 

12 which has been plotted there as ‘‘representative of the bulk of 

the experimental points.”” The dotted curve shows the largest 
error, and, on this basis, Kastner arrived at a conservative 
design criterion 
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Nu’ > 2.5 for «, < 1 per cent 


which is nearly twice that recommended by Lutz for the same 
case (see curve 6, Fig. 8). 

In a contribution to the discussion of Kastner’s paper (36), 
F. K. Bannister presented an analysis of the flow system, Fig. 6, 
based on the energy equation for the receiver Sy 910 thew 
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where 7 denotes the internal energy and h the enthalpy of the 
fluid. Under the assumption of a quasi-steady incompressible 
flow through the orifice (W, = KVP) — P, = K‘V/H) and 
negligible temperature drop (he = Ao), he obtained the following 
equation governing the behavior of the system in the case of a per- 
fect gas with constant specific heat 
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® The generalization of the results implied by the introduction of 
Puxtsation Error Curves ror Systems Ipte arbitrary values for n and p does not seem to be justified. Kastner's 


PerRiops results correspond only to a single-cylinder four-stroke engine for 
[Schmid (28).] which n = 1 and p = 4. 
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and, by integrating this equation, derived the relation 


— 


Nu’ = (1—s) 


which, similarly to Lutz’ result, compares favorably with the 
mean curve in Fig. 12. 

The system of Fig. 6 has been studied also in connection with 
the investigation of the attenuation of pressure pulses in discharge 
lines from reciprocating pumps and compressors without con- 
sidering the problem of flow measurement. One of the first papers 
in this category was presented by Diederichs and Pomeroy (10), 
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[Chilton and Handley (64).] 
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who gave a detailed account of an experimental study of the 
problem in the case of a liquid. 

The case of a gaseous substance was treated both experimentally 
and analytically by Chilton and Handley (64). In the analysis 
they utilized the electrical analogy which is based essentially on 
the similarity between Equation [22] and that characterizing the 
behavior of an RC circuit (Fig. 13) 


dt 


(for definition of symbols, see Fig. 13). Invoking Equation [25] 
it becomes immediately evident that the time constant is directly 
related to the Hodgson number, i.e. 


The authors analyzed also a m-type filter (two receivers operat- 
ing in series) and presented the results in form of graphs giving 
the relationship between the pulse (defined as the ratio of pressure 
amplitude to the average pressure) and the Hodgson number* 
(Fig. 14). 


TRANSMISSION OF SIGNAL 


The pressure differential is usually transmitted to the recording 
element by conduits filled with the same substance as that flowing 
through the orifice. The behavior of such a system is governed 
by the acoustic theory based on the wave equation 
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This results directly from the equations of motion, Equations [4] 
and [5], for S = const, under the assumption of small density 


re) 
variation ( - < i) and negligible convective acceleration 


which apply quite well to this problem. 

The majority of papers treating this problem analytically 
utilize the electrical analogy which is derived essentially from the 
similarity between the transmission-line equations and the 
linearized-flow equations. There are numerous possible methods 
by which the electrical system can be utilized for this purpose. 
One of these, resulting in the so-called radio equations, is repre- 
sented in Fig. 15. 

On this basis Delio, Schwent, and Cesaro (41) analyzed a variety 
of instrument lines. They used a lumped-parameter system for 
the analogy and, considering only small-diameter lines, intro- 
duced the effects of viscosity by combining the resistance with the 
inertance into an acoustical impedance 


®*The parameter representing the Hodgson number is given in 
reference (64) as the ratio of the receiver volume to the discharge 
volume per stroke, i.e., 


V/V. = vs/W: 


while the actual Hodgson number should be 
Nag? 1—- 
We P Vv r 
where r is the pressure ratio. On the other hand, the co-ordinate ex- 
pressing the pressure pulse should in that case also be corrected by the ye 
AP 
same factor, i.e., i instead of Since the curves 
P saa 


plotted in Fig. 14 are linearly related, the two corrections cancel each 
other and do not affect the results. 
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The lumped capacitance of the line was neglected in comparison 
with that of a receiver of volume V whose impedance is 


Taback (39) presented a more refined theory based on dis- 
tributed impedances. Iberall (44) derived correction factors for 
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a series of conditions deviating from the simple assumptions of 
the theory. Although he did not use the analogy, it can be noted 
that his basic equations correspond to those of a lumped parame- 
ter electrical system.” 

The influence of the elasticity of tube walls on the transmission 
of pressure waves was analyzed recently by Thomson (71). 

The result of the metering process is influenced, of course, also 
by the dynamic behavior of the recording element. In general, 
these elements are too complicated mechanically to permit a 
purely analytical determination of their characteristics, but the 
semiempirical methods of servomechanism analysis yield quite 
successful results (74). Such analyses assume, in principle, that 
the instrument behaves as a second-order dynamic system whose 
response can be described with sufficient accuracy by the linear 
form 


Reading 
Input pressure differential 


Z(w) = Rw) + jX{w). . [46] 


where Zw) is the complex impedance, w is the frequency of the 
signal, VV R? + X®? the attenuation, and tan~(X/R) the phase 
shift. The impedance of a simple U-tube manometer is analyzed, 
as an example, in Appendix 3. A recent experimental investiga- 


1 This becomes immediately evident by comparing Iberall’s equa- 
tions with those of Taback. The value of Xo, for instance, in Iberall’s 
Equation [10] is equivalent to Taback’s RC, while that of Ax, 
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tion of the manometer response to pulsating flow was reported by 
Kraushaar (54). The influence of a capillary constriction and of 
compressibility on the time lag of a U-tube manometer was 
analyzed by Sinclair and Robins (65). 

The total impedance of the secondary measuring system is 
usually obtained by linear addition of the impedances of the 
transmission lines and the recording element. Consequently, a 
linear relationship between the instrument reading M and the 
pressure differential H is assumed 


M =ZH = (Ziine + Zrecorder)H 


If the wave shape of the signal is known, then it is possible, in 
principle, to adjust the components of the impedance in Equation 
[47] so that the time average of the measurement corresponds to 
the time average of the signal as demonstrated in Fig. 16. How- 
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ever, the effect of nonlinear resistances (orifices, meter valves, 
or any sections where the convective acceleration becomes 
appreciable) may invalidate the linear relationship of Equation 
[47] and increase the error as has been demonstrated, for in- 
stance, by Eagle and Daberko (20). 

The dynamic effects of instrument lines and recorders can be 
avoided by using direct-pressure transducers of very high 
natural frequency (low reactance). Such systems were reviewed 
recently by Li (76), who is currently engaged in the development 
of a strain-gage catenary diaphragm pressure receiver with a 
natural frequency of over 20,000 cps, that is capable of measuring 
pressure frequencies of up to 5000 cps with a dynamic error of 
less than 7 per cent. 


OTHER METERS 


Meters other than the differential-pressure type can be classified 
conveniently into the volumetric and the mass-rate-type cate- 
gories (Grey and Liu, 75). The first kind includes the turbine- 
type meter, the electromagnetic flowmeter and, to a certain ex- 
tent, the hot-wire anemometer. Their common feature is the 
fact that they respond essentially to volumetric-flow rates and 
separate information on the density fluctuations is necessary in 
order to determine the mass-flow rate from their readings. There 
is only one, quite recently developed ‘‘true mass-rate flowmeter’ 
of Li (69), which belongs to the second category. 

A high natural-frequency, turbine-type flowmeter produced by 
Potter Aeronautical Company is now commercially available, 
Fig. 17. The response of propeller and turbine-type meters to 
pulsating flow of liquids was recently investigated experimentally 
by Dowdell and Liddle (72). They demonstrated that, even when 
the natural frequency of such meters is comparatively low, their 
response is, in some cases, sufficiently linear to indicate the true 
average volumetric-flow rates. The main objections to the use of 


these meters in industry are derived from their vulnerability to 
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wear and erosion, and the dependence of their calibration on 
bearing friction. 

The electromagnetic flowmeter (45, 60, 70) was developed 
originally for the measurement of the flow of blood in vessels of 
living organisms (23). A system diagram of an electromagnetic 
flowmeter is shown in Fig. 18. The potential Z (volts), measured 
between the electrodes, is related to the magnetic-flux density B 
(Gauss), the pipe internal diameter D (cm), and the fluid velocity 
U (em/sec) by the Faraday law, expressed for this case as 

E = BDU x 10° 

The main advantages of this instrument are the absence of any 
restriction to flow in the line, and a linear response to fluid ve- 
locity. On the other hand, however, the measured substance must 
have an electrical conductivity above a certain minimum, which, 
although readily exceeded by water, liquid metals, and many in- 
organic solutions, is frequently not reached by many common 
hydrocarbons such as gasoline or fuel oil. In addition, the re- 
quirement of a strong magnetic field severely restricts the size of 
the flow conduit. The adaptation to pulsating flow of the 
Thomas meter, which is based on the measurement of the tem- 
perature rise due to the introduction of a known quantity of 
thermal energy into the fluid, was studied by Séhngen (35). The 
use of radioactive or ionic tracers (59) which would not be 
affected by velocity fluctuations is at present in an early experi- 
mental stage. 

The hot-wire anemometers (e.g., references 58 and 75 for fur- 
ther information) are used almost exclusively for the determina- 
tion of the point values of local velocity variations in the flow field. 
A frequency response of 10,000 cps can be achieved easily with 
such meters. However, they are rarely, if ever, used for the de- 
termination of average flow since their response is not a linear 
function of velocity, and difficulties similar to those encountered 
with the use of differential-pressure meters are even more pro- 


One of the most interesting is the recently developed true 
mass-rate flowmeter by Li and Lee (69, 75, 77) (Fig. 19). Its 
operation is based on the measurement of the displacement due 
to the torque exerted by the Coriolis force, Fig. 19(b) 


Apdr = [W/U]dr) on the torque tube ts” 
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T, = f, rdF, = — 
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Thus if the angular velocity w, is kept constant, the instantaneous 
response of the instrument is directly proportional to the in- 
stantaneous flow rate irrespective of the state of the substance or 
of its physical properties. The frequency response of the instru- 
ment is limited by the required length of the torque tube and, so 
far, it has been used only to measure small flow rates of liquids. 


CopEs AND REVIEWS 


The available codes on flow measurement treat pulsating flows 
in a rudimentary manner. 

The British Standard Code (32) recommends “‘sufficient circuit 
damping to reduce the flow wave form to a suitable extent’”’ by 
means of surge air chambers for liquids and receiver volumes for 
gases, the latter designed according to the Hodgson criterion 
(ICE Selected Engineering Papers, Number 31, reference 9). 

The German code (38) deals also only with the attenuation of 
pressure waves by the tank method for the case when the charac- 
teristics of the pulsation source are known. For this purpose it 
recommends the use of the Hodgson criterion, Fig. 7, and of the 
results of Herning and Schmid’s analysis, Figs. 9 and 10, and in- 
cludes a graphical method for the evaluation of the effective pulse 
duration s, from an indicator diagram of a reciprocating com- 
pressor. 

The ASME Power Test Code (40) has this to say on the meas- 
urement of pulsating flow: “Flow measurement with primary 
elements shall not be attempted unless the flow is steady or 
varies only slowly with time. Pulsations shall be suppressed, for 
instance, by introducing a combination of capacity and resistance 
in the line between the pulsating source and the primary element. 
No general rule is available at this time by which the degree of 
throttling and capacity can be predetermined.” 

The French Association of Normalization is evidently consider- 
ing the pulsating flow as evidenced by a recent report of Rousselet 
(37). 

The problem of metering pulsating flow is also treated shortly 
in a number of textbooks and manuals. The quite recently 
published manual in the ESSO series (56) treats pulsating flow as 
the first in ‘Special Metering Problems.’’ The exposition of the 
subject is based on those of Hodgson (12), Lindahl (34), and 
Smith and Morter (25). 


in a number of comprehensive publi- 
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cations. Witte gave a detailed account of its status up to 1933 in 
Volume II of Eucken and Jakob’s ‘‘Der Chemie Ingenieur”’ (16). 
Ruppel (18) reported on the progress made up to 1936, and Red- 
ing (57) described some 52 references over the period 1908-1946 
in his bibliographical survey of flow through orifices and nozzles. 
It is in view of this quite complete compilation that a great num- 
ber of references were omitted from the bibliography given in this 
review. 


SuMMARY AND CONCLUSIONS 


From the literature survey it appears that the problem of pul- 
sating flow through the test section of a pressure-differential 
meter has been studied for some 40 years. However, the ma- 
jority of analyses were restricted to a treatment of incompressible 
flow based on the quasi-steady-flow theory. The limits of its 
applicability were indicated roughly by means of a nondimen- 
sional frequency (e.g., N, = Df/0) and the conditions prevailing 
outside these limits were analyzed only qualitatively. 

The effect of the flow system on metering error has been 
studied quite exhaustively. Most investigators have been con- 
cerned primarily with the attenuating influence of the volume be- 
tween the pulsation source and the metering station, the effect of 
throttling being discarded generally as associated with too expen- 
sive a pressure drop. The characteristics of the volume have been 
firmly established on the basis of the Hodgson number ry 


=P 


W 


N 


which, according to available evidence, can be accepted as a re- 
liable design criterion. 

Although, in some instances, the pulsations can be completely 
reduced (by the use, say, of a critica] nozzle), or the error due to 
pulsations completely eliminated (as, for instance, in the ‘‘true 
mass-rate flowmeter’) this is practical only under laboratory con- 
ditions. The problem of metering pulsating flow in industrial 
installations, such as in pipe lines transporting large flow rates of 
gases or liquids, is still quite prominent. For this purpose the 
practical advantages of meters other than the pressure-differential 
type are questionable. 

On the other hand, simple nozzle or orifice meters have the 
fundamental handicap of a nonlinear response, which does not 
exist in more complicated devices. Consequently, it seems, the 
best solution to the problem of measuring the pulsating-flow rate 
can be attained only by establishing limits for the applicability of 
simple pressure-differential meters (say, in the form of a relation- 
ship between the maximum error, the geometry of the system, and 
the nondimensional frequency) and by developing linear-response 
meters for conditions beyond these limits. pet Drctiagiens 
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Irreversibility Effects in Unidimensional Flow Equations 


The irreversibility effects appear explicitly only in the equation 
of motion which can be written in a general unidimensional form 


) 
ou oU oP 
U — — = F.(z,t)..... 


where the function F,,(z, t) represents these effects. 

In the energy equation the irreversibilities are included in the 
terms representing the energy transfer due to finite potential 
gradients or irreversible reactions. For a system representing an 
infinitesimal thickness, dz, of a unidimensional stream of cross 
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section S, the equation is derived directiy from the first law of 
thermodynamics as 


re) 1 

(pe) + = [ pus = t).... [51] 
where e = « + U*/2 (i denoting the unit internal energy) and 
F(z, t) represents the energy transfer due to irreversible and non- 
adiabatic processes. If the substance can be considered as 
homogeneous in state and composition over the cross section S, 
the continuity equation 


applies whether the system is conservative or not. - Bee: 
The energy Equation [51] can be expanded as follows - 
te 22 rus) +e[% +4 2 wus] 
= t) 


and the term in the bracket vanishes according to Equation [52). 
The rest expands further into 


di ou di au aP 
Pd 
+ az (US) = F,{z,t) 


The sum of the second, fourth, and fifth terms is, by Equation 
[50], UF,,(z, t) while by Equation [52] the last term 
oz 


P P (2% 
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(2 + +U =) = v (F(z, t)— UF,,(z, t)] 


— —— 
p 
where v = 1/p. Thus the energy equation becomes 
oz 


The terms in brackets are the substantial derivatives of the in- 
ternal energy, Di/Dt, and of the specific volume, Dv/Dt, respec- 
tively. Since by the ‘“‘second law of thermodynamics” 


aly t Dt Dt ov avad 


it follows that the net entropy gain"! is 


Ds 


From Equation [53] it follows, in particular, that if the irreversi- 
bility effects are negligible and the flow is adiabatic, i.e., if F,,(z, t) 
= F(z, t) = 0, the entropy is constant. This statement can be 
made, of course, directly on the basis of the second law for the 


(F,(2, t) — UF,,(2, [53 ] 


11The substantial derivative of entropy represents its net gain 


since 
1 os os 
M+ (uss) = +0 
+ E +3 = (ous) | 


where the first bracket represents the substantial derivative of en- 
tropy and the second vanishes by virtue of the continuity Equation 
[52]. The same applies, of course, to any unit state function, such as 
internal energy per unit mass or enthalpy per unit mass. 
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conservative system governed by Equation [5], which is devoid 
of any irreversibility effects. ba 

Appendix 
Approximation Involved in the Quasi-Steady Flow Theory 


The integration of the pressure gradient in the equation of 
motion, Equation [5], for an incompressible flow and a fixed 
geometry of the stream can be written as 


and, with the use of Expressions [7], the equation of motion, 
Equation [5a], yields 


H(x;,2)(1 + O(t)] = F(x, 2) 


where 

27] p U2 1 

F(z,:) = E (=) Ww? (x2) 

and 

2 S: 


E(2z1,2) = 


dz 


ie, : For a given flow condition U(zz) = const, the variables in Equa- 
tion [55] are separable and + 


1 


dy 


From Equation [56] it appears that H(z:,2) is the correct 
erage pressure difference defined as Ho in Equation [10]. 


is evaluated as: K V/ H(z, t), while the “true” average flow rate is 
K~<V H(2,.2). The result differs, therefore, from the true value 


by a factor 
E E ] 


(dv/dt)? 


In the foregoing 7 = 0 by Equation [7a] and woh ‘ 


dv 
=14+0+4+ 


{Fy 


because both the numerator and denominator of the integrand are 
positive (vy < 1). The wave shape is generally given as vy = f(z) 
where z = wt, and, since T = 27/w, the term governing the correc- 
tion factor 


; 
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According to the quasi-steady flow theory the average flow rate 


Pe. 


w? 
2r 


(1 +»)? o [L+f(z)} 
Thus, for a given wave shape, the error involved in the assump- 


tion of the quasi-steady-state flow is proportional to at least the 
square power of frequency. 


pa tal? o 


Since by Equations [58] and [59] 1 + @ <1, the estimate of 
the error on this basis is conservative. It becomes obvious, how- 
ever, that even if the static-pressure record is obtained by means 
of an accurate instantaneous-pressure transducer and all the 
irreversibility effects are negligible, the true average flow rate 
cannot be evaluated, in general, because the correction factor is a 
function of the unknown wave shape, f(z). Essentially the same 
conclusion can be drawn from the analysis presented by Grey and 
Liu for the case of small velocity perturbations. 


Appendix 3 


Impedance of U-Tube Manometer 


Fig. 20 represents a typical U-tube manometer filled with a 
measuring fluid of density po and viscosity wo which is under the 
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action of a fluid of density p; and viscosity m,. The cross-sec- 
tions! area of the U-tube A, is constant, and the volume of the 
measuring fluid is),A. If the variations in pressure difference AP 
is so small that changes in p>» and p; can be neglected, then, under 
the assumption of negligible surface-tension effects, the force 
balance on the measuring fluid is 


U 
AP = [ple + pulls + la)] + + + 


+ 2po— pili —le)g...... 


Since the fluid is considered incompressible 
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V. P. Heap."* The authors have synthesized successfully an 
almost overwhelming quantity of information. The importance 
of the Strouhal number (Equation [6] ) appears to lie in establish- 
ing a limit of applicability of the quasi-steady assumption (that 
indicated rate is equal to the rms flow value) in evaluating pulsa- 
tion errors, and also in providing a parameter against which de- 
viations from this assumption may be correlated. Engineers 
who attack the pulsation problem from the viewpoint of keeping 
pulsation amplitude sufficiently low to insure uncorrected meas- 
urement accuracy within a given error are vitally interested in 
just what happens when the usual assumption that indicated flow 
equals rms flow no longer applies. Are we correct in inferring 
from Appendix 2 that the answer to this question is that, regard- 
less of the value of Ns, the error will be equal to or less than that 
estimated from the root-mean-square assumption? On the other 
hand, if a number such as Ns is to be used for correlation of de- 
viations from the rms assumption, care must be taken to adhere 
to the fundamentals of dimensional analysis. Elementary 
reasoning suggests two parameters, A relating equipment size to 
wave length 


Discussion 


A= 
vide 


and B relating sonic velocity to average flow velocity 


B= 


u re 


Dimensional reasoning dictates the minimum number of 
parameters required for any correlation, so that when a parameter 
is synthesized from two others, one of these others must be re- 
tained. Consequently, we would expect deviations from rms 
(or quasi-steady) assumptions to be a function of A and B or, 
since Ns is synthesized as the product of A and B, deviations 
might equally wel] be represented as a function of Ns and A, or as 
a function of Ns and B, but not of Ns alone. To assume that 
Ns is a complete and self-sufficient parameter seems to deny any 
effect of the velocity of sound in the flowing material. Can such 
an assumption be justified? 

The authors appear to be unduly confident that linear-re- 
sponse flowmeter development is the answer to measurement 
under pulsating-flow conditions. That viscous flow eliminates 
pulsation error in fully damped variable-head and variable-area 
flowmeters is undeniable. The critical-flow nozzle is mentioned 
as satisfactory when downstream pulsations are present. (Is it 
not equally true that a critical-flow nozzle with fully damped 
upstream absolute pressure measurement yields a correct average 
flow in spite of upstream pulsation?) However, these advanta- 
ges accrue from changes in the flow equations for either sonic 
flow (proportiona! to absolute upstream pressure instead of the 
square root of a differential) or viscous flow (proportional to 
differential instead of the square root of differential) rather than 
from mere linearity of flow response. 

The turbine-type meter will illustrate the case in point. If 
turbine-rotor inertia is sufficient to provide a steady frequency 
output and hence a steady rate indication in spite of pulsations 
above a given frequency, the oscillating torque magnitudes are 
not symmetrical, and the resulting correction factor for any wave 
shape will equal the square of the corresponding correction 
factor for a fully damped inferential flowmeter. That is, if 
corrections cannot be evaluated, the error will be somewhat 
more than twice the corresponding error in an inferential flow- 


18 Director of Hydraulic Research, Fischer & Porter Company, 
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meter when indicated rates are constant.'‘ Only when inertias 
and frequencies are so low that the indicated rate or turbine 
speed closely follows the actual flow variation does the error in 
either type disappear, and accurate totalization (as in reference 
72 of the paper) rather than accurate rate indication becomes 
possible, but this may be said for any type of flowmeter whatever. 
Linearity of response is not a general guarantee of freedom from 
errors resulting from pulsation. 


A. L. Jortssen.“ The authors should be congratulated for an 
excellent review of the difficult subject of pulsating-flow measure- 
ment. The problem is not only of great interest to national 
organizations but the technical committee on flow measurement 
of the International Organization for Standardization, ISO/TC 
30, is also very much concerned with it. 

It appears that of all the errors involved the ‘‘error on the mean 


value,” due to the fact that V/ff and not Vi i is measured is, 
in many cases, the largest. Futhermore, if it is possible to reduce 
the magnitude of this error, the other errors also are reduced. 

Another possible cause of error is that the coefficients of dis- 
charge C and the expansion factor Y may have different values 
in pulsating and in steady flows. 

Pulsation errors are reduced when the value of Hodgson num- 
ber, Equation [21], is large. A large value of Hodgson number 
may be obtained either by providing a large accumulation volume 
V—which increases the cost of installation—or by increasing the 
pressure losses Po — P, which increases the cost of exploitation. 


Water UNTERBERG."* The authors are to be commended on 
the completeness and usefulness of their literature survey. The 
writer had occasion to compile such a bibliography” in 1945, 
when Mr. J. A. Cole and he were associated with Prof. L. J. 
Kastner at the University of Manchester in the investigation 
reviewed as reference (36) of the paper. For the sake of com- 
pleteness, two additional references, by J. L. Hodgson™ and N. 
P. Bailey, may be cited. The former (1921) contains some 
material published elsewhere by Hodgson. In the latter (1934), 
(antedating the Bailey paper reviewed by the authors as refer- 
ence 27), a meter was used to measure pulsating air flow in which 
the (variable) velocity head of the air caused water to flow 
through an orifice. Applying hydraulic principles, the average 
discharge of water (which could be measured) varied directly as 
the average air velocity for any pulsation, the constant of pro- 
portionality being obtained experimentally for any given orifice. 

Concerning practical ways of measuring and reducing pulsation 
through orifice-type meters, the writer feels that more atten- 
tion should be devoted to devices indicating a significant property 
of the pulsation, such as the amplitude or maximum value of 
the differential pressure or flow velocity. A few such devices may 
be mentioned briefly. 


14 Mathematical derivation and experimental confirmation may be 
found in ‘‘The Measurement of Air Flow,’’ by E. Ower, Chapman & 
Hall Ltd., London, England, 1949, pp. 172 to 179. Ower obtained 
this result through mathematical approximation of an equation 
including inertia and frequency. His equation [36] may be more 
simply derived by assuming constant rotor speed, and will not ap- 
ply when inertia and frequency are low. 

18 Professor of Civil Engineering, Head, Department of Hydraulics 
and Hydraulic Engineering, Cornell University, Ithaca, N.Y. Mem. 
ASME. 

16 Marquardt Aircraft Company, Van Nuys, Calif. 

17 “An Investigation Into the Air Box Method of Measuring Pulsat- 
ing Air Flow With Special Reference to the Measurement of the Air 
Supply to Internal Combustion Engines,’’ by Walter Unterberg, 
MSc thesis, University of Manchester, February, 1946. 

18*The Metering of Compressed Air,”” by J. L. Hodgson, Trans- 
actions of The Institution of Mining Engineers, vol. 60, 1921, p. 275. 

1#**Pulsating Air Flow,’’ by N. P. Bailey, Trans. ASME, vol. 56, 


Watson and Schofield (authors’ reference 4) described a very 
thin rubber diaphragm to record differential pressure fluctuations, 
two micrometer points measuring the maximum and minimum 
displacement of the vibrating diaphragm. 

Judd and Pheley (authors’ reference 8) used a ‘“photopulsom- 
eter” (in which the vibrations of a mica diaphragm were trans- 
mitted to a pivoted vibrating mirror) to obtain photographic rec- 
ords of the velocity-time wave form. 

Beitler, Lindahl, and MeNichols (authors’ reference 31) de- 
scribed two pulsation-measuring instruments developed. In the 
first the pulsation was registered piezoelectrically by the movement 
of two stainless-steel diaphragms; with this instrument it was pos- 
sible to obtain actual wave forms of upstream, downstream, and 
differential pressure. The other, a “pulsometer,” had a light- 
weight piston under the differential pressure maintained against 
a stop by a coiled helical spring. The tension in this spring 
(calibrated statically) then represented the maximum differen- 
tial pressure. 

In the Manchester investigation (authors’ reference 36) two 
instruments were used. In one, a diaphragm-type patterned 
after Watson and Schofield (shown in Fig. 2, authors’ reference 
36) the diaphragm proved to be elastic and to maintain its static 
pressure-deflection characteristic under working conditions. 
However, beyond indicating qualitatively the presence or absence 
of fluctuations, its response to flow pulsations of some ampli- 
tude was rather poor. The other instrument patterned after R. 
Houghton” (shown in Fig. 3, authors’ reference 36) was essen- 
tially a “rectifier” valve of the balanced-disk type. One could 
use a single valve to find the maximum differential pressure of the 
pulsation, or two valves in series to find the “amplitude” (max- 
imum minus minimum differential pressure). Tests with this 
valve showed that it was a good consistent pulsation indicator, 
although not yielding absolute values owing to the inertia present 
in valve and metering system. 

In metering the air supply to a four-stroke single-cylinder en- 
gine, some correlation between the air-flow-metering error and the 
ratio of maximum (measured by the rectifier disk valve) to mean 
(measured by damped manometer) differential pressure was ob- 
tained, as shown in Fig. 21, herewith, in which is reproduced the 


Detection of Pressure Fluctuations,"”” by R. Houghton, 


Engineering, vol. 143, 1937, p. 425. 
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Fic. 21 Between ERROR AND 
Ratio or Maxtmum To MEAN DIFFERENTIAL PRESSURE 
(Adapted from Fig. 13 of authors’ ee 36 ) 
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mean line from Fig. 13 of authors’ reference (36). This plot is 
representative of a range in rpm from 1500 to 3500, in receiver 
volume from 25 to 224 cylinder-swept volumes, and in orifice 
diameter from to 15/s in. 

It is suggested that, analogous to Fig. 21, a relatively simple 
pulsation meter of any convenient type indicating any signifi- 
cant property or function (not necessarily in absolute magnitude) 
of the pulsation could be used to good effect in industrial orifice- 
meter installations. If the meter and system are amenable to 
calibration in terms of metering error versus a function of the pul- 
sation, the problem is near solution. If not, at least a relative 
est'mate may be made of the metering error to be expected and 
certainly any change in the magnitude of the pulsation may be 
readily observed. 


F. Scnuuirz-Grunow.?!' Account should be taken of the 
acoustic vibrations which are caused by the pision compressor. 
The time-dependency of flow may not be calculated from com- 
pressor characteristics alone but the influence of acoustic oscil- 
lations also must be considered, in so far as flow of compressible 
gas in long pipe lines is concerned. Nabieg ees 
ial 

The authors wish to express their appreciation for the contribu- 
tions submitted by the discussers. 

In answer to Mr. Head’s question on the scope of the analysis 
described in Appendix 2, it should be pointed out that the results 
are restricted by the condition for binominal expansion which im- 
plies that @ must be smaller than unity. Hence the actual error 
is smaller than that determined from the root-mean-square rela- 
tion, provided the amplitude of the pressure pulse is smaller than 
the measured average pressure difference. 

The problem whether the limiting value of the Strouhal number 
is a sufficient as well as a necessary condition for the applicability 
of the quasi-steady-flow theory, raises an interesting issue. If the 
density is constant, then it follows directly from Equation [5] of 
the paper that the so-called generalized Strouhal number 


CLOSURE 


ou 
u(du/dzr) 


provides the only necessary and sufficient condition, Inequality 
[6], for this purpose. If a particular form of the velocity-time- 
distance relationship is assumed, as, for instance, a generalized 
sinusoidal function (see reference 67 of the paper): u = Aze*, 
then the generalized Strouhal number is reduced to its conven- 


tional form 


= 

which, for a given geometry, is proportional to Ng defined in 
Equation [6]. Under these circumstances then the limiting value 
of Ns provides a sufficient condition for the validity of the quasi- 
steady-flow theory. It should be noted that in this case (incom- 
pressible flow) both the velocity of propagation of disturbances 
as well as the wave length are infinite. In the compressible flow 
case the limiting value of Ns is a function of the possible distor- 
tion of the wave shape which leads to the formation of shock 
fronts, and this could be specified in terms of the flow Mach 
number (the reciprocal of Mr. Head’s parameter B), although, 
strictly speaking, the frequency parameter appearing in Ng be- 

21 Professor, Institut ftir Mechanik, Technische Hoshschule, 
Aachen, Germany. 

22‘*The Mechanics of Compressible Fluids,” by G. I. Taylor and 
J. W. Maccoll, Div. H, vol. 3, of W. F. Durand ‘Aerodynamic 
Theory,” J. Springer, Leipzig, Germany, 1934, pp. 214-216. ‘ 
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comes then equal to the ratio of the velocity of the propagation of 
the disturbance and its wave length and not to the ratio of the 
velocity of sound (minimum value of the propagation velocity 
corresponding to the case of small disturbances) and wave length, 
as synthesized by Mr. Head. 

As pointed out in the paper, the limits of the applicability of the 
quasi-steady-flow theory have been, so far, only roughly indicated 
in the literature (reference 30). Mr. Head’s remarks point out 
the necessity for a fundamental study of the problem in order to 
arrive at a more precise specification of these limits. The impor- 
tant point concerning the Strouhal number is the fact that it ap- 
plies to incompressible as well as to compressible flow. This sug- 
gests that an experimental investigation of the problem should be 
concerned in the first stage with the simpler case of incompressible 
flow. Experimental evidences of the complications associated 
with compressibility are described later in our answer to com- 
ments received from Professor Schultz-~Grunow. 

Another question raised by Mr. Head and associated with these 
complications is that concerned with the possible use of a critical- 
flow nozzle with upstream pulsations. Unlike the case of down- 
stream pulsations,** the flow through the nozzle is then non- 
steady and subject to wave phenomena. The assumption that the 
Mach number at the throat is unity while the flow is choked is 
sufficiently accurate for most practical purposes.** However 
the linear relationship between the flow rate and the pressure in 
the upstream reservoir (resulting from the quasi-steady-flow 
theory ) is affected seriously by the velocity of approach associated 
with the wave action. Consequently, as it has been found by 
many investigators, the apparent coefficient of discharge assumes 
unusually large magnitude when the pressure in the upper reservoir 
decreases. Hence a critical-flow nozzle used under such con- 
ditions may produce erroneous results. 

As to the argument related to the requirement for a linear- 
response flowmeter, the authors agree with Mr. Head’s remarks 
on the advantages offered in this respect by the turbine-type 
meter. The main point which the authors intended to convey was 


~ concerned with the—in principle—simplest method of solving the 


problem of accurate average measurement of pulsating flow. 
Obviously this can be done if all the elements of the measuring 
system, that is the test section, signal transmission, and recording 
elements (as schematically indicated in Fig. 1) have linear- 
response characteristics. In particular, a linear test section only 
does not solve the problem since complications may arise due 
to, say, the distortion of signal as described in Fig. 16 of the 
paper. 

The authors are indebted to Professor Jorissen for calling their 
attention to the activities of the International Organization for 

Standardization. They are taking this opportunity to express 
their thanks for a copy of the report® which he summarizes in the 
discussion. 

Mr. Unterberg’s review of pulsation meters is greatly appre- 
ciated, since it is concerned with an important practical aspect of 
the problem of pulsating-flow measurement which, perhaps, was 
not sufficiently emphasized in the paper. The development of a 
pulse meter was the subject of an intense study made by mem- 
bers of the present ASME Research Committee on Fluid Meters, 


23 An excellent example of a successful critical-nozzle application for 
such service was described recently by Prof. P. 8. Myers of the Uni- 
versity of Wisconsin (‘‘Single-Cylinder Air Flow Measuring Tech- 
nique,” Diesel Engine Manufacturers Association, Bulletin No. 12, 
Feb. 15, 1954). 

“The Rapid Discharge of Gases From Vessels,"’ by J. Kestin and 
J. 8S. Glass, Aircraft Engineering, vol. 23, 1951, pp. 300-304. 

25 ‘*La Mésure des Debits Gaseux au Moyen d’un Dispositif De- 
primogene, en Régime Pulsatoire,””, by M. Duchenne, Association 
Francaise de Normalisation, 23, Rue N-D des —s Paris al 
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authors of reference (31), of which Prof. 8. R. Beitler is chairman 
of the Committee on Fluid Meters, and Prof. E. J. Lindahl is the 
chairman of Subcommittee No. 5 on Pulsation Research, under 
whose auspices the present paper was published. The authors 
believe that an incorporation of a specification for a pulse meter 
operating, under certain conditions, concurrently with a flowmeter 
should be one of the first items concerned with pulsating flow 
to be included in the ASME Code on Flow Measurement. 
Professor Schultz-Grunow points out an important factor which 
often is neglected when the analysis of the effect of the flow system 
on pulsation error is restricted only to the Hodgson number cri- 
terion. In this respect his criticism parallels Mr. Head’s remarks 
concerned with the Strouhal number. The problem of wave dis- 
tortion leading to the generation of progressive shock fronts in 
compressible flows initiated by piston motion has been given quite 
a wide recognition in technical literature. Besides the analytical 
investigations, based mostly on the method of characteristics, 
there was quite an intensive effort to explore the problem ex- 
perimentally initiated by Prof. E. Schmidt” carried out by Mayer- 
Schuchard*’ and culminated by E. Lettau® about 15 years ago. 
More recently, Truman and Lipstein®’ published an interesting 
set of experimental records demonstrating the transformation of 
triangular waves into a series of shock fronts. These phenomena 
undoubtedly have to be taken into account in the design of a 
pulsating-flowmeter installation and pulsation damper for com- 


26“Schwingungen grosser Amplitude von Gassiulen in Rohrlei- 
tungen,”’ by E. Schmidt, Zeitschrift des Vereines deutscher Ingenieure, 
vol. 79, 1935, pp. 671-673. 

7 “Schwingungen von Luftsiiulen mit grosser Amplitude,’’ by C. 
Mayer-Schuchard, VDI Forschungscheft, vol. 376, 1936, p. 13. 

28 ‘*Messungen an Gasschwingungen grosser Amplitude in Rohr- 
leitungen,”’ by E. Lettau, Deutsche Kraftfahrtforschung, 1939, pp. 
1-17; extract in Zeitschrift des Vereines deutscher Ingenieure, vol. 85, 
1941, p. 52. 

* “The Superposition of High-Intensity Periodic Waves on a 
Steady Flow,” by J. C. Truman and N. J. Lipstein, Journal of the 
Aeronautical Sciences, vol. 19, 1952, pp. 354-355,” 
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pressible flow application, and this subject should be investi- 
gated carefully before a specification for the correct use of such 
an installation is formulated. 

The authors would like to acknowledge also a number of private 
communications received in connection with their paper, and, in 
particular, the discussion submitted by Dr. A. F. Charwat (Pro- 
pulsion Research Corporation, Los Angeles, Calif.), which was re- 
ceived by the ASME Publications Committee too late for inclusion 
with the formal discussion. Dr. Charwat’s main contribution to 
the subject matter of the paper is in supplementing our Bibli- 
ography with two references,™ *! dealing with the transmission of 
signal from the sensing to the recording element of a pressure 
sensing-flowmeter installation subjected to pulsations, and with 
three references**:**** on the electromagnetic-induction flow- 
meters which, Dr. Charwat points out, are the most promising 
instruments for metering relatively small flow rates of liquids. 

In closing, the authors would like to emphasize that, in their 
approach to the problem, they made a firm distinction between 
incompressible and compressible flow. Whereas the former is 
sufficiently well understood at present to warrant specific instruc- 
tions in the codes on flow measurement, the latter still has to be 
studied before it acquires a similar status. The major aspects of 
such a study were described excellently by the discussers, notably 
Mr Head’s contribution. 


* “Accuracy of Airspeed Measurements and Flight Calibration 
Procedures,” by W. B. Houston, NACA TN 1605, 1948. 

31“‘Graphical Analysis of Delay of Response in Airspeed Indica- 
tors,” by K. J. deJuhasz, Journal of the Aeronautical Sciences, vol. 10, 
1943, p. 91. 

32 ‘An Electromagnetic Induction Method for Measuring Oscillat- 
ing Flow,”’ by A. J. Morris and J. H. Chadwick, American Insti- 
tute of Electrical Engineers, Trans. Conference Paper T-1-58, 1951. 

33“‘An Induction Flowmeter Design Suitable for Radioactive 
Liquids,” by W. G. James, Review of Scientific Instruments, vol. 22, 
1951, p. 989. 

%“Magnetic Flowmeter Output Potentials,” by E. R. Astley, 
General Electric Laboratory, ASTIA, ATI-150232. 
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SRRESSORS AND FLOW AND Amal FLOW 
EXHAUSTERS, Pub. 1949. $1.50 
Rules apply to compressors and eaheunters includin 

and axial-flow compressors in which 
per cent, and testing of apparatus handling 
gases other than ir. 


CENTRIFUGAL PUMPS, Pub, 1954. $1.50 


inttruction boohs 


EVAPORATING APPARATUS, Pub, 1941. 


FANS, Pub, 1945, 


Provides instructions to follow when conducting 
tests centrifugal gare those of the 
mixed flow end axial determine, under 
specified conditions, any quentities: Total 
head produced by ‘pum the capacity or rate of 
flow, power input to the pump, 5 om and suc- 
tion requirements of the pump. udianed 
handling clear water, the 

as a zatisfactory guide for testing pumps Hoos Ar 
contaminated 


water. 


85¢ 
Defines practice of testing pulverizers used for firing 
boiler furnaces, kilns, or industrial furnaces of vari- 
ous types. 


DISPL ACEME COMPRESSORS, VACUUM PUMPS 
BLOWERS, 1954, $2.00 
Contains the edures for testing equipment of 
this type, poll org type machines which 
operate on positive displacement principle. 
portant new ecg in this 1954 edition includes 
section on 00g oth 4 than air, tables of values 4 

coe of air, (b) for 

rd air and perfect diatomic gases and (c) of 

* for gases having values of k = 1.40, and new 
illustrations. 


DUST SEPARATING APPARATUS, Pub. 1941. 90¢ 
Designed for testing all types of dust separating ep- 
paratus installed for operation in conjunction with 
solid-fuel fired furnaces in order to rmine over- 
all efficiency; efficiency according to size of par- 
ticles; pressure loss; dust concentration at the inlet 
and outlet of separator; a en content of dust 
entering, leaving, and caught by separator; quantity 
of gas passing through the separator. me 


For testing of single- or multiple-effect evaporators 
to provide information on: (1) adaptability of 
apparatus, (2) best method of operation, (3) capacity 
or efficiency or both of new installation preparatory 
to acceptence. 


$1.00 
For conducting tests on bi fans, and exheusters 
of the centrifugal, axial or w types in which 
the Auid density ‘change through the machine does 
not exceed seven per cent. 


GAS PRODUCERS, Pub. 1928. 65¢ 
Intended eisnaty for testing producers whose ges 
is to be used for power purposes. 

GASEOUS FUELS, Pub. 1944. 90¢ 

For determining the chemical and physical ties 

which serve as indicators of the value of gase- 

ous fuels which are extensively used in the agp 
tion of heat and power, or whose efficiency of 


utilization is to be ascertained. 4 a 


GAS TURBINE POWER PLANTS, Pub. 1953. a A 
Shows how acceptance tests on ges ne power 
plants and components should be made and gives in- 
structions for correcting test results for deviations of 
test conditions from those specified. 


HYDRAULIC PRIME MOVERS WITH INDEX METHOD OF 
TESTING, Pub. 1949, $1.00 
Gives complete peerestons for testing an individual 
reaction or impulse turbine unit of — type, recom- 

power ou tive he 4 ity of water; 
and method of index testing. 


O52) INES, 


A dependable set of rules for (1) testing all forms 
of reciprocating internal combustion engines, includ- 
ing gasoline engines, gas engines, and oil or dual 
fuel engines; the proper eva rae g of test re- 
sults; (3) the instruments, me’ and precautions 
to be employed 


STEAM-DRIVEN 
For determining the performance of the pump and 
reheaters, posters and conden if 
any, and jacket pumps, circulating 
sate pumps, end vacuum pumps, which are concern 
in their operation. 


ENGINES, Pub. 1935. 


Recommends standard testing methods for determining 
- pa performance of an engine, including steam jacket 
if any. 


SOLID FUELS, Pub. 1954. $2.50 
Here are the most up-to-date methods of testing 
solid fuels to determine composition, heating value, 
size, bulk density, pulverizing cheracteristics or 
grindability, cakin aracteristics, dustiness, and 
classification of fuels by rank. Incorporated in this 
document is a number of the ASTM’s standard tests 
= specifications for solid fuels with some modifica- 

ons. 


STATIONARY STEAM-GENERATING UNITS, Pub. 1946. 75¢ 
For testing units defined as combinations of a 
ratus for producing, furnishing, or recovering a 
together with apparatus for transferring to a we 
fluid the heat thus made available. 


STEAM LOCOMOTIVES, Pub. 1941. 65¢ 
These two sets of rules outline (1) laboratory tests to 
determine the coal and steam consumption per unit 
of power when the locomotive is operated under 
fixed conditions, and (2) road tests to develop similar 
information under the conditions of road service. 


STEAM TURBINES, Pub. 1949. $2.00 
Rules provide for the testing of all types and appli- 
pore of steam turbines; instruments to be ed 

nd their ge tee of measurement. 
lbections or determining the output of an electric 
generator driven by a steam turbine are also given. 


APPENDIX TO TEST CODE FOR STEAM TURBINE, Pub. Bye 
Facilitates the working up of test pepo. Especially 
helpful are its numerical poms of many of the 
calculations involved in rtina tests conducted 


under Code rules, filled-out hypothetical! 
test forms. 


20% Discount to ASME Members 


DISPLACEMENT 
80¢ 


THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS 


39th Set, New York 18, N.Y. 


tas 2 
Bre. 
4 
‘ 
performance 
$ 


